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A Study on Per iodic Semigroups 

By Y ounki Chac 

Let S denote a topological semigroup throughout: that is, S is a Hausdorff 

spacc with a continuous associative mu1tiplication, dcnoted by juxtaposition. 

S is said to be pointwise periodic if and only if for each x E S, / = x for SOmc 

mteger P르2. Thc lcast such P w il1 be ca11cd thc period of x. 

S is turned periodic if and only if therc is an integer n르2 such that x" =" for 
a11 xεS. Thc least such n will be called the pcriod of S. 

S is said to bc recurrent if and only if x is a limit point of { ，，" I n르2} for a11 

xεS. 

Clcar1y S is pointwise periodic if and only if S is the union of finitc groups. 

When S is compact, recurrency is cquivalent to S bcing the union of groups 
(Cliffordian) (5, 6J 

The criteria for S being pointwise periodic and recurrent could be found in 
(5,6J as fo11ows: 

(1) S is pointwisc periodic if and only if for every subset A of S, 
? ? 

A-c A implies A-= A. 

(2) A compact S is rccurrent if and only if for each compact subset K of S, 
? ? 

K-c K implies K- =K. 
Many qucstions on pointwise pcriodic scmigroups and recurrent semigroups 

were raised by A. D. Wa11ace in (lOJ. Hcrc are striking resu1ts by J. M. Day 

(3, 4J 

(A) If S is loca11y compact totally disconnected point‘,vise periodic, and /' = x. 

then x has an arbitrary sma11 compact opcn neighborhood V such that V" = V 

(B) If S is compact connected recurrent and x is a cut point of S, thcn ,,"= x 

for some n> 2. 

(C) If S is loca11y compact tota11y disconncctcd rccurrent, and ,,"=x, thcn x 

has an arbitrary sma11 compact open ncighborhood W such that W" = W. 

As indicated in (1J and (2J , A pointwisc periodic semigroup seems c10scly 
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rclated to a sem iJattice. Thc aim of th is paper is to tind conditions that a 

pointwisc periodic semigroup to be a scmilatticc. Also. various propertics of 

pointwisc pcriodic scmigroups werc inrestigatcd. 
。

An clement e of S is ca 1!ed an idempotent i[ and only if e- = e. Thc sct of all 

idempotcnt5 of S is dcnotcd by E (S). Thc sct of idcmpotents o[ a semigroup 

may bc empty ‘ as in thc casc for the additivc scmigroup of positivc intcgcrs 

Ho\\'c、 cr‘ E 'S) is non-cmpty if S is compac t. Morcovcr, in any topological 

semigroup S. E (S) is c1oscd. For e, [ c= E (S) , dcfjnc e드[ if and only i[ cf = c 

= fc. Thcn is a partial order on E and is a c10sed subspacc of S X S. 

THEOR E.\I 1. Let S be poi찌wise periodic and let p be the þeriod o[ xE S. Tlzen 
ρ l 

(1) E (S ) = xY I XE S) 

(2) If l r= ι then a=m(p- I) + 1 [or some posilive integer m. 

(3) 1[ p-j is a pri1l1e n"mber, then the period o[ x"(a <.p -I) is tlze same as 
the pen'od p o[ x. 

(4) Let ? and q be the periods o[ the elements x and y o[ S respectively and 

Ict 1 óc :r .. least COlllmon ",ultiple o[ p - I and q- 1. rt S is co’1l11lutative, 
then (xy) l = xy. 

þ- l 
PRO()F. (1) lf p= 2, thcn x-= x = x' ' E E (S). j[ p> 2, thcn 

þ- l ,<! '2/':! Þ Þ -2 fJ -2 Þ-l (x" .)"'= x-' = x"x l
' - = xx" "'=x 

’ l and hcncc ‘ E E (S) . 
2 1" -1 

x。“ lct y,E(S) , i. e. , y-= y. Thcn yE{z, z-, ‘" z' ') for somc zεS with per-

iod r. Lct y =z" , 1드a드7- l. Slnce y2= y, za = z2a. Then 
r T-a a r- a 2", r+a a 

Z = Z = 2 Z = Z Z = 2 = 2 

But a+ 1드r， and therefore a + l = r, i. e .. α=r- 1. 

(2) Since x" =x, Þ드a. Let a = m (p - l )+r, where 111 is a positivc integcr and 

O드r <p- 1. By (1) , one obtain 
a lII(þ- l )r þ- l r p-l -r T 

x = x = .'t X =x x = x 

Thcn p-l +r <2p-l givcs r = 1. Hcncc a=끼(þ -l)+ 1 

Þ • Þ (3) The pcriod of x-is lcss than or cqual to p sincc (x-Y=(xY)-=x. Supposc 

(xπ)n= 얀 for some integcr " (1 <n <.p) . Then 
(X þ-a na þ- cr __ (n - l )a+l 

x =x x = x x = x 

By(2) , (It-l)a = 1II(þ- l ) for some positive integer 끼 Sincc þ-l is a prime 
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number ‘ p-l ln - l or p - l la which are both impossible. Therefore p is lhc 

period of :/'c. 
(4) Let 1=(p- 1)…= (q • 1)n. T hcn 

' -r l (þ- l)m (q - l)n ’ 1 q- 1 (xy)" I ~ = x"Y ~ /"'y\." • .I " xy = x" .y" 'xy = xy. 

](EillλRκ . [n (3) , x
a 

may Ilot havc pcriod p for all (l드a <p- l) if p - l is 
”‘ 2, 3 5 2 ’ not a pri me. For cxamp[c, [ct p = 5. T hen (x")" = xx"= xx = x", i. C. , .<• has pcr ' 

iod 3. [nO) . I + J may not be thc period of x)'. For cxamp[c, Ict Z6= (O, 1, " ', 5) 

bc the 、emigroup undcr the multiplication modu[o 6. Thcn Z6 is a discrctc 

pointw ise ~er iodic scmigroup. [n Z6' the periods of 0, 1, 2, 3, 4, 5 arc 2, 2, 3, 

2, 2, 3 rcspcctive[y. Thc [cast common multip[c of (period of 2) - 1 and (period 

of51- [ is~. i.c., 1+ 1= 3. Howcvcr, 2.5르4 (mod 6) and the period of 4 is 2. 

THEOR E:-I 2. Lel S be COJlZmκta!ive and þointwise periodic. Dκifine a relalion 
9 

드 on S jy 샤 ::;y .J and o"ly.J x" = xy. Then 

(1) , is a closed parlial order on S. 

(2) L (x)= 'y y :O;x ) = E (S)x. 

(3) l[ c르E (S) and xE S , thell xe드X. 

(4) [[ 2ι ::'b alld x드y ， Ihen ax드by 

PROOF. 1) Lct x르y and let p be the permd o[ x Then x2=xy lf p> 2, x = 
þ-'2 _'!._ ... þ . .:? _ •• _ _ p- l IC ,- _ 1") ",p-1 . . _ v •. _ •• 2 _ .. r" __ • • ___ _ I. . .'p-1 x" -x- = ;r' -xy = x" 'y. lf þ= 2, x ,. y = Xy = x- = x. Conversely, x = x" 'y implics 
2 þ-l þ - l 

x = xx y= xy, 1. C. , X드y . Therefore x드y if and on[y if x = x' 'y. 
q 

1) Since x"= xx , X드X， 1. e. , 드 is reflexivc. 

2) J..et x도y and y < x and let p and q bc ]lcriods of x and y respcctivc[y. Thcn 
þ - l Q-1 

x =x' 'y and y = y' x , and hence 
q-l q-1 þ- l þ- l 

y = y x = y x y = x y = x 

Tha t is. < is anti-symmetric. 
2 2 þ- l 

3) Let x드y and y드z. Then x" = xY. y" = yz, and x = x' 'y. Hencc 
þ- l 2 ’ l xz= x' 'Y2=X' 'y"=(x' ' y)y= xy= x", 

1. C.. ‘드z. Thereforc 드 is transitive , and hcnce < is a partial ordcr on S 
9 

l\o\V let [, g: S x S• S by [(x , y) = x" and g (x , y ) = xy. Then [ and g arc con. 

tinuous. and 
9 

드 = {(x, y ) Ix" = xy) = {(x , y ) I[ (x. y ) = g(x , y)) 

is c10sed sincc S is a Hausdorff spacc. 
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(2) Let ye E (S)x. Then y=ex, e2=e. Hence 
2 , 2 

y-=(ex)-=x“x) =xy, i. e. , y드x. 

Thereforc yεL(x) 
.-1 

x。、.v 1ct Y르L(x). Then y<X, i. e. , y = y' 'x, wherc q is thc period of y. By 
.-1 

(1) in Theorem 1, y = y' xεE(S)x， and we are 'donc. 

(3) Since (xe)2 = (xe)x, xe드x， veE E (S). 

(4) Let a드b and 1ct c5 S. Then a2=ab, and 
? ?? ? 

(ac)- = a-c-= abc-= (ac) (bc) , 

i. C. , ac< bc. N OW 1et x드y. Then ax드bx드by. 

REMARK. lf S has a zero 0, then 0드x for a11 xεS since O2= 0=Ox If S has 

an identity 1, e드1 for cvcry eεE(S) since i = e= e 1. 

THEOREM 3. Lel 드 be tlze parUal order On lhe cOlll l1l1llaUve poinlwise periodic 

S defined in Theorem 2. Lel m be a posilive inleger. Jf xy드x”， ym, Vx, yE S, 
lhen S is a semilatlice. 

PROOF. By hypothesis, (xy)2= (xy)y’“ V x , ye S. Thc suhstitution of ",P- l ’ 

where p is the period of x, for y gives 
2 Þ- 1,.2 , Þ-l ,1I’+ 1 P- l x-= (xx' ')-=X(",' ')"' . ' = XX" = x. 

Hencc S is a scmi1attice. 

THEOREM 4. Lel S be COIIl1I1“lalive and poinlwise periodic. Tllen S admils a 
parlial order 드 sflcll IIIal xy드x， y, Vx, y르S 
if and only if S is a semilallice. 

’ PRoor. Let xE S. By suhstituting x, x-, …, for y in "'y드y， onc obtain 
2_ 3 

x2x 늘X 는 .. , 
2~ Þ Let p bc thc periα1 of x. Then x~x 늘x' = x, i. e. , x- =x. Hence S = E (S) . 

The converse is well known 

COROLLARY. Lel S be a cOllllllulative poinlwise periodic semigroflp which is not 

a semilatUce. Then there z's ηo þartial order on S Sfl씨 that xy드x， y, vx, ye s. 

Let E bc a q uasi-ordcrcd sct. Then XζE is sa id to bc convcx i: and on1y if 

a드b드c， a, CεX imp1ies bE X. 

Let E be a topologica1 space equipped with a quasi-ordcr. Thc topology of E 
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is said to bc locally convex if and only if the sct of convex neighborhood of 
every point of E is a basc for thc neighborhood system of this point. 

LEMMA. N achbin [7] Every cOlllpact partially ordered space is locally coκvex. 

THEORE11 5. Let S be locally cOlllpact and recurrent. lf S admits a partial 

order 드 such that 

xy드x， y, vx, ye s. 

Then for each open set U containing xE S, i르U. 

PROOF. By hypothesis, we have 
? , 

x> x-> x"> .... 

Let V be an open subset of S with compact c10sure such that nVcVcU. Since 

S is recurrent, '/E V for somc intcgcr p~2. Since j7 is a compact partially 

ordercd spacc, by thc above Lemma, j7 is locally convcx. Thcn 
Þ_ .. _ 2 _ Þ 

x, xI'E V , x드x 드x 

lmplles X2εVcU. 

THEORD1 6. Let S be pointwise periodic. Then S is periodic if and only ;f 

t 1zere t"s an integer 111르2 such that 

xy’“= x”ly, vx, yεS. 

PROOF. Lc t p bc the period of S. Then p늘2 and 
Þ V xy = xy= x y, - .x, yεS. 

<ow let x bc any elemcnt of S and let p be the period of x. Then, by hypo 

tÞesis, 
. … 
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COROLLARY. A cOIll .. ", /ative poin/lcise periodic semigroup S is a semilattice 
If and only if 

2 .. 2. . V xy = x y, x, yεS. 

If x and Y are Hausdorff spaces and (J : Y• X is a continuous functioTI. thcn 

X x Sx Y is a topological scmigroup undcr thc multiplication defined by 

(x, s, y) (u, t, v)=(x, s(J(y, x)/, v). 

This semigroup is called the Rees product of S over X and Y with sandwich 
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function (J, and will bc denotcd by [X , s, YJ u' Thc Rccs product of a topological 

group will be called a paragroup, Tn gcncral , a paragroup fails to I::c a group. 

Tf (J is thc constant function such that (J (Y , x )= I , thcn 

(x , s, y)" =(x, s", y) 

Hence wc have the following two theorcms immediateJy. 

THEOREM 7. If S is a poi씨wise þeriod t"c semigrozφ 1Utth l , then [X , S, Y] o 

is þoitziwise þeriodic. 

1‘ HEOREM 8. If S is a rewrren t sellligrollþ willl 1, then [X , S, Y] u is 

recurrcnt 

A scmigroup S is said to bc divisiblc if and only if for cach yεS and nεN， 

thcrc cxists x E S such that x" = y. 

lt is clcar that thc surmorph ic imagc of a divisiblc scmigroup is divisible, and 

that the cartesian product of divisiblc scmigroups is divisiblc. Tf S is a com
mutativc finitc divisiblc scmigroup, thcn S is a scmiJalticc. 

THEOREM 9. Lel S be cOlllllllltative and periodic. If S is divisible, then S is 

a semil atUce 

þ - ] 
PROOF. Let Þ be thc pcriod oI S. Dcfinc a function /: S• S by f(x)=x 

Thcn f (S)cE (S) . Sincc S is divis iblc, f is surjective. Hencc S = E (S ) . 

A Bohr compactification of a topological scmigroup S is a pair (β， B ) such 

that B is a compact semigroup, β S-• B is a continuous homomorphisrn. and if 

g: S• T is a continuous homomorphism of S into a compact semigroup T , then 

thcrc cxists a uniquc continuous homomorphism It: B• T such that thc diagram: 

-// 
갓
\
 commutes. 

For any topological scmigroup S, thcre exist a unique Bohr compactification 
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(β， B ) of S up to isomorphism. Morcovcr, β (S) is a dense subset of B. 

TH EOR E.\ 1 10. If S ‘s periodic wilh period p, l I!en the Bohr compacl'ficalioπ 

of S is al so periodic ωilh period 드 p. 

PROOF. Let(β‘ B) bc a Bohr compactification ' of S. T hen β(S) is a dcnsc 

subsemigroup 0: B which is pcriodic with period 드 p. Lct bE B. Thcn thcrc is 

a ncl (a) in β (S) such that a a• b. By the continuity of the multiplication in 
P .) . P B , a~ -b'. The~ one obtain b' =b. 

As indicated ln (A). if S is locall y compact pointwise periodic and totall)' 

disconnccted . cach xεS has arbitrary small opcn llcighborhood U such that Uρ= 
U, ‘vherc xν- • . 

THEORD! 11. Lcl S be locally c011lpacl aηd lolally disconnecled and lel S' be 

a subsemigrolψ 01 s. 11 S is poinlwise periodic and il xE S' , then x I!as arbitrary 

small oþen ncigl!borhood A iπ S' sαclt tlaal AP= A, tullere xp= x. 

PROOF. Let x드S’/ = x. If W is an opcn ncighborhood of x in S'. thcn there 

is an open nei<;hborhood U of x in S such that W =U n S'. By the propcrly (A) 

on S. lhcrc is an opcn set V in S containing x such that VÞ= V. Now Jet A = 

S ’ n V. Then A is an open set in S containing x and 

A = S’ n V c s 'n u = w. 
P .- C'I,Þn 17Þ A'=(S' n V ) ζ s "n V ζ S’ n VζA 

Sincc S' is also pointwisc periodic, AÞ= A. 
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