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PAIRS OF CONNECTIONS COMPATIBLE WITH ALMOST
QUASI-QUATERNION STRUCTURES

By Andrzej BUCKI

A.P. Norden [5] has introduced the notion of the mixed covariant differenti-
ation by means of which a number of authors e.g.G. Atanasiu [1], A. Bonome
and R, Castro-Bolano[2], A. Bucki and A. Miernowski [3], have defined pairs
of connections compatible with certain structures on manifolds.

In this paper we define a pair of linear connections compatible with an almost
quasi-quaternion structure on a manifold M. It turns out that every linear
connection I” on a manifold M determines a pair of linear connections compatible
with an almost guasi-quaternion structure on M.

DEFINITION 1. [4]. Let M be a differentiable manifold of dimension n=4m
and assume that there is a 3-dimensional vector bundle Q consisting of tensor
fields of type(1,1) over M satisfying the following condition: In any coordinate
nelghbourhood U 01' M there is a local basis {F, G, H] of Q such that:

() F'=G'=—-H'=—Id, FG=GF=—H

(2) GH=HG=F, FH=HF=G
where Id denotes the identity tensor field of type (1,1) on M. Such a local
basis is called a canonical basis of a bundle Q in U. Then, the bundle Q is called
an almost quasi-quaternion structure on M and (M, Q) is an almost quasi-
quaternion manifold.

DEFINITION 2. [4]. Suppose that M is an almost quasi-quaternion manifold
with a structure Q={F, G, H}. A linear connection I on M given by its
covariant derivative V is said to preserve a structure Q or simply to be a
Q-connection if it satisfies:

VF:mF(S)Id-FnF@F-%—pF@G%—qF®H
€)) VG=m RId+nQF +p G +q,QH
VH:mH®Id+nH®F+pH®G+qH®H

where s M p], g, are certain 1-forms on M and J is F, G or H.

PROPOSITION 1. [4]. A linear connection I" on an almost quasi-quaternion
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manifold M is a Q-connection if and only if:

(4) VF=VG=VH=0

In [4] we have introduced the following tensor fields of type (2, 2):
() A=Y BIdRId+FRF+CRG~HRH)

©® =t 1d®1d-FRF-GRG+HRH)

REMARKI1. The operations of A (orB) on tensor fields: C of type (2,2), D of
type (1, 2), F of type (1, 1) and X of type (1, 0) are expressed locally as
follows: AUC"'1 A”D , AYF! A, JX respectively.

Rl in k1T
The operators A and B have the 10110\\ ing properties:
@ A+B=1d®Id, A=A, B°=B, AB=BA=0
(8) AF=AG=AH=0, Bid=Id, BF=F, BG=G, BH=H

THEOREM 1. [4]. The general family of Q-connections or a manifold M with
an almost quasi-quaternion structure Q={F, G, H} is given by:

© V,=V,— LV F+GV G-HV_H)+BW
where NV is a covariant derivalive wilh respect to arbitrary initial linear
connection I’ on M and W is any tensor field of type(1,2) with WIY=W(X. ¥

The curvature tensor field R, of a Q-connection has the following properties:

(10) FRy, =R, F, GRy =R G, HR; =R H
an ARy, =0
a2 .1 I

Suppose that on a manifold M, two lmear connections I‘ and ]" are given by
means of their covariant derivatives V and V respectively. Following [5], we
define the following mixed covariant derivatives for functions, vector fields and

tensor fields of type (1, 1):

12 21
13 V f=XF=V f
12 1 21 2
(14) VYy=vVy, Vy=vy
12 1 2
(15) VDT, D=XJX, N-JVY, 0)—JF, V)
21 2 1
(16) VD, D=XJ&, )-JVY, )~ V)

where f is a function, w is a I-form, X, Y are vector fields and [ is a tensor



Pairs Of Connections Compalible With Almost Quasi-quaternion Structures 209

field of type (1,1) on M.
m

For a pair of connections I’ and I‘ we define a mean connection I given by
m

its covariant derivative V and a deformation tensor field = of type (1,2) of

these connections in thc follo“ ring form:
1

an V.= 2 (V J-V)
1
(18) T, = V =7
We may regard a tensor field J of type (1,1) as a linear mapping of TM into
TM defined as follows:
(19) X—J(X, w)=w(J (X)), w is a I-form on M
In virtue of (19), (15) and (16) we have:

12 2 21 1
o((V DY =a((V J+]2 DY), oV DY) =a((V J~]z )T

for all 1-forms @ and vector fields X,Y. Hence we define:

12 2
20! fo =V J+Jz,

21 1
2n VLI=V_ I-Jz

We also have the following relations [3]:
22) T, (D=t ]Iz,
m 12 21

(23) \Y j:—L(VrH-V b
(24) V [JEK)= (VJ)K%—JV K
(25) V LK) = (V‘])KJ-]V K

for any tensor fields J, K of type (1, 1).
1 2

DEFINITION 3. A pair of linear connections (I, I') on M is said to be com-
patible with an almost quasi-quaternion structure Q= {F, G, H} on M if:

12

(26) V F=a,(X)Id+b (X)F+c (X)G+d (X)H
12
V G=a,(X)Id+by(X)F +c,(X)G+d (X)H
12
V H=a,(X)Id+b,(X)F+¢,(X)G+d,(X)H

where a, b] c] d are certain I-forms on M.

1 2
PROPOSITION 2. A pair of linear connections (I", I") on M is compatible with
an almost quasi-quaternion structure Q= (F, G, H} on M if and only if:
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21 12
V F=-V F=bX)Id—a(X)F-d(X)G+c(X)H
21 12
@7 V 6=~V G=c(X)Id—d(X)F—a(X)G+b(X)H
21 12
V H=-V H=—dX)Id—c(X)F-b(X)G—a(X)H

where a. b, ¢, d are certain l-forms on M.

PROOI l"iom (24), :f we put J=K=F and make use of (1) we obtam
{V F)F+F(V AD=0or V F= F(V mF, h(nce because of (26) we have V F=1"
[aF(X)Id+bF(X)F—¥—cF(X)G—dFCX)H]F:—VXF. Similarly, we show that:
21 12 a1 12 1 1 o1
V_er—VIG and V1H=-—VIH. Now, from (24) we have: VIF:Vx(GH)z(VIG)H

12
4GVIH= [—-aG(X)Id—bG(X)F—CG(X)G =l § (X)H]H;G"a fX)Id-LbH(X)F‘—c
(X)G+dH(X)H}=[—dG(X)~cH(X)]Id [d (XD —c (XD F+ [-b,(X)+a, (X)]G
+ [—a (X)—-b,(X)] H.

1
Similarly, V. G=[~d,(X)—b (X1 Id+ [c(X)+a, (XD F+ [~b,(X)+d(X)]G

1
+ [~ (X)—c, OV H and V H= [c,(X)~b (X1 Id+ [~d (X)+a, XN F+ [~a,

1
(X)+d (X)]G+ [bF(X)—cG(X)]H. On account of Definition 2, a connection I' is

a Q-connection so in virtue of Proposition 1 we have:

=h =¢ =d

dy=c=bp=a, cy=—d =—ap=b, by=—a;=—dp=c, ey=bs=c,

G F

REMARK 2. From this Proposition it follows that the notion of compatibility
1 2
of a pair (I', I') with a structure Q= {F, G, H) is symmetric with respect to

these connections.

THEOREM 2. A pair of linear connections (}'. f") on a manifold M is com-
patible with an almost quasi-quaternion structure Q=1\F. G, H| on M if and
only if:

@ v,

Il

V,~-(FV F+GV G~HV H)+BP,
v

@) V=V~ (FV F+GV G-HY H)+BP +a(X)Id
+0(XDF+c(X)G+d(X)H
where V is a covariant differentiation operator with respect to arbitrary linear

connection I' on M, P is arbitrary tensor field of type (1,2) with P},(X)=P(Y.
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X), B is given by (6) and a, b, ¢ and d are certain [-forms on M.

1
PROOF. In the proof of Pmposmon we have shown that I’ is a Q-connection

on M and from (20) V J= -V J+ so I‘ is also a Q-connection on M. Hence

30) V F=V 6=V _H=0, V F=V 6=V H=0
From (18). (22) and (30) we have:
(81 : (P)=z (G)=1 (H)=0

From (21), because of \-“'J]=0 we have: —f")rxzjézf where J is F, G or H.
21
If J=F, then we have: Tx:FV:F and from (27) we get:
32) 7, =a(XDId+~b(X)F +c(X)G+d(X)H

1
Applying Theorem 1 to I' we obtain (28) and from (32) we get (29).
Conversely, if (28) and (29) ale satlsfled then making use of (21) we obtain

(27) which means that a pair (I' I‘) is compatible with a structure Q= (F, G,
H} on M.

m
REMARK 3. From (30) and (17) I" is a Q-connection and
n m

(33) V. F= VG V.H=0

COROLLARY 1. Any linear connection I' on a manifold M with an almost

quasi-quater nion on structure Q= (F, G, H| determines a pair (]" 1" ) of
linear connections given by (28) and (29) which is compalible with Q.
Following [6] we have the following:

1 2
DEFINITION 4. [6]. For a pair of linear connections I' and I" on a manifold M
the following operators:

2 1

1 2 2 1 2
(30 Oxy =5V, VI + [V V1=V =V )

(35) K gy =170 7]
are called operators of mixed and deformation curvatures respectively.
PROPOSITION 3. [6]. The following relations are satisfied:

1 2
(36) 20, +4K .., =R, +R

pog Xy XY XY

(37)
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2 w 2 m

1
where Ry, Ry, and R, are curvature operators of connections ]" [and T

respectively.

Now, we give some properties of operators of mixed and deformation curvatures
for a pair of connections compatible with an almost quasi-quaternion structure
on M in the following: '

THEOREM 3. The apemtor.s of mixed and deformation curvatures of a pair of

linear connections (I' F ) which is compatible with an almost quasi-quaternion
structure Q=1{F, G, H) on a manifold M salisfy the following conditions:

(38 Foyy=0xyls Goyy=04,G, Hoyy=0, H
9 FE =Ky F. GKy =K G, HK =K H
(40) Aoyy=AK 3, =0, Bpy, =03y BKy,=

where A, B are given by (5) and (6).

XY’ RXY

m 1

PROOF. Making use of the fact that I‘ 1" and I' are Q-connections, R

m
and R, satisfy (10), (1) and (12), so from (36) and (37) we obtain (38), (39)
and (40).
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