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PAIRS OF CONNECTIONS COMPATIBLE WI TH ALMOST 

QUASI-QUATE R NION STRUCTURES 

By .-\ndrzcj ßCC I\J 

A. P. :;-ordcn ’5J has introduced rhe notion 이 the mixcd co,"ariant differcnLÏ

ation by means of n-hich a numbcr 01 authors C' . g. G. A.tanasiu [1] , ..-\ . Bonome 
and R. Caslro-Bolano [2J , .-\. Bucki ancl .-\ . :I! icrno\\-ski :3] , ha、 e defincd pairs 

of connections compatible with cenain StructU l"cs on manifolds. 

10 this paper we dcfinc a pair of linear conncctions compatible with a11 almost 
quasi-quaternion structurc on a manifold ~1. lt turns out that cvery linear 

connection r on a manifold .M' determines a pair of Iincar connections compatiblc 
with an almost quasi-quaternion strucrurc on ). [ 

DEFJKJTIOl\ 1. HJ. Lct M bc a differentiablc manifold oi dimension n=4m 

and assume that there is a 3-d imensional '-cctor bundle Q consisting of tensor 
f ields of type(l,1) over M satisfying the fo llowing cond it ion : Jn any coordinate 

neighbourhood U of M thcrc is a local basis {F , G, H J of Q such that: 
?? ? 

(1) F-= G-= - H -=- I d, FG = GF=-H 

(2) GH = H G= F , FH = H F = G 

、、 here ld denoles thc idcntity tcnsor ficld of typc (1, 1) on M. Such a local 
basis is ca lled a canonical basis of a bundlc Q in U. Thcn, the bundle Q is callcd 

an almost quasi-quatcrnion struciurc on .M and (M . Q) is an almost quasi
quatcrnion manifold. 

DEFJNlTION 2. [4J . Suppose that M is an almost quasi-qua ternion manifold 
with a str ucrure Q= {F , G, H J. A lincar con nection r on M givcn by its 

covariant derivative V is said to prcsen"e a structure Q or si mply to be a 
Q-connect ion if it satisfi es 

(3) 

VF=…/Ji)Id+ nFεF+P/i9G +QF0H 

VG= "'c0Id + 1Zc0F • ,Pc0 G+ qG0 H 

V H = 1/lfl 0 1 d + 1Zfl 0 F + Pfl0 G + q fl0 H 

where 까’ nJ‘ 까， qJ a re cer tain 1-forms on M and J is F , G or H. 

PROPOSlTJO"i 1. [4J . A lincar connection r on an almost quasi-quaternion 
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manifold M is a Q-connection if and onl)' if 

(4) VF = VG = VH =O 

In [4J wc ha 、 e introduced the follo".ing tensor fields of type (2, 2) 

(5) .4 =웅(3I d<g;I d + F Ig F +G<g;G - H <g;H) 

(6) B=소(Id<g;Id -FεF -G<g;G +H<g;H) 

REM.-\RKL The operat ions of A (orB) on tensor ficlds: C of type (2, 2) , D of 
type ( 1. 2) , F of type (1, 1) and X of typc (1, 0) arc ex pressed Iocally as 

ij -vk 
follows : A;,C;:’l ' A:,D;ni' A~~F;. A~.~X" respectively. 

The opera tors A and B have thc foIlOll"ing properties : 
? ’ (7) .4+ B = Id<g;Id, K = A , B-= B , AB= BA =O 

(8) AF = AG = AH=O, Bld = Id , BF = F , BG =G, BH= H 

THEORE~I L [4J. Tlze general [alllily o[ Q-conneclions on a mantfold M lUilh 

an almost quasi-qualernion slruclure Q= [F , G, H ) is given by: 

(9) Px=Fx-소(FVxF -'- GVxG -HV，H) + BW x 

where V t's a covart'ant derivatit'e witll respect to arbitrary initial linefJr 

comect1on r oa M and W 1S any te,lsor field of type(1, 2) 1Utth WxY= W(X, Y) . 

The curva ture tensor field R Xy of a Q-connection has the foIlowing properties 

(10) FRXy =RXyF, GRXy= RXyG, HR;y = RxyH 

(11 ) ARXY = O 

(1 2) BRXy =RXY 
2 

Suppose that on a manifold M , two linear connections r and r are given by 
2 

means of their covariant derivatives V and V respectively. FoIlowing [5J, we 

define the foIIowing mixed covariant derivatives for functions , vector fields and 

tensor fields of type (1, 1): 
12 21 

(13) Pxf= XF= Vxf 

(14) 

(15) 

(16) 

12 21 2 
?xY= FxY, ?xY= ?xY 

12 2 
(VJ) (Y , ω)=XCl(Y， ω)) -J (VX， ω)-l(Y. ?xω) 

21 2 
(VJ)(Y , ω) =XCl(Y， ω)) -J(VX， 띠) - f (Y, ?zω) 

where [ is a function , 띠 is a l-form. X , Y are vector fields and J is a tensor 
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field of typc (1, 1) on Jlι l 
’” For a pair of conncclions r and r 、、 c definc a mcan connection r gÎven b~ 

ils co\'ariant derivati,'c \' and a dcformalion (en50r ficld , of lype ( 1. 2) of 

these connections in thc following form 
’11 2 

(17) ?x=-ε(V% + V%) 

(18) 
2 

τ = '\7 -V 
X % % 

\\'c may rcgard a tensor fic ld J of type ( 1. 1) as a linea r mapping of TM into 
T~I defined a5 follows 

(19) X - .J (X , ω)=ω(J(X)) ， ω is a l-form on M 

In virtue of (19) , (15) and (16) wc have: 

ω((VJ)Y) =띠((VJ+h%) y)， 띠((v J)Y) =ω((VJ-J，%) Y) 

for all j-forms ω and vcctor fi elds X , Y. Hence \\'e definc : 
12 2 

(20) ? xI =?xI 4-I :x 
21 

(2l) PJ=?J-Irx 

We also have the following relations [3J : 
(22) 

(23) 

(24) 

(25) 

rx(l ) =τxf-Irx 

제=융퍼I+%xf) 
21 12 

VPK ) = (VJ)K + JV%K 
Z 12 21 
V / JK) = (VJ)K + JV%K 

for any tensor fields J, K of type (1, 1). 

2 
DEFJNITIO)l 3. A pair of linear connections ( r , r ) on M is said to be com' 

patible with an almost quasi-quaternion structure Q= [F , G, H ) on M if 
12 

(26) V%F =aF (X ) Jd +bF(X )F + c F(X )G+ d F(X )H 
12 
V%G =ac(X)Jd +bc(X ) F + cc(X )G+dcCX )H 
12 
V %H = a HCX ) J d +b H(X ) F + c H(X )G+ d HCX )H 

"here a .. b.. c .. d , are certain l-forms on M l ’ l ’ l ’ l 
2 

PROPOSITION 2. A pair of linear conncctions cr , r ) on M is compatible with 

an almost quasi-quatern ion structure Q= [F , G, H ) on M if and only if: 
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21 12 
pxF= - ?xF= b(X)Id-a(X)F-d(X)G + c(X )H 
:? l 12 

(27) FtG= -?xG = c(X )Id-d(X)F-a(X)G ÷ b<X) H
:?l 12 
v xH = - P xH = -d [ X)I d - c(X) F -b(X)G-a(X) H

wherc ι b. c. d arc cerlain l-forms on :11. 

PROOF. From (24) . if \\.c put J = K = F and makc use of (1) \\' C obtain 
21 12 21 12 21 

(FxF)F+F(? F) = O or F F=F(V F)F, hence because of (26) nc have P xF = F 
x 

12 
[aF (X ) ld +bF(X)F누cF(X)G-d F(X)H] F = - '1 x F . Similarly, wc show that 

21 12 21 12 
? xG= VxGandPxH= -PxH. XOlv, from (24) weha、 e : ? xF = ?x(GH)=(PxG)H 

12 
-'-GVxlI = [-aG(X) I d-bG(X ) F-cG(X )G - dG(X) lI] 1I -'- G ~aH (X) Id +bJI (X)F + cH 
(X )G + d H( X ) lI] = [-dc(X ) -cH(X )] I d + [dfj(X) - cc ( X )] F • c r -bc(X) + all (X )] G 

+ [-ac( X ) -b/l (X )] 1I. 

Similarly‘ Vp = [-d F(X ) -óH(X )] I d + [cF(X ) + afj (X )] F + [- bF(X ) + d f{ IX )] G 

+ [- aF(X )-cfj (X )] lI and V xlI= [cF(X )-bc(X )] I d • [- dF(X ) +acIX)] F + [- aF 

(X ) + dc(X )]G+ [bF(X )-cc(X )] lI. On account of Def ini tion 2, a connecl ion r is 

a Q-connection 50 in vÎrtue of Proposit ion 1 we have 

d .. =c~ =b_=a . c .. =-d~=-a_ =b ， b .. =-a~= -d~=c. a .. =b~ =c~ =d H "'G " F ’ iJ -C -F ’ 1/ '~G -F v , -H VG -F 

RE:l IARK 2. From this Proposition it fo11o‘,vs that lhe notion of compalibilily 

of a pair ( r . r ) wilh a slructure Q= {F , G, lI } is symmetric with respect lo 

thesc connections. 

2 
THEORE:l1 2. A pair 01 linear conncctions (r . r ) on a I/w lt il old M is co…-

þatible with an almost quasi-quaternion structνre Q = {F . G. H } on M il and 

。nly i l 

(28) 

(29) 

6x = Px-÷(FPxFGPxG- H ?xH ) + BPx 
。

R=Px-송(FFxF+GFxG-HFxH)+BPx누 a (X) Id 
+b (X)F수 c(X)G + d (X) lI 

where 'V is a covar ianl d tffer entiation operator UJt'th r espect to arbitr ary /inear 

connection r 0η M , P i’5 ar bi trary ten50r l ield 01 type (1, 2) with P y(X ) = P (Y. 
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X ) ‘ B is given by (6) and /1, b, c and d are cerlain I-forllls on M. 

l 
PROOF. 1 n the proof of Proposi tion 2, wc ha ve sho\\'n tha t r is a Q-connection 

on .1f and from (20) τxj= -Prl , SO r is also a Q connection on J”- Hence 
'1 '1 '1 

(30) 'V F = 'V G= <;' H = O‘ 'V F = 'V G= 'V H =O 
X::: :: x 

Prom (18) . (22) and (30) \\'e ha vc ‘ 

t3l) : x(F ) = 5 (G) = r , (H ) = O 
') :21 

From (21) . becausc 0 1' <;' J = 0 \\'e havc ‘ -Tτ =1'V.l \\'hcrc 1 is F , G 0 1' H. x 

If 1 = F. rhen \\'c have ‘ 5=F?. F and from (27) we gel 

(32) ; x = a (X )1 d - b(X ) F "- c(X )G + d (X ) H 

. \ pplying Thcorem 1 to r 、\.c obtain (28) and from (32) \\'c gct (29). 

Con\'erseJy. if (28) and (29) a l'e satisfied , t hen making use of (21) 、.\-e obtain 
2 

(27) “ hich means that a pair ( r , r ) is compatible ‘I'Ì th a Structure Q= {F , G, 

H J on .11. 

RE~IARK 3. From (30) and (17) r is a Q-conncction and 
"' η ’” 

(33) 'V F - 'V G= 'V H =O 
x x x 

COROLLARY 1. Any linear conneclion r on a manifold M 10ilh an allllosl 

quasi-qualer ’,;on OI! slr"clure Q= {F , G, H J delerlllines a þair ( r , r ) of 

linear conneclions given by (28) and (29) wMch is comþalible wilh Q 

Following {6J we /zave Ihe following ‘ 

DEFl :-IITION 4. {6J. For a pair of Jincar connections r and r on a manifold iν 

the foJlolVing operators: 
2 :2 2 

(34 ) .0 xy = 2 ({'Vx ' 'V yJ .;. {'V X' 'V yJ - 'V (x , y l - 'V ,x . YI) 

(35) K = 4 [r . ?y] Xy 4 

arc caJled operators of mixed and deformation curvatures respectively. 

PROPOSITIOX 3. {6J. The fo lIowing relations are satisfied , 
(36) 2.oXy "- 4K Xy = RXy "- RXY 

(37) PXY "- KXY = R Xl' 
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? 111 '2 111 “ here RXY' RXY and RXY are cur vature operators of conncctions F . r and r 
respectively . 

:\0“ . we give some properlies o[ operators of mixed and deformation cur 、 atures 

for a pair of connections compatible with an almost quasi-quaternion strucwre 

on M in the follo ,,"ing 

THEORE:Vl 3. The operators 01 lIli xed and delorlllation CIIrvatμres 01 a pair 01 
2 

linear connections (r. r) w/，μ ch is compatible 1Vitlt aη almosl quasl-quaternion 

slrμcture Q = (F , G. HJ 0η a nzanilold M satisly Ihe lollowing condilions: 

(38) FpXy = pXyF, GpXY=ρXyG. HPXY =ρXyH 

(39) FK Xy = K XyF. GK Xy = K XyG , HKXy = K XyH 

(40) ApXy = AK Xy = O. BPXY = PXY' BK Xy = K Xy 

where A , B are given by (5) and (6) . 

:] m 2 
PROOF. Mak.ηg use 01 the lact that r , r and r are Q-connections , R XY' R Xy 

'" and R xy salisly (10) , ( ll) and (12) , so Irolll (36) and (37) we oblain (38) , (39) 

and (40) . 
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