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Z - ACTION ON SELF- DUAL CONNECTIONS 
p 

By Yong Seung Cho 

1. Introduct ion 

Let G= Zþ where p is a prime number. Let M be a simply connected, c1osed, 

smooth 4-dimensional manifold with a positive definitc intersection form , and a 

smooth G action on it. Let π:E→M be a quaternion line bundle with instanton 

numbcr one and with G-action on E through bundle isomorphism such that thc 

projection is a G-map. A connection on the vector bundle E• M is defined by a 
first order Iinear differential operator 

\1: QO(E )• Q\E) . 

The connection has a natural extension \11: D' (E ) • Q2(E ) . The curvature RV of 

the connection is defined as the composition 민 · F e i(EndE). The set X (E ) 

of all connections on E has a natural affine structure. Thc set ç of all bundle 

automorphisms on E forms a Lie group structurc by fiberwise multip\ication. 

The group çt is called thc gauge group of the bundlc E. A connection \1 is said 
v , r.V to be self dual if ‘ R' = + R' where * is thc J-Iodgc star operator on M. Thc 

gauge group ç acts on connections and prescrvcs the sclf duality. The group 

G acts on thc connections as an extended gauge group and preseryes the self 

dual connections when 、.，'e start with G-invariant metric on M . Then the moduli 

space ./1 of the equivalence c1asses of self-dual connections on E is a G-space. 

This muduli space ./1 may not be a manifold. By Uhlenbeck argument “ e rnay 

choose a G-inyariant metric on .11 such that the fixed point set ./1‘ G of the 

space ./1' of irreducible self-dual connections is smooth. 

In this paper we will compute the G-index of the fundamental elliptic complex 

for each G- invariant self-dual connections and we have Theorem 2. 3. From this 

Theorem 2.3 we understand the local behavior of the group G in the modu\i space 

./1. ln section 3, we will study the G-action on thc reducible sclf-dual connections 

and we have Theorem 3. l. 
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2, G- Index on Elliptic Complcx 

f'or a given SU(2)-vcctor bund le E• M , lct P• M be thc associated principal 

SU(2)-bundlc, Thcn \\'c have the Lie algebra bundle adP=PXsu웬2) on M , 

ι k 
Assumc that thc fixcd point sct F of G-action on M is F = [P,} ;~l U [T"'} ;~ l 

ι ‘vhcrc the P /S are isolatcd points and thc r ’ are Riemann surfaces wilh 

genus λi‘ 

Considcr G-invariant elliptic com plexi. c. the self-dual conncction V is a fixcd 

pomt. 
JV ./11 

0-→{)o(ad끼)』Ql(adj):二 {)2(ad껴)~O. 
L δ ‘ - ‘ 

v 

‘,\'herc δV is the formal adjoint operator of i v and to get Banach spaces ‘ve glve 

appropriatc SoboJcv norms on cach term as usual 

Assumc this complcx is com plexified. T'hcn as usual we get an equivariant 

single Dirac operator 

D: r ( v @v J6iad,P) - ,r (v. @v _@ad,p). 
~~i 

• - n 
Let K~ [c P n=O, I"'P - I} bc thc character group of G 

ln thc complex represcntations ‘vhich is just thc p-th roots of the unity, Let 
ι:ri 

g=e ’ be a gcnerator of G and lct V bc an irrcduciblc self-dual G-invariant 

conncction. '1'hen the analytic G-indcx of D is a \'irtual representation of G, 

namely IndexG(D) = Hl(adcP) H2(adc”εR(G) ， By Ati)'ah-Singcr Fixcd Point 

Theorcm , 、、 e can compute the index 

Jndcx.cD)= trace(g indexG(D)) 
di ï.l νt Chg(V- v -)chg(V- )cfj (adcP) td(TMge C) .• 

=(-1) ’ “ ‘ [TM' j 
ch/A_tN'@C) 

j꽉프'- Ch_(V . - V )clUV )chJ ad.þ)td (Tlé rgc) 
= ( - 1)"' .~. •. [Mι] 

e(TM.)ch.cA _1N"@C) 

'1'0 calculate c" .cad,Þ) let us examine Zp action on ad,Þ. Consider a diagram 
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ImH 

PX sU(2)=.dp 
SU(2) 

‘/스ζ; 

t .. ~ 
) 

’ E 

2:ú 

1'0 preser ve thc SU(2)-slructure on E 1.
11

" g=e P acts as 

"e"pi ,,) 1 e Y ,) 

, ') on E 1 M' for SOme k and 50 on ils associaled principal bundle 

L(l "P J 
P. ()n rhe a. ,ociated Lic a lgcbra bundlc adρ =P XSU (2)S 1I (2) ， G acts by conjug. 

으2rri(þ-k) 1= [강 
e 

So G acμ :rl lally OIl adp and adcP= adP@R C Thus ln our casm cAg(adcP)프3 

to thc Indcx.<D) ac an isolatcd fixed point PiE F. Let 

2πik 
p 

e 
「1 
1 

니
 카

 

a 
“ 
4 

「j
1
1
1
1
’
’L

l 
야
 

0 
2n’ (p 

p e 

ation. i. e 
_1: 11: 

” c 

0 •]

of g on thc Ilormal bundle 

1'he contri • 따lon 

2:;r 2πs 
0=-•’ , ν = __ ^ _l rcprcsent lhe rcprcscnlalion P . , P 
at P . in λ1. 

i8, - Î(), - ;8, 
:2 /_ 2 -:r-“ -e 、 e , i f) l , ;0; rr 스---「r---4:7A一←(e" '+e"') 

1= 1 

C/,g(V- -v-)chg(V) 

ch , CA Ngrg C) 

= 융( l.!.cot푸cot 파) 
Thus 、vc havc 

。 :rr . i.S 、

Index ，(D) I P. =-응(l+cot ，'cot-수) 4 \ þ 00 . P / 

:\'cxt the contribution to the Index.(D) on a fixed poi l1 t componc l1 t T" 'CFζM 
g 

whcrc T “ lS a Rlemann sur[ace WIth genus 2l Let g act on thc normal bundle 

LDI\IA 2.1 
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2r:i / ( 

of Tι inM by e P -multiplication on thc fibcrs. 

clz_(V , -V )clz _(V ) 
” 

e(T')clz/A _1N'@C) 

..:!.!.. 二~ 二즈.!.... ....:!.! 으므L 二츠l 二~jt l 二.:!!.. - :ril , ï" -r .... _ ----Z- /.2 _-p- -Y- --b- , _ ~ --p- 으rrit { 
(e' - 0 • )0 • (e' 0 ' - 0 • e ) e e r %, , P 

E갚'.!.. 二강므L [e + e r e l 
x

1
(1-."0 P )(1-e- x'e P ) 

효브L 
4 , .r~ ’ c ‘ + 0 '0 ’ 

강만 
(l - eX,o P ) 

효브L 

1 +x1 + (1 +x:강e P 
2trit , 

1-(1+x강e P 

2n d ‘ 2"j 

( 1 + 0 ’ )+(x
1
+ e P x

2
) 

2πit{ '2;:;I{ 

(1 - e P -e P .<η) - e -e -"_J 

2:r it ‘ 
으갚'.!.. 으암'.!..τ-

=쿄iI， (1+0 p )+(x1+ 0 ’ X,,) [1+ 수꽉.1'2] 
p (1-0 y ) 1 -0 

2t!iI, 2t!il ‘ ?’“ - ----L ---:-
「 7」 ( l + e p )e p 1 

걷il ， lx1+e r X2+ →-흐한L X써 

(1 -0 P ) (1 -0 P ) 

2πit { 

P 

=---→깥!.L x1 +--=-경꽉-Xz 
(1 -0 P) (1-0 p )" 

Here we only consider degree one part because, when we cvaluate on the 

fundamenta l homology class [T치 , the other parts are aII zero. Xi and X2 are 

the Eul야 classes of the tangent bundle and the non때 bund!e of T i
., in M 

respective!y: Wc can calcu!ate xz [T치] = lIITι and '<1 (T I.,) = 2-2-<, 
clz_(V • - V _)ch/V _)ch.(ad!') ld (Tr@C) 

Index (D)l ” =(- l ) g IT A’] 
TAj C(T g)chg(A lNg@C) 

2πit I 
c P 、

=-3[-• r: i t { X1 +---=:느장;1 ， 센 [T“] 
(1 -e P) (1-e p )2 

2rrit‘ 
= - 3f 1

0
,,, +_2ε주-.. -T씨 

L 으갚!.!.. 2π'i/ I J 
(1 - e P) (1-0 P )2 
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「

파
 

Index_(D) = εIndex_(D) 1 D + ζ’ Index _(D) 1 T' 
/'; ;=1 ι '/ ; =1 ‘ , " 

k ‘ ‘ι πr πs ‘ 
= J:j ( - ~ )( 1+cot ’ cot- ,- ' ) i=1\ ι ) \. , -_. P --. p) 

Hence we ha ve 

LE~IMA 2. 2 

2rri!J 

k. . r (1-À) + (1IIT， . +λ，-1) e þ + ε:;'(-6)1--ι ，강_.". ] 
1=l L i 2:L ? 

(1-e ,. ). 

For g”εZp wc can calculate the index 

THEORDI 2.3. 
'2n :ril l 

k , , 。 、 nπ r nπ5 、 k . r (1-À)+ (1IIT， ，+λ -11e p 
Index . • (DI= ε:;(-응- l( 1+cot----.-' cot---.--'- l+ .L: (- 611--J , R' J i=l \ 2 ) \ p -_. p )' j-;ï -'l 갚섣!L 。

(l -e y )-

where n=l, ?-1 and rt, s1, t, are deterrnincd by representatlOns on the normal 

bundles of the fixed point set in M. 

RDIARK: (i) In 따 indcx calculation , td (T생C)=1+웅c1(T영C) = 1. 
(i i) Above Index/D) is the topological index of D cvaluated at g. If \\"e know 

the e xact data, narnely the fixed point set, Zþ.representation nn the normal 

bundles and its Euler numbers then by the formula 

topological index 
2. ~ 2 ( iii) For example G = Z 2' F = {P , 5") c Cp", g =-1. 

k‘/ “ ι πy πs 、

Index. (D) =ε( - ~ lI1 +cot -;수cot ’ ) i = l\ 2 )\. ,-_. p -_. p ) 

、，ve calculate explicitly the 

감으L 

k , r (1-?' ,) + (1117"' ‘ + À‘ -1)e p 
+ .L:(-6)1--' ‘ 사，，/ 

; =1 L ‘ 

(1- e y ) . 

!.,( _ 3 1' 1 I 1"\' I .-., C '\ ( 1-0)+ (1+0-1) (-1) =ε괴 -τ .... (1+0)+ε:'( -6) v V / ' , ... I V ~ 

; = 1 、 ‘ j=l [1-(- 1))‘ 



202 YOllg Seullg Cl10 

= -3 

(iv) For simplicity these topological index 
p", 

Indexc. (D) 프 B” n= 0, l , , p - l 

From the G-invariant fundamental cll iptic complcx. Lct us consider the G 

action on the virlual reprcsentation H:, - H;,C R((; ) of lhe cohomology groups. 
'i/ 'i/ 

Lct us split H~ and H~ into the irredωu빼l 
7r l __ rrl 

H:"=H~.잉H~，8‘ 'E!H:._. and 
'i/ c’ g ‘ g ’ ‘ 

2πl 
? ?, '1 ‘ 

HV=H같(，f)H~'(Ð .. . (,f) H감1 whcrc g =e l' E G 

2rr; k ‘ 

acts on H;Lμiι(οJ =악= 
’ 。 o

dimcH• = ml , dlr%HL= n and [ llr%HK=n,· For each g ‘ c G \\'c havc the indiccs 

LEM~IA 2.4. 

Indg.(Ð) = ("'0 + "'1 +… -- -+ mp 1)-(n。+nl+ ‘ + nþ 1) Bn= 5 
?,,' ') .. ; ’,.., .} .... 
스온'- .':'(þ 1) ’ -: . (þ • 1) 

Ind _,(D) = C끼 + m ,e l' + "'111 + .. ,e Jl )-(tt,,+ n ,c l' 

• ‘ + n . . e ν )=B 0' " '1- ... , 
þ- l- "" ' ,) , " 1'" , "p-l 

?".i ? .. ì ?"i 'J" , 
던':'2 -'~'(P "2) 슨':'2 - ~-' (þ-2) 

IndjD) =C끼 + m ,e y 
+ "' +m ~ ,e t' ) -(n .. +n ,e Y +…+ n .. e Y )=B。O' ... 1.... , 

"' p-l'" "".u ' '.1" , ... þ - l.... -2 

’ ", i ' Þ .. ; '-1 .. ’ ’ .. 콕:(Þ-I) 갇: 덕:(þ 1) 二←
Ind ".,.,(Ðl=(mn+ m1c l' + "' +m" l e l' )-(nn+ n ,e ’ + ... + .. . . e " )= B

‘ g"" -' ..... 0. "' 1- "'p 1- ""'0 ' "1- . "þ - I- - p-

Rearrange thesc equations lo compule Cm{\- n,) , .. , and (m ,, __ , - 1Z o " O~ ' 

_ 
. . - " "P - l "p - l 

("'0 η，) + ("'. - n, ) + ... + ("' • . - n • • ) = B 
0' ' ..... 1 '.1". , ....... p 1 "þ - l" -0 

I 
Zl 깜(þ- I ) 

(1110 - n,) + (’“ -η，)e 
Y + .. . + (1IZ

Þ
_

1- ". _ I)e 
,. 

= BI 0" '''' ''"1: '.l"'~ ' \," .p- l ' .p- l 

’ wi ?~ i 

(2. 5) 、 :二2 -:. (þ-2) 
I 

( 1Jlr. -n,.) + (111 ， - η )e Þ + "' +(m η )e P = B? 

1 

o r l l P l p- l 

:z (þ- l) 깐’ 
(11ι- n) 수 (m. -π )8 

Y +‘ '-+(1IZ • • - n . ,)C 
Y = B o .-i.Y ..... "1 ' -1 ' - . ...... p- l " þ-l" - - p-l 

?"i ?,, ; 
二굿~ 

•. ;. (Þ- I ) 
Using lhc fact J.r-e P + ... +e P = 0. Exccpt l hc first row and the first 

column , cach row and each column are pcrmutations o[ the group G. For 

O <k</~p-l. 
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2πi , 2.πi _ _ 2:ri#o 2πi ... , ., 2’‘ -p' k _ -;. 2k _ -p' (Þ - I )R, -;. (/-서 -þ' 2'(1-') 
G드 (l. e Y , e e ,. ) = (I , e Y , e ' 

By easy calculation we get 

1'11 EORE:\I 2. 6 

) ’ll b = ÷(B + B + B +---+B ) o -0 p "'-0' -1 '-2' '-þ- l 

? ‘ -:. (p- ' )(I - ' ) 
e Y 

1 찢L(P- 1) 꽁(P -2) 랑 

니「 

?",- ?".; 'J .. : 
.:.쓴 二.;. 2 二:;:'(p-')

/1l;. ,-n ... ,=7CBn+B ,c Y + B')e" +…+ B .. e Y ,"'-1 '.þ - l P ' - 0' -1- , -2- . -P - l 

2"i 
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p 
I<Ej\IA RK ‘ i) For a primc numbcr þ , g = e Y E G, thc fixcd poinl set on M , 

g .,g‘ ’ ,...", k , . I 'IT>~" k, F = M = 1I = jI = = Mg = {PJI llU {T }t=l 
( ii) the ropo Iogical index Bo= 5. B" B p_, is delermined by the formula 

(2. 3) , and the virlual representaloon dimcnsions ", .- - ni(i = O, .. ‘ , þ- l) is 

determined b、 B... … . B . , and the G-action on them. p- ' 
(iii) For reduciblc self-dual conneclions wc replacc "'0+ 1 instead of "'0 

o‘) ’ Il J -tt，，=소(Bo+B， + "' +Bp_샤 thc dimension of fixed point component 

contamln익 τ 

3. Z -Action on Rcducible Self - Dual Conncctions 
p 

Next 、.ye \Vould like to consider a Z . action on reducible self -dual connections. 
P 

Under our usual assumption on thc bund le E• M ltre consider the space H 2(R) 

of real valued harmonic 2-forms on M . Harmonic 2-forms tþ means dtþ = O= öØ 
') ? I ?_ 

where ò= - *d* . Since - L! = L!* , H- (R) = H - G H - . E\'ery harmonic 2-form is 

self-dual since thc imersection from is posilh'e definite. Also self-dual con-

l1eclions are harmonic. For each rcduciblc connection V= V,EBV, on E , the 

assignment '\7i---• -:r. á'íJ 1 gives a onc- to-onc correspondence between gauge-equiv 

alo l1cc c1asses of reducible con l1cctions on E and pairs of closed 2-forms j;, f/J, 

with r g 'l'^ d'lo = l , where g'l' =쉰 RV'. Since M is simp ly connected, lhe de 
.J .. -- ~“‘ ‘ .\1 ‘ 
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Rham cJasses QV' are uniquely determined by the integral cJasses in H
2
( M : Z ) . 

Also every integral class “ with u ' u = l comes from a reducible self-dual 
A? ? 

connection. Our manifold M"=cr ~ ... ~ Cr(n-copies). 

Let (::t b" ‘ ::tbJ be a basis with bþ ， =δ in H 2(JV : Z) . For any gεZ‘’ g 
1 " - n " I } 1} Þ 

* . -10;. . , . p .,2 is a diffeomorphism on M. So {::t g ^ b1, ::t g "'bn} is also a basis in 1í(M: Z ). 

In the moduli space ./f there are reducible self-dual connections {'\\’ ‘ " V'n} 

W뼈 corresponds bt=깊rRV’ for i = l ’ n. IVIoreover g채=g*깊rF= 
1 ~nVi _-l _ 1 ro,g(Vf) 

꺼: .. gRV 'g = 0:~' Rð -..v ,/ which is the curvature from correspond ing the conne-

‘“‘ ‘“ ction g(V‘) . Since g is an isometry on M , Rg(V') is harmonic and the integral 

* , *. * 용 class g bl-g bt = g (b1 · b1) = g (I) = l where b,·b, ls a generator 1n H (M : Z). 

By deflnitmn this is the orlentatIOn c1ass- Thus g (? ,) 1s a rdumble self duaI 

connection. 

THEOREM 3. 1. Z p-aclion on E • M induces a action 0η tlze sel 01 ，'edιcible 

connecUons z'n the 1Jloduli space ι 01 Ilze sell-dual gaκge equivalent connections. 
>

Mιoreover lel ./f be Ilze sel 01 reducible conneclions in ... ν and by sell ing 
1 _8 

?←→걷grR ’ wlzere V' = V' I + V' I' Ilze diagram 

2 1' ''" • '7 .... g 1',,2 1í(M: Z )-. - H"(M , Z ) 

[D [n 
ι--호--.Æ' commutes. 

RH 1ARK. (i) Suppose that V' is a reducible self-dual connection. Then thc 

isotropy group of V', r V = {gε?lgPg-1 =Pl = Sl. l?or any he Zp, rh(V) = {kgh l 
ι '1 , n 1 , /1. _~_ -L， ...... n' . • - 1 .r7. - 1 . - 1, - 1 - 1. - 1 Eqt l gεrV } = s. because (hg"-') .h(V' ) = hg" - ' , hV'h- " hg- ' h- ' = lzgV'g - ' ,, - ' = 

II(V') . Also Izg/. -
1
= hgzh-

1 
implies gl= g2' 

Since Z p preserves the self-duality, " ( '11 ) is also a self -dual reducible conne

ction. 
4 __ 2 

(i i) On the Zιaction over E• M" and Iz E Z p' Let b1E H' (M: Z ) 씨th b1 'b1 = 
1, then there is a complex line bundle Lb,• M wi th its Euler class b

1
• And 

consider the ma p 
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hτLb~ Lb 

M 」-M

+ι 2 
h ' :8"(111 :Z)-• 8"(111: Z ) 

bl 1-------h-(bl) 
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The induced bundle /'-'" (L
b
,) over 111 is exactly the bundle corresponding reducible 

self-dual connections V and h(V) 

(e'" 0 ~ ‘ 

r 'l = [gEqt lg(V)=V)=SlC9' 
h(V)_ ,, __ ,_ - 1 1 _ ,- rV 1 _ ('0 1 r '" = (hgh ïgE r V I = S.c <y and 

g=1 - -씨εr v • From thc bundle splitting, the following diagram commutes 
l V e ) 

and preserves the spli ttings. 

E=L 잉I ， -쓰-LI-I'I" ,EÐL b,'-V -b, -h(b‘)'<..Y .&J h(b,) 

IK hK I,,-l 

L 깅I ， ---'.!.一L 성z o,,-,,&.Jb, ..... 1i (b ,)'-"4.Jh(b ,). 

REFERENCES 

[1] M. F. Atiyah , K. Hitchin , and 1. Singer, Sell Duality in Fourdime l1sio1tal R;er.:an씨a 1l 

Geometry, Proc. R. Soc. London Ser. A. 362(1978) , 425---461 

[2J M. F, Atiyah and G, B, Segal, The l ndex 01 Elliþtic Operators [. Ann . of ~Iath . (2) 

87(1968), 531--545. 

[3J M. F , Atiyah and r. Singer, The 11ldex 01 Elliþμc Operators ill. Ann. of Math. (2) 

87(1968) , 546--604, 

[4J G. Bredon, 17ltrod“ct:'01t 10 Compact Trans[ormalioll GrGuþs, Pure and AppIied !\!athe

matics. Vo1. 46, Acadcmic Prcss, Ncw York (1972) 

[5] J. Cheeger. D. Ebin, Comparisolt Theorems i1l Rlema’”“a1Z Geometry, Korth Holland 

Publication Company, Amsterdam(l975). 

[6J S. Donaldson , An App/icalio1lS o[ Gauge Theory 10 Four-Mamfold Theory, J. Dif f. 

Geo. 18(1983), 279--315 , 

[7] S. Donaldson , C01l1zeclions, Cohomology and l }ze 11Iterseclio1t Forms o[ 4-mamfolds, to 

appear 

[8J R. Fintushell and R. 51ern, 50(3)-connec“ons alzd ToρolOKY 01• nanilold, ], of Diff. 

Gco. 20(1984) , 523""639. 

[9J R, Fintushel and R. 51ern , Pseudolree Orb,jolds, Ann. of Math , 122(1985) , 335--364. 



206 Yoltg Set‘’'lg Cho 

!I이 R. Fintushel and R. Stern, Dejinite 4-mallif old , preprint 

[11] D. Freed and K. ChlenL-cck. 11lstantolls aJld Four-Mamfolds , ~Iath . Sci , Res. lnst. 

I~ubl 、 이 1, Springer- \-erlag. :\"c、v York(1984) . 

[12] \l. Freedmaa, The Toþ%gy 01 Four DinzC1ISt'ollal Ma llifolds, ] . Dif f. Geo Iï(l 983) 

3.57- ..J54 

[13] 13. J.a“ ~on ， Jr. , Tfze Theory 0/ Gaugc Fields ill Fôur D…tellsio1ls, Conference Board 

or \1ath . Scienres :';0.58 (1985) 

[!4J T. Petrie, Pseudo Equt't'alellces 01 G-A1amfolds. Proc. Symp. Purc Math. 32(1978)‘ 

lt:i~j-- :2lO 

fI 5] T. Pctric and }. Randall , Trallsforu‘atiOll Grouþs 01f M alltfolds, Purc and \pphcd 

\Iath. B2(H18.1J 

[16] I’ Shanahan, The .J. tiyafl-Singer Inde .r. Theorem. Lecturc :\Totcs in .\lath. 638, 

Springer-、 erlag(19ïO) 

i17] C. Taubes. Self-dual CO l! uectioJls OOn NOll-self -dual .1- :vJamfolds, J . Diì f. Ceo. 1ï 

(I 982). 1.19.-170 

Depa rtment of Mat henatics 

K yungpook :\ational l'ni\'ersity 

T aegu 702-701, KOl'ea. 


