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N Ui\1 ERICAL SOLUTION OF A GENERAL CAUCHY PROBLEM 

By A, R, M, EI-Narnoury 

Abslract: :n this ‘\'ork , two numcrical schcmcs arc proposcd for solving a 

general form of Cauchy problcm , IIcrc, thc problcm , lO bc dcfincd , consists of 

a systcm ci \ 'o lLerra inlegro-diffcrenlial equalions, Picard’s and Scidcl ’a mcthods 

of succeSSi"B approximalions arc ucd 10 oblain the approximate solution , The 

con\'ergenc~ )f t hesc approximations is cstablishcd and thc ratc of convergence 

is estima t띠 1:1 cvcry casc 

1. Intr odurtion 

Consider 끼 particular thc first-ordcr cquations 

iy ,(t) r ' 、
피t =1; [1 , y. , Y2' Y" ι g ;CI , s, Y

" 
Y2, "', Y"ldsJ , I ” ( 

with the cJnditions 
:;,};l = a ;CO:O;:I, <::12드"' <:'1. <,1', 0증t드1' ， i = 1. 1t), 

where α， or~ constants and thc functions I ;CI , Y" Y2' "', Y,,' Z(I) ) , g ;CI , s, y ,’ 
Y'2' y) . υ =c김) are dcfined in thc domains: 

Dj l ol 지) = [ι T J /. [αj-R， a ， +RJX[，α2 - R， α2+RJ X "' X 

x[a. - R, a ,, + RJ X [-R, RJ, 

D/ol g;) = [0, 1'J X [0, 1'J X [.αj-R， a ,+ RJ X …X [a.- R, αII +RJ . 

Cauchy problem (1) arises in the equilibrium siLUations that take place in 

studying thin elastic shells of revolution and in nucJear collision problems [6J , [4J , 

Section 3 is concerned \\' ith the applicat ion of Pica rd’ s method to prove the 

existence and uniquencss of thc solut ion of Cauchy problem (1) , Thc acq ui red 

rcsults are given in theorem 1. Section 3 deals πith thc construction of Seidel 

succcssive approxi mations Csincc mcthods using thc most up- to-date information 

tend to be better than those usi ng older informn t ion) for solving the considered 

AMS 1980 subject classifjçation. Primary 65 H20 
Kev ‘\"ords and phrascs: Cauchy problem , Volterra întegro-differcntia l cqιttions ， Picard ’S 

and Seidcl's mcthods. 
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problem numerically. and the relevant theorem is proved. 

2. Picard’ s method of 5uccessi~e approximations 

Picard ’ 5 melhod when applied to system (1) gives: 
(0) ,. ., ，.，，- t.. ~ :_:,,- : _ 1 __ ____ ._: ___ .. : __ ， ~ _. N\_._"T>' _.(k+ l) 

y1 (t) (the inltial apprOXlmatlOn) = a ,, (0드t드T)， y, (tl) =αi' ì 
(k+ 1) ,." dy ;'" "(1) 시 l 
」f-=fl [t 씬 y;사 , y?); l gl(t, s, y?), y상) (2) 

(k ) , .'- 1 
• y~"')dsl. k =O. 1. 2 .... J 

THE SUFFICIENT CONDlTIOKS FOR CONVERGENCE 2. J. AS5umc that the two 

5ets of funclion5 f ,(I . Y .. Y .. .... Y •• Z ) and g ..(l . s. Y .. ι ... .. y) satisfy the ‘ :!. - n. ~， ‘ : 
following condition5: 

a) lhcy arc continuous and bounded for any (1. y}' y2' .... y". Z (I) )EÐ, and 

(1. s. Y ,. Y2• y") E Ðz' i. e. 

If ,(t. y ,. y2’ ‘ • Y". Z(lm드:M，. M,=const . • 

Ig,(I. s. y ,. Y2 • .... Y) I 드M2， M2= const.. 

b) for arbilrary (1. Y,. Y2• '''Y,,' Z/t) ). (1. 킨. Y2• Y" , ZZ<I))드Ð， and (1. 

s. Y,. Yz. . ... Y.). (1. s. Y ,. Yz. Y) E Ðz. thcy satisfy Cauchy.Lipschitz con-

dition. i. e. 

Ifi (l. Y}' Yz .... Y,,' Z! )-f ,(I. Yl' Jí2 . ... . Y". Z z) 1 

:S;L! lmax, IY, 까 1 + I Z! -Z2 1l • L,= Cons t.. 

Ig ,(t. S. Y!' Y2’ 
‘ . y")-g,(t. s. Jí}' Y2 • .... Jí,,) 1 

드L2 max, 1yi-yl | , L2= const. 

c) if M = max 1M!. M z. L ,. L2l . then jμT르R. 

Csing malhematical induction and conditions a) . b). c) il can be sho\\'n that 
(k) 

Iy;"' (t) - ail드R. (i=1. n; k = O. J. 2. "'). 

(k) 
\Ve shall prove that lhe sequence of functions (y;"' (I)] k = O. 1. under the 

condilions a). b) and c) converges uniformly ( i. e. a Cauchy scquence) . In fact 

for 0드t드T. 1드t드n ， wc have 
(1) ,.., .(0) ,...... 1 __ ( 1) 

Iy;" (t) - y;-' (1) I = ly;"(I) -a, I 
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=1/지 [s， y? y?) r ’ 0) 이 ), • , • I 
• yn , l gl(s, r , yl , y2 ’ , y:-')d ,.]dsl 

드Ml |l에 = 111 ， 1 1 - 1 ， 1 
hence for k = l , 2, 3, we get 

I y샌… 

+L2지 m?x 1 yfk- l녁.-2)l dr) ds l 
드써( {m?xly?- l)-yr-2)| 

÷센 m，ax ly?- l)-yf‘해，.) ds l 
for k = 2 and 1드i$n， wc obtain 

(2) (l) (t -tl)2 
!y, (t)-y, (t)l 드111]L]-τ了- [l + L2(t- tl)] , (t，드t드T). 

(잉 ('L . ，， ~ .，. (1.-1/ 
lyt ( t) yl (l )|드111]L]→-， -[I+Ll I ,-t)]. (0드1$1) 

SimiJarJy, if k = 3, then for 1드z. $ n, ‘vc have 

(1 -1.)3 
(3L ., (2) 

lyi (t)-yl (t)|드111 ， L~ -낳-，'-[I+ L2(1 - 1 ， )]. [I+ L
2(1 - I ,)]. (1，드t드T)， 

(3) (2) 2 ( t, -t)3 

Iy;-'(t)- y;-'(t) 1 $111 ， L; -견了-I1 +L2(t，- t)] [l + L2(t,- t)] , (OSt드1) . 

Again , using mathematical induction for 1드l드n， wc have 

(*) (*-l) t -l ( t -tl)k k- 2 | y, (t) yi ( t)| E MlLl -τr-Il+L2(l - tl)] [l + L2(t -tl)] , 

(1，드t드T) (3) 

(k) (k- 1) k- l (t -t]
k

*-’ jy , (서 
(0$ 1$1) (4) 

(k) 
Therefore , the sequence of approximation (y;"' (I )} (0드t드T) converges uni[or. 

mJy , i. e. 



180 A. R. M. EI-Namouη 

(kJ 
lll￡ Y, (t) = yI(t) . 

Upon integrating thc equations in (2) and taking the l imit as k becomes very 

largc (∞) . we deduce that y‘(1) (1드t드n) rcpresent a solution for problem (1 ) . 

The uniqueness of t he solution of problem (1), under the conditions a ) , b) and 

c) , and bc proved by contradiction [3J , [히 • 

ESTI)'IATI~G THE RA TE 0 [7 COKVERGENCE 2.2. From systems (1) , (2) ‘\'e have 

(k )r . , / ., 1 • __ r I r l 
( __ I_(k- 1) 

lyl (t)-yl(t) lSLl ll {mFx ly, - l 

+ L2f m,ax lyf - l ] - y, 1셰s l 

~ ， I r' f ... .. , (k - I ) 
드"1 1 ) ， \m.ax IYi - Yi l 

+돼 ma파 1) - Yi1dr)ds I 

For k= 1 and 1드i드n， thc incquality (5) !eads to 
(1) fyl (t) - y,(t) |드RL1 (I - li ) [1 + Lz(l - I)J , (l i드t드T)， 

( 1) 
ly, (t) y， (l) l드RL1 (l i - 1) [1 + LzCli- l) ], (0드t르1) 

(5) 

Csing mathematical induction and the sct of conditions a) , b) and c) , the ra lc 

of CQn vergencc f or Pica rd’s approx imations can be estimated as follows : 

(kj [Ll (t - tl)] k k- l 
lyj (I〕 -y1 (t)| 드R-'τ-! -' - [I+ LzCI - tl ) J" [I+ L

2
(1 - li)], 

(li드t드T)， (6) 

(k) fL(t - t) ] k k- l 
|Yt (t) --yl(t) | 드R-펴-! -- [I+ LzCI. - I)J ' [I+ Llli- I)J , 

(0드t드li) ' (7) 

Thus we achived the follo“ ing theorem. 

T‘IIEORE~1 1. If condilions a) , b) and c) are salisfied , Ihen þroblem (1) has 

a unique sol1l tioπ which is Ihe limil of Picard’ s s1lccess~'ve aþþroxùllations (2) 

and Ihe rale of convergence for any i (l드t드n) is delermined by the ùzequalities 
(6) , (7) . 
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3. Se iders method of succcsaiyc nppr ox imati ons 

For solving problem (1) numerically, \vc construct SeideJ's successi\'e appr-

ox. ima tions as follows : 
(이 ('), : , -. -yl (t) (thc lntial apprOXlmaLions) = ar Yl (t,) =αi' (i= l, n) , 

( k ) 
dy;" ' (t) ,,, (k) . ( k) k) (k - ') ( k - ' ) 
-」ar-=ft [t· Yl , y2 , , y, - l, y, , , y” (8) 

(k ) (k) ( ' -') ('-') 
ιt g， (t， s, yl , , yl l, y, • , y” )ds] , 

k = l , 2, 

THE SCFFICIE.'1T CO:\DlTIO.'1S FOR CO.'1VERGEKCE 3. 1. In addition to thc 

set of condi t ions a) , b) and c) , 、\'e assume that the following condition is 

sa tisfied 

d ) L, T (J + L 2T) < 1. 

Csing the condi tion c) , then fo r k =O, 1, 2, ‘ , it can be proved that 
(k) ,. " • ___ ,... ~--

I y;" ' (t)-아|드R， (i = I , n) 

lt is obvious that 

IY; ' )(I) _/0\ 1) 1 = IY;')(I) -ail :<;:M,11 - li l. (i 다) 

For 1 ，드t드T， wc ha vc 

(2) .... " (1 L "" . __ r rt r , (1) (0) , . r r S ,(1) (0) , . 1 
lYl (t)-yl (l)lFLl l mlax lyt -yl l+L2l m?x|y l -yl l d이ds 

/ ( ,(' ) (0),. . rl ,(1) (0) , . 1 
< LIl l hr센 lYI - Yl l + L2l mFx 1yl - y, ldr}ds 

(t - t ,)2 
드M，L，-τ1L-[l+L2(t - tl)] ， 

and for 0드t드1 ， we get 
。

(1, -1)' 
lyf)(t)-y?)(t) 1 드Mι→-! -. [1+ Lz(l,-I)] . 

In this \Vay, it can be deduced that : 

(I1-t)2 
l y:2)ω-y;'!cl) I 드M，L ，견-! - [1+ L2(1에)}， (섣t드T. i = 1’ n) , 
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。

(1" -1)" 
/2) (1) _ /') (1) 1돼， L，→「[l +L2(tl-f)l ， (인t딘， i = 1, 11) 

Using mathematical induction and thc cond ition d) ‘ \\'e obtain 

l (t-tI)k 
( k ),.. " (k- l) 

Iy‘ (I)-y;" "(1) 1 <:M,L; . k ’ k - 2 
[I -'- L/, .- I ,)J" [l-t- LP - l i)J 

(li드t드T) ’ 

〔씨 (k l) k- l (t - t)k k 2 
y, (1)-y, (t) 드M tL; • 1 [ 1 ιL2(l，， -t)] · [l + L201 t)] , 

(0드15，/) . 

(k ) 
Thcrc[orc, thc scquencc 0 1" a pproximations [y;"'(I)} (0드t드T) that di[incd by 

cquations (8) , convcrges unifor mly. Integrating the eq ua t ions in system (8) and 

then passing to the l im it as k-→∞， wc deduce that SeideJ's successi,'e approxi' 

mations convcrge to the exact solution of problem (J) . 

ESTl~IATI^G THE RATE OF CONVERGENCE 3. 2, Lsing thc se t of conditions 

a) . b) , c) and d) , we get 

(1)1" ,' 1".'\1 __ .. r' (_~ ___ ,- .(O) 1 I r rS 
____ 1 (0) . . 1 ...1 _1 

I Y;" (I ) -Yt (l) 1 드LlL im,ax ly‘ - yt | ↓L페‘ m?x ly, - Yr |drjds 

::::;RL,(I - I,) [1+ LzCl-I ,)j, (1，드t드T) ， 

( ' ) 
ly;" (I) -y,(I) 1 드RL， (1. - 1) [1+ L / I ,-I)J. (0::::;1드1 ， ) . 

Taking into account the condition d) , we ha‘ e 

1시l)(t)-y， (t)|드R띠- 1 1 ) [1 + L2(1-씨 (씩드T. i =다) ， 
( ' ) 

l y; " (I) -y，(1) 1 드RL， (I. - 1) [1+ L2(1 i- l)]. (0드t드l i' i = 1, n) 

By mathematical induction , for 1드t드π. we obtain 

(k) [Ll(t- tl)] k k l 
|Yt (t)-yt(t) l 드R' - ' k ’ [1+ L2(1 - I,) J" [l+ LP-li )]. 

(l i드t드1). (9) 

(k) [L. (t - t)l k k- l 
|Yt (“ω1)←너-y끼y끼Iκ(“ω씨1)씨)1넘드탤R-숭! .- [ 1싸1+ L댐2“zCl얀l 

) (ω0아E드드닥t드tυ). ( 10) 

Hence the following theorcm is proved 

THEORE~1 2. l f Ihe conditions a ) , b) , c) and d) are salisfied , Ihen þrob{em 
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(1) /zas a μnique so!νlion 1Ohic" is oblained as Ihe /imil 01 Seidel ’ s SttCCeSSlVe 

aþþroximatt"ons. Fur t!zermore. the ratc o[ convergeηce is esli1llaled by (9) , (10) . 

RD I.-\RK. In the casc o[ [L
1 
T(1γ LzT) ] 는 1. is can bc provcd lhallhe seq uencc 

Ck) 
of Selders applOXlmatlOns {yt (t)}, (O F l F T , l드，드n， k = O, 1, ... ) diyerges. 
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