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A NOTE ON OPERATORS IN THE CLASSES A 

By 1. B. J ung and C. 、. Park 

m. " 

Lct .Y be a separable. infinite dimcnsional. complcx Hilbert space and let ι (.Y) 

bc the algebra of all bounded Jincar opcrators on .Y. A dual algera is a 

subalgebra of ι (.Y) 대at contains 1 and is c!osed in the ‘，veai깐 topology on 

ι (.Y) . Suppose 111 and n arc cardina l numbers such that 1드111. η드~O' A dual 

algebra JK 1Vlll be sald to have property (Am ,,) lf every m× n system of slmuL 

taneous equations of the form 

(1 ) [x ,l8))' J = [L .. J. 0드i < 111. 0드j <κ r . IJ 

‘vhele {[LJ lOSt < ” is an arbltrary mXn aIray from Qi , has a solutlon {xJ 
O~j<n 

OSt <,,,, {yl lOSl < ,, consisung of a pair of sequences of vectors from x . Further 

more. if 111 and n are positive integers and r is a fixed real number satisfying 

r~l. a dual a lgebra ‘g (WIth property(Am ” )) lS Sald to have propery (Am ” (7)) 

lf for every s> r and every mx n array {[Lll]loj < m from Qi , there exISt 
05: i <.’ 

sequences {x i } 05: i <m. (y) 05:i <. that satisfy (1) and also satisfy the following 

conditions : 

’ (2) II xX드s ε 11 [L ,,} 11 . 0드i <m. 
‘ O~j <n 'J 

and 

(3) |1y.l12드S ε 11 [L ,,1 11 . 0드j <n. 
O~i <m ’ J 

finally. a dual algebra ‘.orcι(.Y) has propcrty (Am. !!.( r )) (for some real 

number r는1) if for cvery s> r and every array ([L i) } 05: i <m from Q,K with 
05: i <∞ 

summable rows. there exist sequences [xiJ 05:i <m and (y iJ 05: i <∞ of vectors from 

.Y that satisfy (2) and (3) with the replacement of n by ~O' Properties(A!! •. n(r)) 

and ( A!! .. N.(r )) are defined similarly (cf. [5]) . 

We write D for the open unit disc in thc complex planc C and T for the 

boundary of D. A contraction TEι(.Y) (i. e.. II TII :S;1) is absolutely conti,‘uous 

if in the canonical decomposit ion T=T
1
EÐT

2
• where T

1 
is a unitary operator 
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and T '}. is a complctely nonunita ry contraction , T , is cithcr absolutely continuous 

or acts on the space(O). I\' e dcnotc by A = A (U) thc class of a1l absolutely 

con t inuous contractions T in ι(U) for which the Poias-Sz. - );agy funct iona l 

calcu lus φr : H∞← • .;/ T is an isometry (cf. [5J) . J.et ψT be a bounded. lincar. 
1 I r r1 ' " * one- to-one map from QT into L"/ H~ wilh 9 ; =.φT" r urthel more, if m and η arc 

any cardina l numbcrs such that l :::;m, n날X。， 1VC denote by Am ” = Am ”(X) the 

set 01 all T in A (U) such that thc singly generated dual algebra .;/ T has 

Pl OI] Cl [y (Allt ”) H Bel Co、 ici(cf. [4J) and B. Chc \Tcau(cf. [8J) proved indepen 

dently tha t .4 = A,( !). 1. jung[12J sho\Vcd that Lhc classes Am.n are distinc t one 

f rnm a nother. C. Aposto l. 11. Bercovici . C. Foias and C. Pearcy [IJ. [2J studied 

gcorne trlc crlterm for membershlP In the c lass AN。=Ax。， s，· S Brown- B. Che

vreau . G. Exner and C. Pearcy [7J. [9J . [lOJ . [l1J obta ined topological cr iter ia 

and geomctric criteria fo r mcmbership in the class ..1 N. or A J，l~; In [13J . 1. Jung 

obtamed some stifflClent condl tions for mcmbushlP ln the class A l， s。 or AN, l n 

this paper we obta in an equivalent condítion fo r membership in the classes A m.n' 

The nota t ion and terminology employed herein agrce “ iLh those in [3J ‘ [6J and 

[14J. 

Suppose T E A (U) and has minimal coisometric extension 

B= S*잉R 
in ..(; (%). wherc S is a unila teral shif t of somc mul tip li city in ι(.8) if .8~ (0) . 

S = O if .8 = (0) . R is a uni ta ry opera tor if ι~ (0) and R = O if 11 = (0) (cf. [10]) 

We sha1l use these notations for the foll owing t heorem 

THEOREM. Suppose T E A (h") and '" and n are any cardinal nμmbers such 

t hat 1드’”’ n:S;flO' Then TεA”’ n if and only if. for ([Li jJ)O';i <mζQr t her e 
O'; j <“ 

exist sequences { x샤;:l샤)”l￡ 1ζζh"ι’ [w피vY?)

”
l ￡ 1Fζ .8 . and [ψb;cη까))뜸 lC íY’ s잉suα‘cμ씨h t“끼haιt [ 1川싸11 1ω샤싸U4싸;:， 

) (j) " • . , ,, ' (υi) 
+ bk Ul ts bounded, {r k } Ca“chy sequence aκd 

,,, r T , r (i) r.>, ,, ... ( j) , ._(j) 
I I (ψB '. I'r )( [LijJ T) - [x ~" @(w~" +야 )J 8 11• 0, 

PRoor. The idea of this proof comes from [10, Theorem 4. 4J. Suppose T E 

A (h") . It f이10 11' S from the definit ion of property ( A ... ) that. for [[L .J ) i j" I OS;: i <111 

(i) (j) in QT' therc cx ist x'. ... y εh". 0드i <m， 0드j < I!, such that 
O'5:. j <n 
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(i) ~ ~ ~ (j) 
[L”] r= 1x @y ] T· 

Sct 
( , ) (<) (j) (i) ~ ~ (Jl . ,(i) _ 0 μ = x'"~ . y~~ ~= y ，u= w" ~+ b 른，8'2// 

[or any kE JV. Thcn il is ob\' ious that thesc arc rcquired sCQ uences. Convcrscly, 
Ie t us 

(j) __ n , __ .(j j , .J j) rk = P (lU* J÷bk ) . kE N , 
(jJ whcre P is an orthogona l projection fr om Pγ onlo .;ι . Since {v~l.I} is boundcd , 

wc may supposc 、v.l. o. g. thaI (ay)lζl COrn-elges leakIy to J끼 ~[orcover， 
( ; ), r'_ . . _1.. . . ___ • • ____ . . • _ 1._ • • _ r •• (;), ___ .. _____ _. ____ I ~. __ (i) 

sincc {X~'/} is a Cauchy sα}uence ‘ “ e ha ve { x~'~} con\'crges strongly lo x 
( j) 

Sincc ( v~") is boundcd. we have 

(i) IC\ •. (j), r .. (i)o. •. (j), _ , •. (0 .,Ci)"C\ •. (j) [x \.' .I@v~l.I] - [x ~' ι% ] = ( x -xk )3% l 

(i)~(i)" ~.u) 
E「x - xk l uk • O 

Also we have 
(i) tn-. _.(j) , 11 _ 11 -1 ._ , r T r .• (O tn-. •. Cj) 11 [L i ) T - [:x:~" l8I v~"] T11 = 1 1ψB ψT( [L ij ] T) - [x~" l8Iv~"] B11 

- 1 ... t T ... t (O "",, ...(j ) • • ,(j) 
=:1ψB '. I'T( [L;;l T) - [:x:~" I8I (w~" +b~")] BII->O. 

"1‘ hen 
(i) "",, Cj), r ,'ci) tr">. __ (j) 

11 [L') T - [x"' l8Iv~"]T II드 11 [L i ) T - [X~" i8Iμ ] T'I 

(i) ..n. __ (j), t._(i)..n. _.(j) 
+11 Ix* @uk l T- Ix @uk l T「l→O.

So 
(i) tn-. _, (j) 11 fL;;l T- fx "'l8I v~"] TII• O. 

We no lV compute to show that 

(i)~ (j) 
fL;)T= fx"' i8Iv'''] T’ 

and thus complete the proof; for "εH∞(T) ， wc have 
(i)~(j) 

<h(T) , [L ”] >= llF <h(T) , [x @% ] T>

(i) (j) = Iim (h(T)x"', ι ) 
k ‘ 

= (h (T) x 
(;) (j) 

(i),,-,.. _-<j) = ( il (T). fx"' l8Iv'''] T>' 
Hence 
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( i ) ~ (j ) 
[L,l ] T = IX SJU l T 

Thcrcforc the proof is complelc 
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