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ON SUBCLASSES OF P- VALENT FUNCTIONS 

ST ARLIKE IN THE UNIT DISC 

By M. K. Aouf 

Abstract For a positive integer P. Ap will denote the class of functions 
ι ∞ -

f(z) = z' +ε ι.z" which are analytic in the unit disc U = {z : Izl < 1}. 
lI =p+ l " 

For 0드a드1. 0 <β드1 .0:드À <p.let S^(a. β• À) denote the class of functions f (z ) 
P 

E Ap which satisfy the condition 

z f' (z) ‘ 

Z흐-) -二-1<β for zE U 
α z깐같 +p-À(l+a) 

f(z) 

1n this paper wc obtain a reprcsentation theorem for the class S/ a. β. Â) and 

also derive distortion theorcm and sharp cstimates for the coefficients of this 

class 

1. Introduction 

For a positive integer P. Ap will denote the class 

+울 a .. / which are analytic in U = {치 zl < 1} . Further. let 
II = P -:- l '‘ 

zr (z) 

,. 까(z) r 1<β 
」갇」츠L+p-À(l+a) 

f(z) 

of functions f(z ) =l 

n 1 ( 

with 0드a드1. 0 <8드1 . 0드λ <P and zεU. We shall then say that ! (z) E S/a. 

β. À) . It is the aim of this paper to obtain a reprcsentation theorem for the 

class S/a. β， λ) and also derive distortion theorem and sharp estimates for the 

coefficients of this class. S^(l .1. 0)=S. and S^(l. 1. À) = S^ (À) are respectively p ----- p 

the classes of p-valent starlike functions and p-valent starl ikc functions of ordcr 

λ O드À <p. Also S1 (0. 1. 0) . S/l. β.0) and S1(α， β.0) arc respectivel y the classcs 

of functions studied by R. Singh [4]. K. S. Padmanabhan [3] and T . V. Laksh­

minarasimhan [2]. 
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W c statc thc following lemma that is nccdcd in our invest igat ion. 

LEMMA 1 [2J . f(z)ES1 (a. β. 0) =S (α.ß).O드a드1 al!d O <ß드1. t/ and only .1 

f (z) = z exp [- (l+a) r‘ ￠(t」dl] ，
J.o 1+αliþ(t) 

whcrc "'(z ) is analytic in U and 1 Ø(z) 1 < ß [or zE U. 

2. Representation f ormulas for the cJass Sp(a. ß. i. ). 

LEM~ I.\ 2. Let H (z) be m.alytic in U and salisfy the condition 
þ - H (z) 

[þ -?'cl주a)J 꾸aH(z) I <ß. zE U. 0드a드1. O <ß드1. 0:드J. <þ (2.1 ) 

1/Iith H (O)=þ. T hen we have 

H (z) = "-二.U二신브띄]표으L- (2.2) 
r + azØ(z) 

where Ø(z) is analytic in U and 1 "'(z) 1 <Çß for zεU. 

Converse/y. any f ’mclion H (z) given by (2. 2) above is analylic ;" U and 

satisfi.s (2. 1). 

PROOF. Let H (z) = þ+ c,z +c
2
z-+… and Ict (2.1) hold. Then if 

h(z) - P- H (Z) 
- [ þ - J.(! + a )] + a ll (，τ 

thcn h(z) is anaJytic and satisfics IMz) 1 <ß. ZEU and h(O) =0. 

fJencc by 5ch“ arz’ s Jcmma. h(z)= zØ (z). whcrc 1 "'(z) 1 드ß for ZE U. Thus 

H (z) = ..È.二댁:-z，ç상양꾀갚L-= I!.-[þ-λ(1 + a)J zØ(z) 
1 + ah(z) 1 +azØ(z) 

I;;(z) 1 <β for zE U. wh ich is (2.2) . On thc other hand. if H (z) is gi\'en by 

(2. 2) . thcn H (z) is analylic [or zEU. and sincc IzØ (z) 1 드에 z l <ß for z르U. \V C 

c| P-H “) 1= Iz"'(z) 1 <ß for zεU. and the proof of lemma [þ-?(l+ a )J + a H (z) I 
2 is complcte. 

LE~ßIA 3. f(z)εS / a. ß.?) if and only ;f 

br f ,( z) l(þ-À) 
f(z) = z'l - ' -I 

‘ z -
for some 지(Z)ES， (a. ß. 0) = S(a， β) . 

(2. 3) 
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,r I ,(z) l(P-?) ∞ ‘ 
PROOF Letf(z) = zr]rj fOI 지(z) =z+ ;뭘 CnZ는S(IX. β) . ZE U. By 

direct computation. we obtain 

z/' (z) 
I (z) y 

z/, (z)-, . 
(z TP-2(1+ a) 

and the rcslllt follo\\"s from ( 1. 1) . 

z/" (z) 

τw-- 1 

-강， (z) 
" ~ ~ + 1 IJ (z) 

We nO \V proceed to prove a theorem which gives a representation for functions 

of thc c1ass S /α， β. ì.) . 

THEOREM. 1. l (z)ES / IX. β. À) . tj and only il 

I ( z) = lexp[ -(P-λ)(1+α) ￡짧밤1] 
where rp(z) is analylic and sali slies I rp(z) I 드ß.O <β드1. zεU. 

PROOF. Let 1(2)εS/IX . ß. À). 0드a드1. O <ß드1. 0드? <p. 

Then lemma 2 gives. ‘,vith zE U. 

z/'(z) _ þ - [p-2(1 + a )J zrp(z) 
I (z) 1 + IXZrp(Z) 

where Ø(2) is ana lytic in U and I rp(zl드ß for zεU. T his givcs 

/, (z) _ p _ - (P- À) (1+ IX)rp(Z) - • ---I (z) z 1 + IXZrp(z) 

(2.4) 

(2.5) 

(2.6) 

which at once gives (2. 4) on integration from 0 to z. On the other hand. if 

1 (2) is givcn by(2. 4). it follows that (2.5) holds with Ø(z) as in lemma 2. so 

that 1(2)르S/IX. β.?) and the proof is complete, 

RE~IARK. Therc is anothcr proof of Theorem 1 which is an immediate con 

seqllence of lemmas 1 and 3. 

3. Distortion theorems. 

LD D1A 4. Lell(z)ES/IX. β， λ) . Then. lor zεU. 

k쩍주짧송씬넌L드Re (찢뚱2.}드 P+β[g:잃양… 
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PROOF. If 1 (2)E5p(a , ß, À) , thcn by lemma 2. 

w = 2... 감=..P..- [þ-À(1-a ) ]2 
[ (z) 1+ a2 

“ ith 121 <ß121 , 2εU， so that 

f 닉‘ p β [þ-i. (l+a)] 121 
Re w=Rc þ - [~二신l +a끄으 I ~ l+aß12 1 

1+ a2 __ Þ÷β [þ- ? (1 +a) ] Iz l 
、 1-aβ 121

This proves lemma 4 

THEORE~I 2, 111(2)εSþ(a， β， À) with O< a < l, 0얘딩， 0링 <p， 、ye have 

(드 I z I Þ(1 -αß l z J) - CP 시(뜸뜨) 
1/ (2) I{ - .. , 1 ~n \ (3. 1) 

l르 I z IÞ (1 + aß Iz 1) -CÞ-i.)( 뜸뜨) 

、vhile if 1(2)ε5/0， β，? ) . 0 <영르1， 0드λ <Þ， 

l드 1 z 1 P cxp [(p -?)β 1 2 1J 
1/ (2) 1 { ‘ 

l는 1 2 1' cxp [- (P- À) ,q) 2 1] 

PROOF. Since 1 (2)ES/a , ß, À) , we have 

2!'단L= þ - [þ二신브잉]갤으2즈 
1 (2) 1 + a2Ø(2) 

(3. 2) 

(3.3) 

where Ø(2) is analytic and satisfics 내(z)19 for2E U. From (3.3) , πe obtain 

f흐L_L=-= (þ -À)(l+a) Øω 
/ (2) 2 1 +a2ψ (2) 

Using the fact that IØ(2) 1 드ß for 2εU， we get from (3, 4) 

뼈|뿜1 ) = Re(log(똥)) 

= Re JJ핑-운]dS 

= Re ￡[二l뤘뿔?2EE]dt 
드Re ( I,ip-À) (1 + a ) IØ(t/

O
) Ldt 

J o lHate%(te커 | 

(3.4) 
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1 r .' (p - ì.)(1+α)β / \ I J~ " CP -;JIαa dt=(P-2)(뜸뜨)log(l - aßO -1 , 0 <션l 
드 . , 

1 J~‘ l (P 지βdt =φ 지β 1 2 1 α=0 
50 tha r‘ the fir5t part of (3.1) and (3.2) rGspectively follow at oncc. On the 

other hand , lemma 4 givcs 

c{핑왕}~1 β [p-}.(l +a)] Iz l 二4카;ι_ ~ > l:' ,.,. l l:' "\.'; ，'~，1 JI "' 1 0:드g드1 ， 
f (z) J- 1+αβ I zl 

50 that for lzl = r , 

rRe {꿇(Iog땀)}=Re {팎쌓 -p} 
,‘--
---

-
-
」

z-

、

a
」

‘

ω
­

H
-% 

H
-씨 

(; 

(-
g 

펠
 짧
 

p 

and hence 

l뼈땀 I = Re(log펌) 
르 r -=(P -λ)β (l +aL dr ' 

J o 1 +aßγ 

={-(쩌(쁨)log(1+뼈) ， O <a되 
- (P- ì.)βr. a=α 

50 that thc 5econd part of (3. 1) and (3. 2) re5pecti vely, fo llow at once 5ince 

Iz l = r. For equali ty we may take 

f(z)=l(l -aβz) -(þ 시(뜸￡)， o<a르1 ， O <ß드1. 0드J.(p， 
and 

f(z)=lexp((p-λ)ßz) , α=0， O <ß드1. 0드J. <p. 

4. Coeffieient E5timate5 

LE~JMA 5. 1 f integeγs p and '" are gγeater than zero, 0드a드1， O <ß드1 and 

O드ì. <p， then 

깎l화반얀「써엔r=」r{82(l+a)2(P-치2 
j~O (j+l)" '"“ 

” l 2 2 2 k i g2[(l+a)(P-λ)+a치 2 1 + ε:: fß"[(1 +a)(þ- J.)+ak] "- k"] xTI ,.. l\.TU J\P-,["JT UJJ (4. 1) 
k~ l j ~O (j + 1) ‘ J 
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PROOF. 씨Te prove the lemma by induction on 111. For 111= 1. (4.1 ) is easi ly 

verified directly. 

Next suppose that (4.1) is true for 111 = '- 1. We havc 
( ? ? ? q-l ') ') ') 

-승{β-(l +anþ-À)-+ε’ [ß-[(l+a)(þ- À)+ak]" -씬 x 
q k- l 

섞l β2[(1 +a)(P 2)+a1]2 ì 
/;'0 (j+d 

1 (‘2 , . , 2. ~ .2 q-2 __ 2__ _ __ '] '? 
---;r-!ß"(l +a)-(þ-λ)-+ε:; [ß- [(1+α) (þ - ì.)+aW - k-Jx 
q ‘ R= l 

k- l β2[(1 +a)(P-2)+al] 2 ? ’ 
9 + It3-[(l +a)(ρ -?')-，- a (q- I )]" -(, -I)-J x 

j - O (j + I)-

q.;;2 ß?[(l +a)(P-2) + aj]2 ì 
j =0 (1 + l )2 J 

? ’ ? 。-q-- β1(l+a) (þ -À)+ajJ - I ß- [(1 + a ) (þ- ì.) + a (,-I)J- ì 
“ ’ ? j _ O (j +l)- ‘ q-

qFl 하 I(1+a)(P-A)+a1]2 
jio (1 + l )2 

Thus (4. 1) hoJds for m = q 、이lich provcs Jcmma 5. 

- ∞ 
THEORDI 3. Jf f (z) = z' +εa z ES .(a， β， 시 ， tlze껴 

n=þ+l n: n: p 

n: -{p+l) β [(l+a) (p -À)+akJ 
| a” 1 드 띨o k + l (4. 잉 

for "는þ+ 1 and these bounds ar e sharþ for all ad1llissible a , ß, and À foγ each 

n. 

PROOF. As f'εS/a， β， À) ， from Theorem 1, we have 

[azf' ( z)+ [þ -À(l+ a)Jf(z)J zØ(z)=Þf (z) -zf’ ( z) 

wherc IØ(z) 1 드ß for ZE U , Thus if 
∞ k+ l 

rþ(z) = zØ (z) =εb“z 
R=O R -t- I 

we have 1 φ(z) 1 드에 z l for zεU and (4.3) may be written as 
∞ ‘ ∞ L ‘ ’ 
E: [{(I+a) (þ - J.) + akJ a, " ,z"J E:b __ ,z“ ;;-0. ,,,- , _ ... " r _ ... , -þ + k- ~k70 

∞ t 

= E: ( - k)a . ‘ z‘ 
1:=0 p -:- ‘ 

where a
p 

= 1. 

Equating coefficients of z" on both sides of (4.4) , wc obtain 

(4. 3) 

(4. 4) 
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￡윌굶 {(띠(1 +얘a)(얘(φp-}.시}.)+a상찌k찌}써잉」껴bm_k선=타{ -m씨)apκ-카애’”’ 
‘w이h끼ic이h shO\、”、 s that ap+ ’”…1“‘ on right hand s잉l“띠‘de dcpends only on 

aþ, aþ+ 1 • .. .• ap+(m_ l) 

of left-hand side_ Hence we can write 

E {{(l+ a) (P- J.h ak)ap 상]ψ(z) 
∞ ‘ ∞ L 

=2::; (-k)a. , . z‘+ 2::; Af (4_ 5) 
k= o P4 k k-…-1 

for m= 1. 2. 3 . ... and propcr choice of Ak(k> O) . Denoting the right member of 

(4. 5) by G (z) and the factor multiplying ψ(z) in the left member of (4.5) by 
F(z) . (4. 5) assumes the form 

G(z) = F(z) '/T(z) for zE U. 

Since I'/T (z) 1 드ß for zE U this yields for O<r <1. 
211 ... 2 .2 ’ r-" . _ _ ;()~.2 _ _ _ .q" r ’ ;()~ . 2 

낭← I IG (r" ' ) r d&드같← I 1 F (re") r d& • 
.. ,.“ o - ’‘" " 

“ hcnce. using the definitions of G(z) and F(z) 

’II . 2 .. 2 2k ∞ 2 2> 
윌klaρ+kl y tE긍'+ I I A k l 'r 

?(m-l ?? 。‘、
드ß'{ 2::; {(l+ a)(p - ?')+ak] ‘ la ‘ 1 ‘ I-r-’} ‘k= O y~‘ J 

Setting r - l in (4.6). the inequality (4. 6) may bc written as 
’~1 ， ... 2.... . ... 2 . 2. , .2_ 2 。
접 {ß-{(l+a) (p -λ) +ak]--k"] l a싸 2 m'! a p+…「

Rcplacing p+m by n in (4.7) . we arc Jct to 
2 ~ 1 n-(þ+ l)._.2 .. . . .2 .2 

lan 1 드김그? ε。 {β ["(l+a)(p- À) +akl"-k-) l ap샤 1". 

where n는P + l. 

For n = p + l. (4.8) reduces 
2 _ _ 2 . _ ~2. ~~2 

lap~11 드ß- (l+a)-(p-}.) 

or 

lap+ 1 1 드，9(l+a)(p-À) 

、vhich is equivalcnt to (4. 잉. 

To establish (4. 2) for n> p+ 1. we will apply induction argument. 

(4. 6) 

(4.7) 

(4.8) 

(4.9) 

Fix n. n는P+ 2. and suppose (4. 2) holds for k = I.2.3 ..... n- (p + 1) . Then 
2 _ 1 (_2_ _ ~2. ~~2. n-(þ+1) •• 2 

l a.l""드. _ 2 얘 0 +αnp-λ)-+ ε’ [ß- [(l+ a) (P-}.) 
( n - p) ‘ k= l 

2 z.2, __ k~l ß" [([-，-a)(p-λ)+aj] 2 
+ ak]- - k-] x ,I{ ~ " . , -"y _ :,' , -" f. (4.10) 

j =O ( j +l) -
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Thus from (4. 8) , (4. 10) and lemma 5 \\'ith m=n-p, \I'oobtain 

”’-(þ J) β2 [(1-←a’(껴-2 + aJ]2 
l aX드 II '~ __ l"' ~ ~~ , ,- ') 

j=O (j~l)-

This completes the proof of Theorem 3. This proof is based on a technique 

found in Clunie [lJ 

Equality holds in (4.2) for n는p+ 1 for the function f (Z)EA
þ 

defined br 

2['(Z) p- [p-ì.(l+a)J βz 
f (z) 1+α'ßz 
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