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ON SUBCLASSES OF P-VALENT FUNCTIONS
STARLIKE IN THE UNIT DISC

By M.K. Aouf

Abstract For a positive integer p, Ap will denote the class of functions

f(z):zp—}—Z' ]auz" which are analytic in the unit disc U= {z:]z| <1}.
n=p-+

For 0<a<1,0<B<1,0=<2<p,let Sp(a, B,72) denote the class of functions f(2)
eAﬂ which satisfy the condition

2f (2 _,
i) <B for z&U
o ZJ{(_SL +p—21+a)

In this paper we obtain a representation theorem for the class S p(_a. B,4) and
also derive distortion theorem and sharp estimates for the coefficients of this
class.

1. Introduction

For a positive integer 2, Aﬂ will denote the class of functions f(.a):.;:‘D

45 anz" which are analytic in U= {2:|z| <1}. Further, let

n=p+1
2@ —p
> (i;(z) <B (1. 1)
z e
@ [0 +p—A(1+a)

with 0<<a<{1, 0<B<1, 0<<A<p and z&U. We shall then say that f(z) ESp(a,
B,7). It is the aim of this paper to obtain a representation theorem for the
class Sp(a', B,4) and also derive distortion theorem and sharp estimates for the
coefficients of this class. SP(1,1,0)=SP and Sﬁ(l.l,}t):Sp(l) are respectively
the classes of p-valent starlike functions and p-valent starlike functions of order
2,0=4<p. Also §,(0,1,0), S,(1,5,0) and S,(a,$3,0) are respectively the classes
of functions studied by R. Singh [4], K.S. Padmanabhan [3] and T.V. Laksh-
minarasimhan [2].
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We state the following lemma that is needed in our investigation.

LEMMA 1 [2]. f(D)ES, (a,5,00=5(a, 8),0=a=1 and 0<B=1, if and only if

f(Z) =z exp[—'(l +a) j::'l‘jrqgr(%—d” N

where ¢(2) is analytic in U and |¢(2)|<pB for z&U.
2. Representation formulas for the class S F(af. B A

LEMMA 2. Let H(z) be analytic in U and salisfy the condition

! p—-H@ | - <
=TT el @ l<ﬂ,zCU, 0<a<l, 0<B<l, 0<A<p (1
with H(0)=p. Ther we have

H() = Pjﬁ;iﬂ;sfg)] 2 (2) 2.2

where ¢(2) Is analytic in U and |¢$(2) | <8 for z&U.
Conversely, any function H(z) given by (2.2) above is analytic in U and

satisfies (2.1).

PROOF. Let H(z)=p+cz+¢,z ++ and let (2.1) hold. Then if
_ p—H(2)
ey e T B ) B (R
then h(z) is analytic and satisfies |h(2)| <8, z<U and k(0)=0.
Hence by Schwarz's lemma, h(2)=z¢(z), where |¢(2)|<p8 for z=U. Thus

H@=2— [p-2A+a)]h(z) _ p—[p—A(1+a)]2¢(2)
1+eh(z) 1+azg(z)

|p(z)|<B for z&U, which is (2.2). On the other hand, if H(z) is given by
(2.2), then H(2) is analytic for z&U, and since |z4(z)|<f|z| <B for z&U, we

have [p—Z(f—:cg](?—aH(z) !=|z¢(z)l<ﬂ for z&U, and the proof of lemma

2 is complete.

LEMMA 3. f(z)ESa(a,B.Z) if and only if

f,(2) 10—-2
ordl %J ! 2.3

for some fI (z)ESl(a, B5,0)=S(w, B).
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f( ) J(p—ﬂ.)

PROOF. Let f(2)=7"| . for D=2+ ¢,"=S(a, B, 2=U. By

direct computation, we obtam

zf", (2)
zf'(2) — e
—p @
f(2) R
afl @) iy e, 0P
*F@ f (Z) i

and the result follows from (1.1).

We now proceed to prove a theorem which gives a representation for functions
of the class S, (a, 3, 2).

THEOREM. 1. f(z)ESp(ar. B.A), if and only if
f(z)zz"exp[—(p—;.)(1+a) f —-M—-—dt] .4

o T atd®
where ¢(2) is analytic and satisfies|§(2) | <B, 0<B<1, z2&U.

PROOF. Let f(z)ESP(a'.B.Z). 0=<a<l, 0<8<1, 0<A<p.
Then lemma 2 gives, with z&U,

2f'(@ _ p—[p—A(1+a)]2¢(2) (2.5)
f(z) 1+azp(2) ’
where ¢(2) is analytic in U and |¢(z|<<p for z=U. This gives
@@ _p_ —(p—DU+a)d(2) (2.6)
f(2) z 1+azp(z) =

which at once gives (2.4) on integration from 0 to z. On the other hand, if
f(2) is given by(2.4), it follows that (2.5) holds with ¢(z) as in lemma 2, so
that f(2)ES (a, 5, A) and the proof is complete.

REMARK. There is another proof of Theorem 1 which is an immediate con-
sequence of lemmas 1 and 3.

3. Distortion theorems.

LEMMA 4. Let f(z)ES (e, 8, 2). Then, for z<=U,

p=B8p—A1+a)] | 2| zf'CZ) P+ﬁ[? A(l+a)] | z|
1—af|z| <Re[ f(@ } —apB|z|
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PROOF. If f(z)ES (a, 5, 4), then by lemma 2,

w=2 @ _ p—[p—A(1-a)]z
f(2) 1+az

with lz| <8|z|, z=U, so that

(< p—Bp—20+a)] |2]

Re w=Re-2" = [p—2A1+a)]z .i 1+aB|a|
1+az | <2 ,srp 2 +a)] |2
(= —aflzl

This proves lemma 4.

THEOREM 2. If f(z)ESp(a'. B, 2) with 0<a<1, 0<B=<I, 0<<A<p, we have

VCZ)IJ <lzlp1~apla) () @D

while if f(2E€85,(0,5,2), 0<B<1, 0=2<p,

fo| [S12! explp—D82l]

’ 3.2
>|z|"exp[—(p—DS|z]]

PROOF. Since f(z)ESp(a'. B.2), we have

zf'(z2) _ p—[p—A(+a)]24(2)z 3.3)
f@ 1+azg(z) -

where ¢(z) is analytic and satisfies|@¢(2) | <8 forz=U. From (3.3), we obtain

f@ z 1+azd(2) :

Using the fact that |¢(2)| <8 for z&U, we get from (3.4)
tog(|-£52-|)=Re(log(-L52-))
i z

=Re [[[75-4 ]
=Ref;][ —(p li)ﬁ-{-:)(f(te %e' «]

<Re f"' - z>(1+a)|¢ae s
0 |1+ate' ¢(te )l
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( plzl -1 ) .
qu @ l’l(a;”t“)ﬁ dt=p-2(LEC Jog1-agh ™', 0<a=<l,

,fo (p—Bdt=(p—NBz|, a=0,

so that, the ffrst part of (3.1) and (3.2) respectively follow at once. On the

other hand, lemma 4 gives

zf(z) s—Blp=A04+8] gl e
R"{ G = iTaflz] » Ose<l,

so that for|z| =7,

el o 2| 8o -1

~ - ﬁ[? All+a)] |2l _
- 1+apB|z|

— — =D +a)|z]
1+af|z|

and hence

| f(2) | f(2)
ogl-ﬁ—j—| R(log 7 )

—(p—-DBU+a)
= f 1+aBr’ o

{—(p—l}( 1; a )1og(1+a,9r). 0<a<l,

—(p—DBr, a=0,
so that the second part of (3.1) and (3.2) respectively, follow at once since
|z| =7r. For equality we may take
f@=A-agnd " PE), 0<a=1, 0<a<t, 0<i<p

and

F(2)=2"exp((p—2)B2), a=0, 0<B<L, 0=A<p.
4. Coefficient Estimates.

LEMMA 5. If integers p and m are greater than zero, 0=a<1, 0<8<1 and
0==A<p, then

nﬁl 5“[(1+a').(p—g)+aj]“ _ 12 {32(1_!_“)2@_1)2
7=0 (G+D m

'I"Z'[ﬁ [(1+a) (p—A) +ak] __k]xn' B [(L4+e)(p— 1)4—0_’]] } A1
=0 (]-H)
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PROOF. We prove the lemma by induction on m. For m=1, (4.1) is easily
verified directly.
Next suppose that (4.1) is true for m=g—1. We have

9 2 2 g=1 o 2 o
[P0+ S o-0+ab®-F1s

’*HI B [(+a)(p— A)w:] ]

=0 G+n°
-l

TFara’o-0' S a0 0-Drah’ £

k-1 2 - 2 2
A A0 G=D+ail” | (2101w (p )+ aiq-191"— (-1 5

i=0 G+1)°

""’3 [A+a) (p— D-raﬂ ]

f=0 (1+1)
_i=? B+ (o= 2)+ou]' {32[<1+a>(p-z)+a<q—1>]2]
7= 0 (j-i-l) 92
_2 Blat ) o= +ai)’

. % 2

i=0 G+D

Thus (4.1) holds for m=g which proves lemma 5.

THEOREM 3. If f(2)=2+3"a z =S (a,8,7), then
R=p+1% A P

n—(p+1) g1 =
o |< 11 LB D takl 4.2
" k=0

for n=p-+1 and these bounds are sharp for all admissible «, 3, and 2 for each
n.

PROOF. As fESP(a', B3,2), from Theorem 1, we have
lazf'(2) + [p— A+l f(2)} 2¢(2)=pf(2)—zf"(2) 4.3
where |¢(2)| <8 for z&U. Thus if
gb(z)zzg&(z):k% b, 2

+1
we have |¢(2)|<fBlz| for 2=U and (4.3) may be Written as

k+1

ﬁ[{a-:—a)(p—?.)mk}amz]zak 2
=E(-Ba, 4 4.9)

where ap=1.

Equating coefficients of z"on both sides of (4.4), we obtain
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\_‘[(1+a)(P E)Tak}a ={- m]ap 3

which shows that ap__ ,, on right hand side depends only on

km —-R

Py Bpy1r " Gy (m—1)
of left-hand side. Hence we can write

m—1 =
I [((+al (- +akla,, A1T@

=5 (~Ba,, 7 +3 ad .5
for m=1,2,3, -~ and proper choice of A,(#=0). Denoting the right member of
(4.5) by G(z) and the factor multiplying ¥(z) in the left member of (4.5) by
F(z), (4.5) assumes the form

G =F@¥(z) for z2=U.
Since |¥ () |=3 for z%U this yields forqO(r <1,

2n 6. 2 2 2n 6. 2
~ fo 6y ao< 2 [ 1R s,
whence, using the definitions of G(z) and F (z)

E’kzla |"r2"+z 14, °r
E=m-
m 1
<F{Z 10+ @-D +ak’la,, 7). 4.6
Setting ——1 in (4.6), the inequality (4.6) may be written as
m—1 o a9
Z‘ (B 1A+ (p—) +ak)*— ”"pul' —m Iapml’ 4.m
Replacing p+m by 7 in (4.7), “e are let to
2 m—ii 2 2
lo,IP<s—L z "B+ -V +ak B, > @8
(n—p)~ k=0 4
where n=p-+1.
For n=p+1, (4.8) reduces
e, I’<8’a+a)’p-»°
or
ip41|<9(1~a)@ ) 4.9

which is equivalent to (4.2).
To establish (4.2) for #>>p+1, we will apply induction argument.
Fix n, n>p-+2, and suppose (4.2) holds for £=1,2,3, -, n—(p+1). Then

2 s #—(p+1) o
Ia,,1<ﬁ{ﬁ W’ o-0'+" T B 1A+ ¢-2

b —H H B‘[(I—-a)(.b 2)+af] }
(J+1)

(4.10)
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Thus from (4.8), (4.10) and lemma 5 with m=n—p, we obtain
o < B G ra)”
=0 G+1D
This completes the proof of Theorem 3. This proof is based on a technique
found in Clunie [1]. .
Equality holds in (4.2) for a=p-+1 for the function f(z)=A4 " defined by

2@ _ p—[p—2(+a)]lfz

F( 1+ea5z
REFERENCES

(1] Clunie, J., On meromorphic schlicht functions, J. London Math. Soc., 34(1959), 215
—216.

[2] Lakshminarasimhan, T.V., On subclasses of functions starlike in the unit disc, ].
of the Indian Math. Soc., 41(1977), 233—243.

(3] Padmanabhan, K.S., On certain classes of starlike functions in the unit disc, ].
Indian Math. Soc., Vol. XXXII(1968), 89—103.

(4] Singh, R., On a class of starlike functions, ]. Indian Math. Soc., Vol. XXXII
(1969), 207—213.

Dept. of Maths., Faculty of Science,
Univ. of Mansoura, Mansoura, Egypt.



