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1. Introduction 

Many \\'ays of cstimating thc size of thin sets have been proposed. Thc firsl 
of thcse lO bc cxtcnsively developed was established by Hausdorff. Hausdorff 
dimcnsion has thc overriding advantgc from mathematician’s point of view that 

Hausdorff measure is an outer measure. However. the Hausdorff dimension of 

even relatively simple sets can be hard to calculatc. Hausdorff showed that the 

Hausdorff dimen5ion of the famou5 middle-third SCl of Cantor is log 2 log 3. 

Sincc then tremcndous amount has been discovcrcd about Hausdorff dimension. 
In this papcr wc pro\'e a Yery useful critcrion to calculate thc Hausdorff 

dimcnsion of symmctric Cantor scts. 

2. Preli minary and nota li ons 

(2. J) Hausdorff Dimension . Suppose that E is a subset of R. For positi ve α 

and E. pUl 
- ∞ -

H~CE) = infεδ(E.W 
“ n = l 

where the |nflmurn extends over a ll contable coverlngs of E by sets E” Wlth 

diamcter. ÔCE) = sup {J x - y J: x. yE E J . less than t . We define õCIþ) =0. As ε 
’ ” 

decreases. thc infimum extend5 over 5maller classes. and 50 H: CE ) doe5 not 

decrease. Thus H; has a l“…Imlt 

H:CE)ηi Haμ(E) as E • O 

It i5 easy to 5ee that Ha is an outer measure. The Hausdorff dimension of E 

is dcfined by consideri ng the behavior of HaCE). not as a function of E. but 

as a f unction of a. 

It is well known that there exists a uniaue point α。 such tha t H aCE) =∞ for 

α <ao and HaCE ) =0 for α> ao' This value ao is called the Ha“sdorff dimension 

of ECdenoted by di m E ). 
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rea l of sequence fixed a k Let c =(c.):;"=。(2.2) 5ymmctric Canror 5ets. 

numbcrs such that 

0 < 2cn <C" _ 1 for n므l 

and put 

r =c , -c for n는1. 
n n-‘ ” 

Let F _= {1.":_" ,r ,: ,=Oor 1 for all j }. T hen it is clear that ls-l l>c .. for s낯t 
J= I J J 

” ln F ,,. In particular then, Fn has exactly 2 points. Xext, put E”= U l드F ， {I, 1+ 

c.J which , by the above, is a disjoint union of 2" closed in terva ls of length c, 
each. ,",ote that for IE F _, we have IE F_ . .. /-r' T εF .. and ” ’ . 1' w , . .11 - 1- " n ~ 1 

1 <I+ c_ . , < I+ r _ . , <I+ r .. , ,+ c_ ,= I+c_, .11 + 1 ...... . , . .11 + 1 ....... , . 11 + 1 ' ~n - l 

” ( 

This shows that E" + 1ζE， for aIl ”는l. The set E = Ec = n응 1 E" will be called 

the sym.때ric Canlor sel (on [0, c씨 ) determined by c, We easily see that 
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Let E = Ec be the symmetric Cantor 5et 

that 

de야tκermJn뼈1 

L = L , is defined as follows: For 1.'∞ .E .r εE， Ict 
C 1 '= ' I 1 

。o ~ , 
L (E;'，r) =ε--，-. 

; = 1 ‘ ’ ’= 1 ?‘ 

This defines L on E. Now L is extended to all of [0, c，어 

for each fixed ，년O and t = z ?=lSIft in F, (where F。= {Ol ) , 

by noting first 

‘ve have 

∞ " ∞ , 
L Ct + c_ , , )=L (I+ ε r)=ε-득-+ ε: -응-

" - ‘ = .11 +2' ; = 1 2' ; = .11+2 2’ 

" ’ · =ε~+--::←， =L(t) +-슨r 
;=1 2' 2…l ' 2" ; ' 

= L(I+ r ,+ 1 

Wc define L on (l + c0+ 1, l + r， ~ I) 
If + l 
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[compare (2. 2)-(1)J . 

namely , value tha t it has at both of the endpoints, 

is monotone nondecreasing and continuous on [0, c어 

Let I c R be an interval and let f: 1• C 

interva l of [0, col \ E 

(2.4) The Modulus of Continuity. 
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be a continuous fu nction. Dcfine 

lν(t) =SUp {[ [(X2)-[(X 1 )1 : X }" X2ε1 and I x2-X1 1드t} for t는O 

The function '", is called thc lIIodμltts o[ co/ttinωIy of [. 

3. RC5ult5 
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(3.1) TIIEORDI [FROSTMAJ\] Lcl E be a 

that Ihere exists μEM'(E)(μ;>ó0) S1fch 

0(ta) (t L 0) fo7 some a > O 

compacl s1tbsel o[ R. Suppose 

Ihat lVμ (t) =':SUPO<.%I_XI~1μ(["1" x2])= 

TllCI. H a(E ) is positive (so dim E :?a ). 

PROOf. Ch005C O <C <∞ 5uch that lVμ (1)드Cla for 1>0. Con5ider any opcn 

cover [(“ i' "i)] 뜸1 of E. Then \\'e have 
。o ~ 0。

;딛(vi 까)-는순딛ωμ(v;- 1t，.)는jrEμ([1t i • "i ]) 

μ (E) __ '1μ l 
르 ~= 'é~> O. 

Given any cover [A) 뜸1 of E with δ(A，) <e for all i and any 0>0. choosc, 

1t,<o, wlth AF(ul UI ) and (1시-κf〈 Iδ(A，)]a +푸 by 
2 

for each i. contlßUl ty 

of the function 1" at 1 =δCA，). Then 

50 

Thu5 

∞ a ∞ a~ 11μ 11 
;린 M(Al)] +6르걷(U， -κ，) 는τ:!'-> 0 

11μ 11 
H，， (E)+{J므HμE)+ /I>-"τ -

11μ 11 
Ha(E)는 é" > 0. 

(3. 2) THEOREM. Let E be Ihe symme/ric Canlor set deleT l1u'ned by somc 

Sttppose thal c=(cμ:::0 and let L be the corresponding Lebesg“e [，μnction. 

f = 0(1UL(t)) (t • 0) [or some a > O. 

T 1zen H a(E ) is [inite (so dim E드a) . 

PRoor. Fir5t wc show that 

칸드!싼)드좋 (1) 
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Sincc L (c.) - L(O)= 강 . t삐rsl inequa lilY is clear. Lcl O$ xC;CO- Ck bc gi\'en 

k 
Sincc 0 and c" - c k =ε \r， arc both in F.= [E; \', r ,: ',E[O. I} for all ; J. “ e 

may dcfinc 

1\ =max [t~F.: I <:x } 

and 

Iz= min [tE F. : x날t) 

lfx중E. . thcn L (x)=L (lz) so 

L (x펴) - L (x)<L (l2+ C.) - L (l2) = 작 

1[ xζ.E •. thcn '\드X‘-.. ， \ - c. < 12 and L (lz)= L (t \ - c.) so 

L“L(xμx，상찍;- C파링c“셋kμ)- L (ω(“x서씨싸)뇨μL나Lμω(“t씬kμ) - Lμω(“t망Lμω따(，이'\ -'- c암k상ψ)←-L“ω따(“이1 \까l 

T까1'1뻐‘1꺼hl띠1U바l뻐s th따10 S앞ccon…삐](띠‘ò inCl띠4ψlμ애u뼈j떠a띠li…11\、 ’in (“J) ho이ld따Is 100. Choose 0 < C <∞ such that t<;Cω[ (1) 

for O < t < L Slnce Ec:El an [ l Ej lS thc muon of 2l lnten-als of length cl’ 

thc dcfinit ion of H _(E ) shows lhal if c . <ε . lhcn H~ (E)드t(c )a. \\'e can take J - a - • J 

s = 2cl to obtain 

H，， (E)<!i민，-∞2l(c1)n 

<;:C lim __ 2'", ， (c.)드2C. 
，-∞ L"~ j 

where the last inequa li ty is from (1). 

(3. 3) TIIEOREM. Lel E be 0 symmelr ic Canlor se' ond /e' L be '"e corres­

þonding Lebesg1te f“’'"Iion. 11 

In w, (t) 
「슴 • aER as I! o. 

IIIen IIIe Ha1tsdorll d‘’lIen5ion 01 E. dim E. i5 eq1tal 10 a. 

PROOF. Given ,> 0. there exists 0 < ', < 1 such that 

Inw , (t) 
0 <1 <션a-'<-I따-<a+ε 

::;,t +< < wL( t) <, 

Frostman ’ s Theorcm. applied to thc μεM([O. I}) for which μ([0. b})= L (b)- L (o) 

whenever 0드a드b드1. now shows that dim E는a- ， if a-,> O. Therefore 
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dim E르α e、 en if a = 0. On the other hand , (3.2) shows us that 

dim E드a+e ， so dim E < a. 

(3. 4) THE')REM. Lel E be Ihe sym",etric Canlor sel determined by (Ck)와. 
Jf either 

kln2 
(i) li m;_oo←二r;:;구 α 

‘” ‘ k 
theu d:n E =a. 
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PROOF. '-;o:ice that 0드a 1 sincc c. < 2 "c^ for all k~ 1. Choose k^ with c. < 1. k ..... - -0 . - . •.•• - .. ---- "0 ...• -- .k~ 

For given t 、 ith 0 < 1 <ck,' choose k~즈ko such that c k+t드t<ck. Then 

In ck I 1므 - lnl>- lnck> O. (1) 

As see n in ζ，e proof of Thcorcm 3. 2 
- j __ , ... ...... "l - j 

2 ' S，w ， (c )드2 
L'~j 

ancl 50. 5inc:: • ln is decrcasing, 

(j- 1) ln2드- In WL(Cj)킹j In 2 for all j는 1. (2) 

Sincc w[ is ~:lTIdecreasing. 、ve a lso have 

O <- ln wL(ck)드- In wL(t) 

<;:- In wL(Ck~ l ) for our t and k. (3) 

T herefore ‘ 11-(3) yield 

(k- 1) ln2 _ (k- 1) ln2 ~ - ln wL(ck) _ - lnwL(t) 
~--~---‘-‘ 」느 - In 1 --" - In t 그 - In 1 

k十

드 -ln ”L (Ckl)〈잭펠땀 (k+ 1)ln2 
----c------ ••• <

- Inl "" -Inl "" - Inck 

and 50 

k-1 (k+l)ln 2 ~ In wL(t) ~ k+l k In 2 
갯수l ' ----=-rnτ--느 In t 느-k- ' τ교도→. 

g十 l

kln2 InwL(t ) 
T hus, if limk_，∞피피=a then lim, J 0-꾀 -α whence , by (3. 3) dimE 

=a. '-;otice that C. <C. , - c.= r . and r ,. , ， <S∞ r ,= C" Thus, if k satisf k- l "k . k _ .. - . k+l ..... - j=k+l' j -k 

r. < 1. then 

0 < - In r
k 

< - In ck < - In r k+ l 
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50 

k ( k + l)In 2 , k In 2 , k In 2 
휴r f펴픔〈피EE[〈피한 

Thu5 ( ii)implie5 (i) and 50 dim E =a if (i i) hold5. 

C • • • 

(3 잉 Cor이lary μt E be a S)째y11l1’씨깨”’ml1’1m“…l뼈’ 

( , 1 \ 1n 2 
= ~\ <τ) for all k늘o. T Ilen dim E=τ다r 
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