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ON A CLASS OF MULTIVALENT FUNCTIONS WITH
NEGATIVE COEFFICIENTS

By S.L. Shukla, A.M. Chaudhary and S. Owa*

Summary. Let T‘;(p‘ A, B) denote the class of functions

# B Pk
— s — |
@)=z f:‘llap-.-k z

which are regular and p valent in the unit disc U= {z: |z| <1} and satis{ying

the condition

& fz - —p) |
‘ : : — <1, z=U,
A-Byipcosa—Be' (L E—p)
I z !
where 0 A<1, ——g‘-/\a{—:—. —1<A<B=l, 0<B=l and pEN={1, 2, 3, --].

In this paper, we obtain sharp results concerning coefficient estimates,
distortion theorem and radius of convexity for the class T?(p, A, B). It is

further shown that the class T:(p. A, B) is closed under “arithmetic mean” and
“convex linear combinations”. We also obtain class preserving integral operators
of the form

F(z)=p—tc—f £ renan ¢ —p,
4 0

for the class T:(p. A, B). Conversely when F (z)ETg(p, A, B), radius of p

valence of f(z) has also been determined.

1. Introduction

Let T:(p. A, B) denote the class of functions

g2 pik
(1.1 f@)=z —-;‘::1‘ la,, .|z

which are regular and p valent in the unit disc U= (z: |z| <1} and satisfying

* This part of work is supported by University Grants Commission under grant number
F.8—6/85(SR. M)



130 S.L. Shukla, A.M. Chaudhary and S. Owa

the condition

| AV
(1.2) — . o
| (A=B)2p cosa—Be'“ zp(f)i—_p} |

It is easy to see that condition (1.2) is equivalent to

:a'f(z) == (1—- /)pe --*Lbl:'(}saf['i:l_fBEG)‘1 iZpsina

where w(z) is reg-u]ar in U and satisfying the conditions

w(0)=0, |w(2)|<1 for z=U.
By giving specific values to 4, B, 4, p and a, we obtain the following important
classes studied by various authors in earlier works:

(i) Taking 2=1 and a=0, the class T:(p, A, B) coincides with the class
p*(p, A, B) introduced by Shukla and Dashrath[3].

(ii) Taking p=1, Z=1, a=0, B=A and A=(2a—1)5 where 0<38<1, 0<a <1,
the class T:(ﬂ, A, B) coincides with the class p*(a, 5) studied by Gupta and
Jain[2].

In the present paper firstly we obtain the necessary and sufficient condition
in terms of coefficient estimate. Then we obtain coefficient estimates, distortion
theorems, class preserving integral operator and closure properties.

In the rest of the paper we always assume —1<A<B<1, 0<A<1 and
%, ‘2r ) Qur results generalize many known results obtained so far in
this direction.

Q’E( o=

2. Coefficient estimates

THEOREM 1. A function f(z)=2 — émmlz"* “is in TS(p, A. B) if and only
iF
@1 = (p+B)A+B)a,, | <A(B-A)pcosa.
k=1 rr
The result is sharp.

PROOF. Let |z|=1. Then

1€ @ —p ) 1= [(A=-B)apcosa 2* =B (f () —p )|

== S+l -1 A-Bipcosa
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btk—1

+Be““;‘g;lcp+k)|a P

b
ST U+B)(0+B)a,, | ~A(B-A)pcos a0,
k=1
Since the inequality (2.1) hold.

Hence, by maximum modulus theorem, we can see that f(2) is in the class
Tf( b, A4, B). To prove the converse, let

ave I

|
\
i?(A B)pcos o — Be [f(z) 1}

‘ = [
| = I
| - |<1
FZ(A-B)pcosazp +B“ S0 +Bla,, 17|
Since |Re(z)|<<|z| for all z, we have
{ fae - y
e“):‘(ﬁ%-k)laﬁk St
/ k=1
2.2 Re <1

| AB-A)p cosa—BemE(p+k) @, ! 7 il

Choose values of z on the line 6 =T(F_T__:,:r_—1§* in the complex plane, so that f(z)

pik—1

is real. Upon clearing the denominator in (2.2) and letting z &1 through

real values, we obtain
co oo
£(p+k)Iaﬁ_klzl(B—A)pcosa—Bg(p+k)Iaﬁkf.
This completes the proof of the theorem.

Sharpness follows if we take

_ P Z(B—A)pcosae_"a Pk
f@)=2 G+BA+B

THEOREM 2. If f(2) is in the class T (p, A, B), then
l

A(B—A)pcos a
(p+k)

(2.3)
The resull is sharp.

18,141 <

PROOF. Since f(z) belongs to T;(ﬂ. A, B), we have
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(Z) 1+-Aw(z) 7
=(1— Z)ﬁw “ 4 2p cos a +iApsin«
2 [Bacy |+

where M(ZJ:"):';tf 2z’ is regular in U, satisfies @(0)=0 and |w(z)] -1 for z=U.
J:

Hence
e"“[{g—)[——p] = [— (B—A)Rﬁ cosa—Bem[{:—f)l——p]]w(zJ
ar
(2.4) Hef“}.‘;;fllap,j;(pi—j)z":[—(B—A)Jtpcosaf%Beiaji%Iap_;i;(p—‘.—j)z’J

D n o)
x[ta)s
i=11
Equating corresponding coefficients on both sides of above equation (2.4), we

find that the coefficient a, , on the left hand side of (2.4) depends only on
R N the right hand side of (2.4). Hence, for k>1, it

follows from (2.4) that

—emzk'fa | (p+ ')zj—e" ﬁ: c.lz=[—(B—A)ipcosa
j=1 pti 7 j=k—l| # (=

E_l M (P ])z ]w(z)
or

.:la gl D) 127+ z PANEI
k=1 9 9 9
<HB-A cos’a+B Tla, "0 +*12”
J;
Letting |z| =r—1

* 2, . .2 .2 22 2 okl 2 2
,-E:;Iaﬁ-fl (p+7) <A (B—A)pcosa+B Exlaﬁ‘fl o+

or
la, 4l 2+’ <’ (B cos'a—(1- B )Z’!apﬂl ‘+ i’
or
l (B— A) p cos-r
IaPHI <
' (p-!—k)
or
@] A(B—A)p cos o
%otk (p+k) :

In order to establish the sharpness, we consider the function f given by
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p+k—1

ra‘f(z) ﬁ(]. ))pe Rpc()sa'l:%zi_kj"—izpsina-
2

Clearly f(z)erj(p, 4, B).
It is easy to compute that the function f(z) has the expansion

_?» A(B=A)p cosae ™ Pk
f(z) =g == (P+k) 4 .

THEOREM 3. If f(2) belongs to T (p, A, B), then

(2.5) i B)Z'(JH—J) ia ] . (B—A) pcos .

PROOF. Since f(2) belongs to T5(p, A, B), we have
£ LR f (Z) =1 l)pe +Ap cos a[iiﬁ—;‘:gg]%—ib sin a,
where w(z)= E{ tjz‘; is regular in U, satisfies w(0)=0 and |w(®)| <1l for z&U.
J:

Hence

eia[{%—_p} = [— (B—A)Ap cos a—Beia[f‘:TFf-)l— —p]]a)(z)
or

" Sla,, |0+ DF = 1~ B-Dapcosat B ila, |0+
j=1" &7

[52 4]
j=17
By using parseval’s identity, we get,
©0 D)
;:l\aﬁjl“(pw) r<2*(B—A)*pcos’a+B EI e 2+
j=

Letting r—1, we get,

A-BYZ ¢+ ’la, ' <A B )P cos’.
= .

3. Distortion Theorem

THEOREM 4. If f()ET5(p, A, B), then

r_ A(B—A)pcosa ptl A(B—Apcosa pil

3.1 Arparm T SI@IS B

and
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@.n gt AB AR by iyt A M cOsa

The estimates are sharp.

e

PROOF. From theorem 1, we have

): (p+DA+B)|a '<3§1 (+B)(1+B)|a. . | <A(B—A)pcos

Pyt -k
This implies that
oo A(B—A)p cos a
P T e e TG B
Hence
@I+ Sla, 1<z 412" S,
¢, A(B—A)pcosax o+l
srtaepa+p T -
Similarly
r_ AB—A)pcosa pil
&= ——rpa+s 7 -
Thus (3.1 follows.
Also
F@1<plzl” "+ T@+0] g, 121"
k=1
<o’ R,
k— T
-1, A(B—A)pcosa »
=pr +—qa+B -
Similarly
, p-1_ A(B—A)pcosa_»p
|f (@) | =pr ) ¥

This completes the proof of the theorem.

The bounds are sharp since the equalities are attained for the function

_p_ AB—-Apcosace BT
f@=2 =" a2

i (g==r).

4. Integral Operators

THEOREM 5. Let ¢ be a real number such that ¢>—p. If f (z)ET:(p, A, B),
then the function F(z) defined by
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PTe el
4.1 F@="L35 [ 7 fwat
F1 0

also belongs to T5(p, A, B).

PROOF. Let f(2) =zp~;‘:1 Iaﬁklz‘o‘*. Then from the representation of F, it
follows that

p+k
F(z)—z .E‘ |bp+k| ,
I (p+c)
Therefore

8

S@+0A+BIb, |

[‘]3 i

= B)(1- (p+e)
—k:L( p+B)(1+B) (p+c+k) labJrkl
< T (p+BUA+B)a,, |
k=1

<A(B—A)pcosea, since f(z)(-_——.Tg(p, A, B).
Hence, by theorem 1, F(z)-::TST(p. A, B).

THEOREM ©. Let ¢ be a real number, ¢>—p. If F (z)ET;r(p. A, B), then the
Sunction 7(z) defined in (4.1) is p valent for |z| <Rf. where
L
2 (1+B) "
R.': kg'if[( p—l—c-i k ) A(B—A)cos a ] .
The result is sharp.

PROOF. Let F(z)=zp—§‘l iap+ksz”'*'*. It follows then from (4.1) that.

l—c

Z' (pteth) AT

STt Gl
To prove the result it suffices to show that

f'(Z) —p|<p for |2| <R}
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Now

L@ e M
= o|=1- S o+ Tt e, 14

(ptct+k) I

o ']

Thus
Lo —s|<p i
= (p+c+k) k
4.2 E (P"‘k)WI%HI |z|"<p.
But theorem 1 confirms that
5‘5 Z(B—A)cosa <?.

Thus (4.2) will be satisfied if

(btot ) i @+BA+B)|a, |
(p+kJ—W——|ap__:_kllz! S A(B—Acosx

for each k=1, 2, 3, -

or if
1

(p+o) a+B 1%
4.3 !2|S[ CETES)) _Z(B—A)cosE]

The required result follows now from (4.3).
Sharpness follows if we take

—ia
F(=2"- H(B(;fg(cfj_gf 2 for each k=1, 2, 3, -

5. Radius of Convexity

THEOREM 7. If f()ET(p, A, B), then f(2) is p valently convex in the disc
1

w_, (1+B)p L
12| <R} =inf |~ p—Seos acpTay ) ¢ AL 2 8

The result is sharp.

PROOF. To prove the theorem, it is sufficient to show that

2@ N K%
|1+ ) —p|<p for I3l <R,

|
We have
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— S RQ+B)|a, | }
zf’ (@) k=1 -k
f (@)

a k. p—1
[P—E(Nrk)lap“lz}z

TR+, 121°

= =
p—g(ﬁk)lapﬁllﬂ
Thus
I!(z)
|1+ S 0| <p
if
£o k
Lék(p%-k)lapﬂllzi &
oo k —
b= Z(p+b)la, |zl
or

=/ ptk\? k
SN0 g i,

But from theorem 1, we obtain
= AB-Apcosa b

Hence f(z) is p valently convex if

(p+k) . el (p+B)A+B)la, |
L/ k' =  A(B—A)pcose
or
_1.
-4
IzIS[ 2'(3'—_541)clz_0£s;)c;o(p+k)'] for each k=1, 2, 3, -

This completes the proof of the theorem. The result is sharp for the function

_p A(B—A)pcosae " pri
F@=2 =" By(p+h

6. Closure Properties

THEOREM 8. If

oo
e
f@=2=-a |
k=1 Pk

and
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L = Ptk
gz)=z El IbM_klz

are in Tg(p. A, B), then

e

=P _d pik
h(z)= ,ﬁ"’p#"’peﬂ"

]

also in T:(ﬁ. A, B).

PROOF. Since f(z) and g(z) are in T;(p. A, B) therefore we have

.1) SR+ Bla,, | <SKB-Apcosa
and
(6.2) El'(p-i—le)(l-!—B)ibPHISZ(B—A)P Cos .

From (6.1) and (6.2), we obtain

1 oo

*2“5 (P+k)(1+B)laﬁk-i—bp,:kleR(B—-A)p cos ar
This completes the proof of the theorem.

THEOREM 9. Let fp(z)zzp

_p AMB—-A)pcosa prik ,
fp_{ k(z) =% (lﬂB)(p'f'k) z ' k'—lr 2. B, o

Then f(zJeT;(p. A, B) if and only if il can be expressed in the form
(= <]
f@=52,,f, @

where AP k“‘:() and Z‘?

PROOF. Suppose
(=]
f(2) =,;L=_' Zp_r_kfﬁ_-_,,(z)

_p 2 AB-Apcosa .  ptk
=2 0B (p k) Aot
Then

E, (p+k)A+B) Z(B—A)Pcoscr}
= ?(B-A)pcoscr (A+B)(p+k) "p+k

wZ‘ ZH_k ~/.pg1.
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Hence by theorem 1, f(z)ET:(P, A, B).
Conversely, suppose that f(z)ETj(p. A, B).

Since
(B—A)pcosa

la,, | <2
% W\ = (prR)U+B)

, for each k=1, 2,

we may set

;, _ (A+B)(p+k)

T A(B—-A)pcosa la, .l for each k=1, 2, 3,

and Z =1- Z’Rﬂk
Then
f@)= Z'Zm o (-

This completes the proof of the theorem.
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