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ON A CLASS OF MULTIVALENT FUNCTIONS WITH 

NEGATIVE COEFFICIENTS 

By S. L. Shukla , A. M. Chaudhary and S. 0‘va’ 

Su띠um삐mma 

i 。∞。 니. 

f (z) = z' - 뀔|잉냐 1 2" , ‘ 

‘,'hich arc regular and p mlent in the unit disc U = (z: ,z ' < 1) and satisfying 

the condition 

쐐찢~ -pì 
I (써(μ.4 - B)μ싸2 

、 z 

< 1. zεU. 

“ here 0 、2드1 ， -을 <a <을 - 1드.4 <B드1 ， O <B드1 and pE N = (1, 2, 3, ... ) 

In this paper, πC obtain sharp rcsults concerning coefficient estimates, 

d때rtion theorcm and radi떠 of convcxity for thc c1a않 T?(P, A, B) . It lS 

a 
further 5ho\\'n that thc c1ass T 'j(P, .4, B) is c10sed under “ arithmctic mcan" and 

“ convex linear combinations" , We also obtain cIass preserving intcgral 이Jera tors 

of the form 

p+c r' 
F (z) = -"τ..::.... { t - Ï( l) dt. c> - p, 

Z ‘ o 

for the c1a5s 얀(p， .4, B ) . Conver5ely whcn F(z)ET짜， .4, B) , radius of Þ 

va lence of f(z) ha5 a lso been determined. 

1. Introduction 

Let T상， .4, B) denotc thc c1a5s of f unct ions 

。~I t Þ十k
(1.1) f(z) =z' - ε:; la .. I •. 12 

k~l ' '''þ+k 

“rhich are regular and Þ va lent in thc unit d isc U = {z: (z l < 1) and satisfying 

‘ This part of work is sUP lX>rted by Universíty Grants Comm ission under grant numbcr 
F.8-6( 85(SR 띠) 
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thc condilion 

씩원 -Þ} 
( 1. 2) 1 ‘ iaf f'강-)τ\'<1. zE U. 

(A-B)샤 cosa-Be' -! J ~.:~ _þ ! 
‘ zr J I 

Jt is easy lo see tbat condition ( 1. 2) is equivalent to 

c’a찢←=(닝)Pelg+2PCosa [픔뚫쌓] - iÀþ sin a 

where ω(z) is regular in U and satisfying the condilions 

ωω')=0， 1 ω(z) 1 < 1 for zE U. 

By giving specific values to A, B, À, Þ and a , 、ve obtain the following important 
cJasses studied by various authors in earlier works: 

a 
( i) Taking À= 1 and a = O, the class T 'î ( þ, A , B ) coincides with the class 

P‘ (þ , A , B) introduced by Shukla and Dashrath [3J . 

( ii) Taking þ = 1. J. = I , a =O. B=β and A = (2a - I)β where 0 <β드1 . O:$;a < 1. 

lhe c이띠la잃 T간;(φp’ A.’ B) co띠떼01ωomcπ1CIαωJ(‘따 w…l 
Jain [띠2낌] • 

Jn the present paper firstly we obtain the necessary and sufficient condilion 

in terms of coefficient cstimate. T hen we obtain coeffici ent estimates ‘ distortion 
lhcorems, class preserving integral opera tor and closurc pr얘erties. 

ln lhe rest of the paper 、ve always assumc - 1 <:A <B드1 . 0 <2드 1 and 

E( -우 주). Our results generalizc many known 떼ts ob띠ined 50 far in 
2 ’ 2 

lh is direclion 

2. Coefficient cstimales 

p ∞ ,0+ ' 
THEORE~l 1. A funct ion f ( z) = z'- ε l a‘μ 1 z' , - is in r-; (þ, A. B ) if and o/tly 

k=1 yì ‘ ι 

if 
∞ 

(2. 1) εl (P+ k)(l + B) l ahk |틸(B-A)þ cosa . 

The result is sllar þ. 

PROOF. Let Iz l = 1. Then 

le’a{f(z)-pzP- l} | l(A -B)2pcosα zÞ- 1 - Be'a (f’ (z) PzP-ll l 

a ∞ ρ+k- l ， 1' - 1 
=I-e ε~(þ →'- k) la• ‘ I%" --'1 - 1 ( A - B ) Àþcosa z 

k= l Y- " 
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a ∞ Þ f-k - l 
+ Be ε(þ+k) la“ Iz" - ï 

k= 1 1'- " 

∞ 

드뀔(! + B )(þ + k ) laH-kl- À(B-A)þCOS a드O. 

Since the inequaJity (2. 1) hoJd. 

Hence. by maximum moduJus theorem. ‘ve can see that f (z) is in the cJ ass 

T~(Þ. 서 • B ). To prove the converse. Jet 

1 헤찢←-þ) 
! 2(A-mpmα냉"(딸-1) 

- ∞ μ 

-e' -ε(þ+k) l a‘--L J. lzY I ‘ . 

k = l i ~ g ’ ι L ;- 1 <1. 
1 ì. (A - B )þ cosα zY . + Be…ε:' (þ+k) la ‘ IzY I ‘ · 

-'4" ----- k=I'" '--p十*

Since IRe (z)I<l z l for a1l z. we have 

( eia울(þ+k) l aιJzhk I ) 
k = 1 PT ‘ I , 

(2.2) Re \ ∞ μ ‘ ;- ) <1 
, À(B-A)þcosa-Be'-ε:'(þ+k) la‘」 ‘ IzY I ~ ‘ | 

k = l 1'," 

-a 
Choose vaJues of Z on the Jine 0 = (jj후k-- l) in the compJex plane. so that f (z ) 

/)J... k _ l 
is rea l. Upon cJearing the denominator in (2. 2) and Jetting z,.. e • 1 through 

real values, we obtain 
∞ ∞ 

ε(þ+k) laμ ‘ l 드À (B-A)pcosa -B ε(p+k) l aι‘ l 
k = 1 PT‘ k= 1 I'T I< 

This compJetes the proof of the theorem. 

Sharpness foJJows if we take 

p ?(B-A)pcosae-' a 아 
/ (z) = [ "'-". ... ~ ' -;'( ".~""'7~; z" I 

‘ (þ + k) (! + B) ‘ 

THEORBI 2. If f (z) is in the class T~(Þ. A. B). Ihen 

?(B-A)pcosa 
(2.3) l aρ+k l 드」::7은안슨 

Tlze resκlt is shar p. 

PROOF. Since f (z) beJongs to T짜， A , B ) , we have 
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"(2) _1' . h L. Ja , "lL. ____ .r l .. Aω(.) , 
e 쉰E←= (J - À.)þe'- + À.þ cos a lτ값;) J+ i?'þ sina 

。。

ω(z)= ε::1 .; Zι is regular in U. 
j = l I 
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1 f‘’r z ,=(’. 
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ω(.)1 o and satisfies ω(0) \\"here 

Ifencc 

or 

~∞ ‘ -∞ 
- e ‘ .r:::;' lo. , (þ - j ) .'= [-(B- A)λþcosa .，- Be‘”ε l a.~ ， l ( þ .,- j ) z'J j= l " 'þ j ' r " " 'r - ---. jl ' -þ~i 

∞ 

x [ .r:::;' I ,.'J’ 
j = l I 

Equating corrcsponding cocfficients on both sidcs of abo\'c cquation (2. "1) . \‘ c 

find that thc cocfficient op • k on the left hand sidc o[ (2.4) depends only on 

ap~l' ap_ 2' ap-k_ l 011 the right hand side of (2.4) . Hcncc. fo r k"' l. 

[ollows [rom (2. 4) tha t 
,_ k ∞ 

- e‘“ε 1 0. ,I(þ _ j ) z'_ e' u L二 Ic , z'= [-(B -A) ιþcos α 
i= L' - þ j ' r j~l 

___ k -I 

+ B. - ε:' 1 0“ (þ -rj) z'J ω(z) 
j ...: 1 " : J 

1 t 

(2.4) 

~ ， , 2 , .. 2 . . 2i ∞ 2 , _ 12j 
.r:::;' la“ X (þ-r j )ì z l"' + ε:::: Ic ,l" l ' 
j = l YT I j = k+ l I 

0 1' 

22 2 _2~- 1 . .2 . .. 2. 21 
드).-(B- A)-þ- cos -a + B 걷10p-j l -(þ + j)l z -, 

zl = r • l 

k , 2... . ... 2 ~ .. 2 ， ~ ~ ， 2.2 2 ~2k- l ， ,2 ’ 
E l% 

Lelting 

2,. ....2 ~ .. 2 .. ~ .... 22 2 _2. k-=..!. .2 .. ....2 
1 0써 I-(þ+k) 드)'-(B-A)"þ"cosa-(l- B")걷 la씨 (þ + j ) 

01 

2.2 2 
2 _ ì: (B -A)"Þ"co 

lapH I 드 ( þ +k)2 

or 

or 
2(B-A)þcosa 

la ... I< ( þ +k) 

、\'e consider the function f given by In order to establish thc sharpness. 
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Þ+k- l 

eia f;원= (I _}.) p/a +Àpcosa r브4꽁k- l + ì샤 sJn α 
z' ‘ L l + Bz' 

CJearly l(z)ET~ (p, A , B) 

It is easy to compute that the function I(치 has the ex pansion 

A(B-A)pcos α e- ia Y十k
(p+k) ‘ 

I (z)=/ 

THEOREM 3. 111(z) belongs 10 T~(P， A , B) . tlzen 

(2.5) 
?∞ ? ?? ??? 

(I -B-) ζ (p+ j)" [ aμx드nB-A)"ρ-cos-a. 
j=l YT J 

PROOF. Since 1 (2) beJongs to T월， A. B) , 、，ve have 

'(z) _1" . "1 '\ ... Ja , '1 ... ____ J l +Aω (z) 1 
e .... ...L강씀= (I -À)Pe' - + Àpcosal î수짧쓸 I + iÀP sin a , 

where ω(z) = 울 tlz1 lS regular in U, satisfies ω(0) =0 and [ω(z) [<1 for zE U. 

Hence 

/a{땀 P) =[-(B- A)샤 cosa-Be‘a(딸-p) ]ω(2 

or 
}∞ ~∞ 

- e‘”gl at十j[(P + j) z' = [-(B -A)Àpcosa +Be' -잠 [ afr+j [ (p+j) z'J 

∞ [ ￡: t1Zι] 
By using parsevaJ’ s identity , we gct , 

∞ 2. .， 22i _ ~ '2 _ _ . , 22 2 _2 ∞ '2 . .. 2 2i 
ε [ a._ X(p+j)"r"'드λ" (B - A)"p"cos"a +B" "c [aü X(p+ j )"r-' Þi''''PT j " r .l/' '~Hl" r-"，v ~ ' ~Þl ' '''P+ j 

Letting r • 1, 、ve get. 
?∞ ? ?’ ? ?。

(l B)g(P+1)- l ap+1|-딩"(B -A)"P"cos"，α. 

3. Distortion Theorem 

THEOREM 4. 11 1(2)르T칩， A， B) , 찌Cη 

ρ À(B - A )pcosa t>+ 1 
r - - ;-. -. r 드 [/(z) [ 드r' + (l+ p) (l+ B) 

(3. 1) 

and 

À(B - A )pcos a .. P十 l
(l+ p) (l+B ) , 
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-걱띤二건2Þcos α þ_ , '1 ' '" _ .þ- l 옥쁘二쩍þcosa 
(3 2) Pr (l+ BT- ? 드 11' (2) 1 드pr

Y 

' +~듀H하--r 

Tlle estimates are 5harp. 

PROOF. From theorem 1. we have 

∞ ∞ ’ 
εl(P+l)(l+B)1%+kl드 ξl(P+k) (l +B) l a써1딩(B- A)þcosa 

This implies that 

흘 l aþ HI드떻캘照;a 
Hencc 

p ∞ fJ-t-k ..- , ,þ , , ,þ+l ∞ 
1[ (2) 1 되 z l'+ 감 l ap+k 1121 드 1 2 1' + 121 뀔lap+• 1 

p λ (B-A)þcosa j + l <r' +-"••-• --(1+ þ) (1+ B) 

Similarly 

? λ(B- A )þ cos a þ t--! I[ (z) 1 '>r ' -
’ (1+ þ)(l +B) 

Thus (3. j) follows 

Also 
。。 P+k 

II' (z)I<::Þlzl ' + ε(þ+k) 1 a“ 1121 
• ' ‘ 

þ-l , Þ ∞ 
ζpr 47 ￡ (P+k)|ap kl 

.1- 2(B - A)þcos a 
드þy' .1- "- 0-+8) 

Simila rly 

11'(2) 1 능þ/- l 2CB- A) pcos α p 

(l + B) ‘ 

This completes the proof of the theorem 

Thc bounds are sharp since the equalities are attained for the function 

[(2) = 1 _..2i.ε좌)쩍뜨찍-;cr l 1 CZ= :t r ) 
( þ + l)(l + B ) 

4. Integral Operators 

THEORE~ [ 5. Lel c be a real ηumber 51.찌 Ihat c> - þ. Jf [(2)εT짜. A. B). 

then Ihe ["씨ction F (2) de[ined by 
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D A 

애
 

( F(z)=꽉~ [' t'-l f (t) dt 
Z ‘ o 

also beloμgs 10 T짜. A . B). 

∞ ÞTk 
PROOF Lec f (z)=z - Fl laRklz . l hen [lorn t|1e rePIescrdamn of F , lt 

fo llα\'5 tha l 

whcrc 

∞ P+k 
F (Z)=z g l t，싹k 1z 

( þ+ c) 
lb .... 1 = /' s.\..~ ~ :"'1.'\ la .. , J •.' - (þ+c+k) ,u þH " 

Thcreforc 

* 
μ”
 

a 

l 

써
뼈
 

k 

p
+ 

p 

( 
P 

’h“ 

/
1
、

뼈
 뼈
 

쩨
 써
 

n
μ·
h

y
 

∞
「
늬
 
∞
ε
，
딩
 

J
k 

4k 
--
∞ 

.ç r:; (þ+k) (l+ B) la ‘ ‘ l 
k 1 y ‘ 

딩(B- A)þ cosa‘ sincc f(z)εT?(P， A, B). 

IIcncc. b、 theorem 1. F(z)εT;(þ. A. B). 

TIIEORDI ' . Lel c be a rea찌1 11…1tUπ…씨'(1J…’/11뼈’11ψber.’ cν/' - þ. Jf F(ωz치)ETη;(@pA， AA’ B) .’ t“끼hen t“띠he e 

fllnct“…2 

R . =가갱t…nf사샤r( . þ+~ . ìτ과격환←←←1γ 
k 

p j;glJ [\ þ + c+ k I λ (B - A)c05a J 
Th e result is shar þ. 

Let F (z) =z’-흉 lap- klzPf k k follo“ 5 then from (4.1) that 

I (z) =끊r & 싸z)1 
∞ ( þ+c+k ) 

=z - g곧개파)"1 l a싸z 

T、o prove thc result it sufficcs to 5ho ll' tha t 

I f~삼-Þ I 증pfor l z l<망 
z 

PROOF 
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텃심1=1 - 흉 (p+잉쁨펌L1%1zk 
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Kow 

드홉 (P+k)쁨않Lla싼. l l z l ' 
Thus 

hy 
드
 

”” 
”
이
 싸
 

<

카
 

」

꺼
 뼈-써
 

z
-

나
-φ
 

γ
l
 
-hy 

시1
t;
 

η
 -
?‘ 

/
1

、
-“

짜
 
빼
 

∞
 g셰
 
m -

따
 

m 
때
 

야
 

ι
ω
 

따
 

。
니
 

(4.2) 

(p+k)(1+B ) laρ+k | ι 
ii(B-A)cosa 그，p. 

∞
 ε
 셰
 
“ 

때
 

? m 
없
 

ι
 
ω
 

삐
 

찌
 

” 
u 깨

 / ‘ .L ... ..L ,."1 
‘ 

(P+k) (1+B) 1ι J 
(p+k) "':'응조F핀스 l a. ， . l lz l ’드 

π‘ 
(p + c) ,u þ+k λ (B-A)cosa 

for each k = 1, 2, 3, 

or if 

I z l 드[댐뚫r 까윌앓ξα r 
The required rcsul t follo \Vs nO \V from (4.3) 

(4. 3) 

Sharpness follows if we take 

ii (B - A)Pcosae- 'a 싼k 
f .J. , z..、 r 1 , D、 zY ' ~ for each k = 1, 2, 3, ... F(z)=l 

Radius of Convexity -O. 

’T끼깨n대、1꺼}“따IEORE타~I 7η7τ. 111κ(z치)ET껴3(@pA’ A ,
’ 

B) ,
’ 

t

““
hen I(z깅) i

“
s p vaι찌a이lμently con’nv‘vex 

옮뚫앓과r서]후’ k = 1, 2. 3, Iz l <감. = i~f [재 
The res“I1 is sharp. 

PROOF. 1'0 prove thc theorem, it is sufficient lo sho \V lhat 

1 (1+똥똥)-시드P for lz | < Rf

Wc have 
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ξ ι ’H-l l 

1 1+經-pH~폐盤‘ 
∞ L 

ε k(P+k) láb+k llzl ‘ 
드 *;'1 '~ ' 1' ' ，~ ; ' '''þ+ 

。o

P-￡(P+k)l ap+* 1lz 「

Thus 

1{1+추뚱}-p l드P 
if 

ai 

k 

-

‘
리
 

치
 ---써

-
μ
 

뼈
 -폐
 

+ 
-
F 

*y 

-

/
1
、

K、

-∞
ε
닝
 

∞

ε
ι-
‘
「or 
∞ ( Þ+k \ Z 

" -"---j;"-) 1 0 h-'-k 1 1 z 1 드J ， k = 1\ P / 싼 

But from theorem J, we obtain 

ξ ( P+k)(J + B )l oÞ+k 
kl λ(B-A)pcos α ...:::,A-, 

Hence f (z) is P valently convex if 

( P+ k )2 k (P+k)(1+ B)l o싸 
~) 10. , .1 Iz l"< Þ J ' ''þ+k l 

1 - ' λ(B- A)p cosa 

or 

「 ( l + B)P 1t 
I z l닫 λ(B객잖a(p감) J for cach k= J, 2, 3, ••• 

This completcs thc proof of the theorem. The result is sharp for the function 

Þ À(B-A)PCosae- fa 
f ( z) =[ -

‘ (J + B )(p+k) 

6. Closure Properties 

T IlEORE7\ J 8. lf 
‘ ∞ ι , , 

f (z) = z"-ε la‘ ‘ 1 z"• ‘ 
k -== l P K 

and 



138 S. L. Shukfa , A. M. Chaudlza1'κ 01ld S. Owa 

。。 ρ+k 

g(z) = z' 뀔 I b싼. I z 

arc lmIn1 Tt강짜(φp’ A.’ B).’ tμ띠h 
Þ 1 。∞。 P+k

lιμtκ@써(zωz깅)=각z τ￡뀔긍 l ap힘p싼+k+ b싸z 

a[so in T짜. A. B). 

PROOF. Since f(z) and g (z) are in T;'(Þ. A. B) there[orc we ha、 e

∞ 

( 6.1) 뀔(þ+k)(l+ B) l a싸딩(B-A)þcosa 

and 

∞ 

(6.2) ε(þ+k)(l+B)l b~↓ J드? (B-A)þcosa. 
k= l VT‘ 

From (6.0 and (6.2) . \\'e obtain 
1 ∞ 

경「뀔 (þ +k) (l+ B ) lap+k +b싸딩(B- A)p cosa 

Thi s completes the proo[ of the thcorem 

T J-I EOREM 9. Let 자(z)=l. 
À( B - A )þcos α Þ+I，ι 

f H/ z) = Z - "(1 + ffi감후호γ-(l + B )(þ+k) k = l. 2. 3. 

Theη f(z)εT~ (Þ. A. B ) 1/ 쩌 only ij it can be exþressed in the form 

∞ 

f(z) =끓ÀP+kμ .cz) 

∞ 

where À 는o and ε:::2". = 1. P+k~- _ •• - ;;;;'0 " Þ+k 

PROOF. Suppose 

ιπ
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‘J짜
 ∞ 설
 

∞
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、
치
 

K 

Then 

= (þ+ k)(l+ B ) ì.(B - A )Þcosa • 
설'1 2(B - A ) Þ cosα O + B)(Þ+k ) ι←k 

∞ 

=~ À" .= 1- 2,S;;1 
;;;;'1 " þ+k 
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lIcmConverse|y. supmsc that f(z)εT;(Þ. A, B) . 

Since 

2(B - A)þcosa 
la |5E 「rEττ- for each k = 1. 2, (þ+k)(l+ γ 

‘\'c ma\" set 
(l+ B ) (þ+k) 

P+ k= A(B-A1p6osa | ap 1k1, fOl each k = L 2, 3, , 

and 

Thcn 

∞ 

2. = 1 - 1::' λ 
~ll'Þ+k' 

、

깅
 

( 
k f

싸
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‘JA 

Ln 

∞
 ε
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 잉
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ω
 
이
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