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THE QUASI- REVERSIBILlTY METHOD APPLICATION TO 

PARABOLIC OPERATORS WITH AN INFINITE 

NUMBER OF VARIABLES 

By S. A. EI-Zahaby 

Abs(rac( : In the prcsent paper. using tbe method of Quasi-Reversibility of 

lι Lattes and J. L. Lions [7]. “’e have applied this method for a system governed 
by parabolic operator \\'ith an infinite number of variables. (The control bere 
is an initial condition) . 

Introduction 

J. M. Gali et al presented in [5J a set of inequalities defining an optimal control 

of a system governed by a selfadjoint elJiptic operator with an infinite number 

of variables 
∞ ‘ 

(Au)(x)=-ε-: (D’‘)(x) +q(x)“ (x). q (x)는~. 1는~> o (1) 
..(0 = 1 ‘ 

whcre 
1 iJ 

(D까)(x) =-::;후후 킴r(ιp낀핑u(x)) 

and q(x) is a real valu뼈 function from space of functions of infinitely many 

variables L2(R∞， dg(x)) . constructed by the measure dg(x)=P(Xl)dXl@P(X2] dx2

@…defined on the (J hu l\ of cylindrica l sets in R'∞ generated by finite dimensional 

Borel sets; g(R∞)= 1. 

”“”ι(R' 짜X”=(4|u|상g(x) )'/2 <∞ 
More details for such construction see [외 and [히 • 

The system here is ruled by the operator 

옮+A(t) 
where A (t) has the form (1). 

The main method consists of solving the problem 
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(옮+A)，， = O 
κ =Oon ε 

,,( x , T) = the solu tion at the final time = X (x) , 

ln general , there exists no E such that “ ,= X lhis is connected with thc 

irrcversibility of the problem. But on the other hand however small η wc can 

a lways find E such that 얀 approximates to X within η， this is connected w it h 

the back ,,'ards uniqueness. The problem is then to find one E yielding such an 

approximation. 

Some Concepts and Rcsu lts 

Let us consider l he elliptic operator 

whcrc 

∞ 。

A (t)Ø(x. 1) =-겹D;Ø(x ， 1) "-q( x , I)Ø(x, 1) 

- 1( 2 Ò , .) 2 
(D‘Ø)(1', t) =þ, τ'=-(þ; -Ø) 

9 ‘ k 
(2) 

q(1'. t) is a rcal 、 a lucd function in x 、，\'hich is bounded and measurable on R 

such that q( x , I) "'> À) O, À is a constan t. 

\\'C havc the following chain [아 

L/O , T: W↓ (R∞))ζιω， T; L/R∞))r석ω， T Wo l(R∞)) 
.’ ∞ ∞ l‘ hc spacc L.(O, T ; r(R-)) L.(Q), Q R- 1'JO, T [I' =rx [0, TJ. I' is Ihc latcra l 

boundary of Q 

For cach 1 wc may ‘\' ritc a continuous bilinear form 

π (1; u, V) = (A(t)"ι V) , u , VCWo(R∞) (3) 

‘\'hcrc A(I) is a boundcd sclf-adjoin t elliptic operator wilh all infinitc numbel 
‘ ‘ ’‘ 

0 1' var ia blcs maps W~(Rη onto W o . (R-) . 

’ I'his bili뼈r form is coercive [4-6J in W~(R∞) t hat mcans 

’ π (1 ; u , "샤르11 11“ n-.. ， .， ~， 11) 0 (~ ) IV,’ ( J(‘ ) 

For a ll .. . V든W;(R∞) the function 1→π(ι v) is measurable and continuous on 

J 0, T [ and 

π (1; u , V) = ,,(1; v, ,,) (5) 

From the abovc consideration and f rom [4], [5], [히 , and [7J , we can form uJate 

thc following 
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TIIEOREM 1. Under the hyþotheses (4) and (5) if f and f are given in L? 

(0, T , WJI (R∞)) and L2(R∞)， resþective샤 then there exists a 씨qtte element u 

1/101 satisfies 

뿜+A(t)，‘ =f 
u(O, x)= f 
“= 0 on I: 

Formulation of thc Problcm 

ueLg(O T , wkR안) 

iεL2(0. T , w;I(R∞)) 

∞ Lct X be a g iven function in L
2
(R-) and T > O bc given. '1'0 each E corrcs 

ponding thc solution U(X , T; f) of 

i\:0“ ’ “ e Sel 

a“ + A(t)u = O 8t 
u (O, x)=E 

“= 0 on I: 
uC LzCQ ) , ,,' E L2( Q) 

찌=4l 1t(x， T)-X |%x 

Our a im is the study o[ 

rnf ! (E) EEL2(R∞) 

(6) 

\\'e can on l)" conjecturc, here, that under thc hypothcscs o[ Thcorem 1, “ c 

ha vc 

lnf ! (E) 0 

SεL2(R∞) 
We can demonstrate the rcsult in particular case. 

TIIEORDl 2. We ass lt1l1e that (5) and 

π (t; u, v)=π(u ， v) 

are i>,deþendent of t then (7) is true. 

Ou tI ine of Proof 

From [7J , it is a matter o[ showing that u(x , T ) spans dense in H 

Lct us suppose therefore that rþEH with 

(7) 

(u(T ‘ E) , φ)=0 VfεL?(R∞) (8) 
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We introduce the adjoint family A*(I) of A ( I ) by (8). Using our hypotheses of 

theorem 1, there exists a unique v=v(l) such that 

-뿜+A…=0 
v(t) =φ 

ueL2(0, T; w;(R∞))， uIEL2(6, T; w;l(R∞)) 
Let us consider the expression 

f r ‘ [(u' , V)+(U , v’ )Jdl = Jn 옮(u， v)dl 

=(“ (T) , V(T)) - (,,(0) , V(O)) 

= -(~， V(O)) 

Sincc v(T) =φ and (,‘ (T), 이)=0 by hypotheses thereforc, (~， v(O)) =0, V~εL2(R=) 
which v(O) = 0. But from the backward uniqueness property v=O anå hence rþ=O 

whencc the rcsul t, 

Our Problem 

Let (7) be satisfied, with η>0， given , it is dcsired to find ~ qεLo(R∞) such 

that 

J(Eq)드n (9) 

In general under thc hypotheses of thcorcm 1, thcrc cxisls no E such that 

κ， =X this is connected with the irreversibi li ly of thc problem. 

GU 
승;' + A(t)u=O (10) 

This is improperly posed 

“= 0 
u(:r, T) =X 

The Quasi-Re,-ersibility Method 

on I: (11) 

(12) 

The Q, R, method consists in approximating the systems which are properly 

posed denoted ", for e> O the solution of 

ò,.‘ 
굉二+A(t)깐-eA*(t)A (t)u，= O (1이 

u,(T) = X 

“, 11:=0 and A (I)κ， 1 1:= 0 

( 11) 

(12) 
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‘ E L?(O, T; D(A(t))) 브쓰=u'EL?(O， T; D(A (t ))') - ’ dl •• --2 

wherc 

D(A(t)) = (v: vεwi(R∞) ; A(t)VEL，(R∞)} 

The domain of the operator A(t) considered as an 얘erator as an unbounded 

opcra tor in L，(R∞) with the norm 

’ 1/2 
II vll n, "",=(lIvll:", ，~， +IIA (I)vll ; m) D( A ( t)) \''' ~ '' W'，(R-) μ(0) 

it is a Hilbert space 
A‘ (t) A (t )E !l' (D (A(t) ; (D(A (t))'). 

THEOREM 3. Under the hyþotheses 01 theorelll (1) ond suþþose Ihol DA (t)=V? 

= a sþoce indeþendenl 01 t. 

Problem (10-12) i s þroþerly þosed , Ihere exisls 0 unique u, sotislying (10-12) 

ond u,E L,cO, T: D(A (t)) . 

u',E L2(O , T; D(A (t)) ’ ) . 

PROOF. For u , VE V 2’ ‘,ve set 

a(t. ue' Vε)=(A(I)“" v,) -E(A(t)u" A (t)v,) 

This is a continuous bilinear form and by hypotheses (4) and (5) ‘\'e have the 
resu1ts 

- o(t, v. , v) +λ II v ↑ I ~ 늘Cll u ll2 VI, εV2， C> O ‘ LI(R.)~- " ~ e"V1 

Now. 
? 

-a(t, v,’ v)=E IIA (t)까 lli.(R·)-(A(t)Uz’ v,) 

’ ? ? 

는E II A (t)v . II ~ ，~， -E/ 2 IA (I)v .1 1 ~ 'D"， -→~_ IIv . II ~ ， " L이 (R"') -, - ， 4 ~ v"ve " LI(R") 2e " ~e " L이 (R") 

with C dependent on E. 

Now. \VC take ~ = 11‘/0). Under the given consideration, we may apply the 

thcorcms of Lattes and Lions {7J to obtain our resu1t concerning convergence. 

THEORE11 4. Let the hyþolheses ollheorelll (2) , lel U, be Ihe solκtion 01 

dU 
-낌E+A(t)Us=o 

U,(O)=U,(O)=ç 

with t，μ t1ze solution 01 (10-12) , wlten E• o we have 
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U,(T)-• X . 
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