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FRACTIONAL DIFFERENTIAL EQUATIONS 

By El-Sayed, A. ~J. A. 

Abstract : In rccent years, sevcral authors have dealt with the fraction 

dcrivative J ], in special functions [2], convolution integral equation [5], diffe. 
rintegral equation [4J , the derivative of H-function [6) , and some other 

applications, The present paper considers thc fraction derivatve in the form of 

differential eqiation. 

1. Introduction 
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 (1, 1) 

Our aim is to examine the concept of solution. its existence, uniqueness. and its 

coincidence(when (X - • 1) with the one of the initial value problem 

브ε=f(t， x (t) ) ， 1> 0 
dt 

x (O) = 0 

application of singular integral equation is also considered. 

( 1. 2) 

( 1. 3) 

2. Properties of Solution 

Put I = (O, T), and Ð = I x CCI) , where C CI) is the class of a ll continuous func. 

tions defined on I , and Il x ll = maxlx (t)!. xEC (J) . 

LEMMA 2. 1. Lel xEC(J) , and f (t, x (t ))E C (Ð) , [f a sol"lion of ( 1. 1) exisls 

in C(J), Ihen it is given by 

1 rl 
f (8, x (8)) x(t)=F rr l 4iti견숫d8 

1 \ CX ) “ o (t -8) ‘ g 

(2. 1) 

PROOF. From the properties of the fractiona l derivatives [lJ , we can write 

(1, 1) in the form 
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x _,,(1) = f (l. x(I )) 

x (1)해_" =f (l . x(t)) 

taking thc con \'Olut ion with "'", wc gct 

x(l)얘 강Ø，，=f(l. x(t))얘a 

or 

a 

쩍
%
 

50 

for othcr ValUC5 of k. 

‘ ( k ) 9 _/1) =iJ' . ' (I) . k =O. 1, 2, .. . 

k- ' 
", _/1)= 'r . .. 

(- k) 

、\'hcrc

1. the solulioll (2. 1) of ( 1. 1) coincides I('i l/. the Whell a COROLLARY 2. 1. 

soluUon of Ihe inilial val1l' problem ( 1. 2) m.d(1. 3) . 

(2. 2) 

Let f (I , x(t)) EC (D). 

[f f (l , x (t)) salisfi.s I/ze Lipschitz conditioι 

If (t , ", (1)) - f (l, "2(1))1 ' kl x, (1) - X}l ) 1 

then Ihere exisls a 1Iniq1l' sol1llion of (1. 1) in C(n ‘ where 

T ι a 、 /얀α+ 1) 

l‘ II EORE~I 2. 1. 

Lct 

= __ ~ r' !(6쓰(0)) d6 
-r(a ) 니 。 (I - (J)， ~ a 

5ince f (l . x (l)) i5 continuoU5 and satisfies thc Li pschitz condition(2. 2) , it fo llo\\'5 

(2. 3) 

PROO F. 

ι ~， Ix.(O)-x‘ (0) I 
I Fx ， - Fx? 1 르?L- l -」--，τ;;--dO

J (a) “ o (1- 0)' ’ 

r' dÐ max l x,(t) -x^(I )1 I ~← 
f ‘ - “ o (1 - 0) ‘ u 

that 

<: k 
= r(a ) 

싸-FX2|↑ 든김씀rta |1Xl - X211 l . C • • 



FraC#O l1al Dilferell/al Equuatiolls 

so the map F: C(I)-• C(I) is contraciion map if 

--호--ta〈l 
r ( (I() 

i. c. if 
" t <에으렐L=T 
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(2.4) 

and then by thc fixcd point theorem [3J we can deducc ihat iherc cxists a 

un ique solut ion x(t) EC(I) of (1. 1) . 

. \loreover [3J this soluiion may bc consirucicd by mcans of thc convcrgcnt 

scquencc 
’ r' f (8 . x-<fJ)) 

(t)= τ슨;) 1_ _~l " d8. n= I.2.... (2.5) 
r(α) J O (1 -0) 

COROLLARY 2. 2. lf ll f (t , x (l )) 11 르M， tilen 

Mt" 
Il x ll 드-"~~~， ., . 1,..> 0 r (a t 1) 

PROOF. From (2. 1) 、.r e can dcducc 

1. C. 

3. Application 

l.r(l) 드 .1 , max ’f (t. x(/))I ((1 -0)-1 " d8 - T((I() ... _ .. 'V ..... ", J
u 

|X lr M ta Mla 
-• _,_= .r.l'. , . t> O. = r (α) α T((I( 1) 

:\o\\" if 、yc want solvc thc singular integral cquation 

I _x찍--=-dÐ f (l, x(l)) , 0< (1( <1 
“ o (1 -8)- -

“ hcrc x(t) EC(I) , ! (0 , T). 

and f (t, x (l )) E C(D) , D= l XC(!) . 

(2.6) 

,3. 1) 

The propcnies of the [raction dcri'.ativcs can bc used tO rcducc (3. 1) 10 ihc 

form 

쉰ar j쉰윤u.-d8 =냥a) f (l, x (t)) 

d"싱 t) 
느스êL-= ~ ， ' ， f (l, x (t)) 

dt" r ( -(1() 
0<(1( <1 
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which by theorem (2. 1) has the unique solution gi\'en by tho sequence 

e' 1 (0. x.(Ð)) 
XFl(t)= T(-샤T(강 Lτ펴1-a dÐ 
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