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ON THE LARGE lNDUCTIVE DIMENS!ON OF TYCHONOFF SPACE 

By Ali Kandil & fIl. A. 15mail 

lntroduction 

IV c in lroduce a 1녀arg양C Ifl(찌\(띠빼d‘u야jκc야t디ivc d비，mc 

s애pa따ce X. lVe extcnd 50mc pre、VJOωus re5ults, that arc known for normal 5paCe to 

arbitrary Tychonoff 5paCC. Moreovcr we show that f r Jnd X = lnd X for any 
normal 5pacC X , So that thc thcory of f Ind of a Tychonoff 5paCe5 may be 

con5idcr a5 an exten5ion of thc theory of ]nd of normal 5paCeS, 

In thi5 paper all con5idered 5paCe5 arc a55umcd to be Tychonoff, Thc family 

of all opcn (c105cd) 5ubsets of a 5paCC X i5 dcnoted by ~(r'). For AC X; 0 A 

dcnote5 the Jarge5t open 5ub5et of the Stone-cech compactification βX of X 
O 

、I' ith thc property that 0 A n X = A
v

• Thc c105urc of AÇ;;X in βX w iJI be denoted ,x 
by bA, that i5 bA =A"~ ， and the boundary of A by Fr A 

1. Prelimi naries 

DEPI NITION 1. ( i) The subsets A, and A2 of X arc said to be completely 

5cparated in X , and \\'c are writc AJrA2' if and only if thcrc exi5ts a con­

tinuous fUDction f: X- [ 5uch that f (A1) = {O} and f(A~ = {l} 

( iil A 5ubset A of X is ca뼈 μ-neighbourh∞d of Bg X , ln symbI APB, 

if and onJy if B fX (X {A ). 
% (iii ) We 5ay that n ::x ha5 the property C^ , denoting this by YεC ' (X) , if 

and onJy if e\'cry continuous function f: Y - • [can be continuou51y extended 

over X. 

Using that fx i5 the finest proximity on a given 5paCC ( X , r) which i5 

compatiblc with r[21. β} and [4}, wc deduce the follo\\'ing prOpertie5 of fX : 

PROPOSITIO:-l 1. Lel A" A2 and A are sflbsels 01 X , IIIen: 

(i) AJxA2~ 3B" B~Ç;;X3BζAj a써 BJXB2 

(ii ) A，JxA，ζ:::;>AJxA.，수=>bAJibA2=Ø 
(ii i) AJxA2~A2Ç;;X I Al and A2Ç;; (X IA1)O. 
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(iv) (X I A ， )fx (X I A~=수OA ， U OA，=βX. 

(v) If X is normal, Ilzen A， fxAz송~A， n Az= ø. 

(Ui) AlPA설A，극Az. 

(vii) A，그A2PA3그A4=>A ，객­

(viii) A，구A2=>X I A꾀X I A，. 

( ix) A ，파=>A ，갱njnd A?그A". 
‘ f “/ “ f ‘ "n n" 

(x) A 그B， for i = 1. 2, …, n => n A그nB， and UA그UB，. 
‘ f ‘ i=1 ‘ 1;=1 ‘ i =- 1 ’ [i = 1 ‘ 

(xi) A，객=>OA‘~bA2 
( xii ) bA=βXIO 

( X IA) 

( xiii) 0 A = 0 A" 

(xiv) bOA = bA V AE~. 

( %v) OA ,n A,=oA ,n oA. 

(XUt) OH Al ; l;PAl-

( xvii) Jf A, nA2=φ and A" A2E ,., Ihen 0 A, UO AZ=O A' UAZ' 
( xviii) Fr 0 A = b Fr A V A E ,.. 

(xix) Jf Y E C‘ (X ) and A" A2Ç;Y , Ihen A,fxAzþ AJyAz. 
(xx) Jf Y E C* (X ) , Ilzen b.t =βY. 

DEFINITlON 2. Lel Y C X. Thc triple (L , V" V~ ， whcrc V , and Vz a rc 

disjoint open subscts of Y , is calJcd fx - partition bctwccn A" A2C Y in Y if 

and only if Y IL =V ,UV2 and A, fx (YIV,) for i = l , 2. The fo lJowing lemma 

is obvious 

LEA1~IA 1. Lel Y C X and F " Fz';;;:"Y s!tc1z Ilzal F ,fxF2. Jf (L , V" V.) is a 

parlilio/! belween bF, aκd bFz in βX (in sense 111) , Ihen (L n y , V,n y , Vz n Y) 

is a fx-parlilion belween F, and Fz in Y. 

LE~nIA 2. Lel F " FzC X and F ,fxFz. Jf (L , V " V강 is a f x -parlilion 

belween F, and Fz in X , l1zen (bL, Ov‘, Ov) is a parlilion belween bF, and 

bF? in βX. 

PROOF. From dcfinilion 2 wc havc; 

X IL =V ,UVz and V，구F， for i = l, 2, 

Let Lt = L UVl, then it ls clear that 

L,e TC, Fl fxF2 and L2fxLl 
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Hence bL, n bF2=bL2 n bF, =ø, by proposition ( l-iO. Using proposition ( l-xiO 

'\TC have 

bF ，Ç;βX l bL2=OX I L ， =Ov, 
and bFzl도βX 1 bL, =0 XI L, =Ov; 
Since V, n v 2=ø, proposition ( l -xv) impl y 

0" no" =0" r. v = rþ V,' ' ~V1 ~v， nv‘ r 

l\ow X IL = V,UV2, by proposition (1-xviO we havc; 

o.< I L =βX l bL =Ov， U V.= OV ， UOv; 
Thus thc triple (bL , Ov ,' Ov,l is a partition bctwccn bF, and bF2 in βX. 

2. The large inductive of Tychonoff space 

DEFINITlON 3. Let (X , r ) bc a Tychonoff spacc and Y도X. Thc f[largc 

inductivc dimcnsion of Y , denoted by fx lnd Y , is defined inductively as 

follows: 
fx lnd Y=-1 iff Y = ø. For a non- ncgati vc intcger n, fx lnd Y드n means 

that for cach pair of subsets F , and F2 of Y , for which F'!XF2' there cxists 

a fx- partition (L , V" V 2) betwccn F , and F 2 in Y such that 

fx lnd L드π -1 ， 

fx Ind Y = n iff n - l < f x Ind Y :S;n and 

fx Ind Y=∞ 따 therc is no n for which fx lnd Y드” 

Using proposition (i-v, xx) a nd the above definiticn, onc may casily prove the 

following three theorems 

THEOREM 1: lf Yεc%(X) ， tllea fxInd Y =fy Ind Y. 

* THEOREM 2. lf Z득Y도X and Y E C ^ (X ) , Ihen fx 1ηd Z =f y lnd Z. 

THEOREM 3. lf X is a normal sþace, Ilzen fx l nd X = lnd X. 

T I-lEOREM 4. lf Zç;y투X， Ihen fx lnd Z드fx 1ηdY 

PROOF. LetfxlndY= k. For k = - 1 thc rcsult is tri via l. Wc assume its 

validi ty for k <n and supposc k = η. 

Let F" F2도Z be suth that F'!XF2' Then there ex ists a fx- partition (L , 
U

j
, U김 between F , and F 2 in y , for which f x lnd L드n- l. Evidently the 

triple (L n Z , uj nZ, U2n Z ) is a fx- partition betwcen F , and F2 in Z , and 

hence by inductivc ass umption. 
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fx Ind (L n Z드fx Jnd L드n- J. 

Thus fxlnd Z드fx Jnd Y. 

COROLLARY 1. Jf Y C;;; X , tlzen f x lnd Y드fx Ind X. 

COROLLARY 2 If YE C*(X) , then fy Ind Y드fx lnd X 

THEORBI 5. Jf Y ç;; X , then f x lnd Y드lnd bY. 

PROOF. Let Ind by=k , for k = - 1 the result is triyial. We assumc its validity 

for k드n - 1 and suppose that k= n. 

Let F l and F 2 be (closed) subsets of Y such that FJxFz. Then bF1 and bFz 

arc disjoint closcd subsets of bY. Thus there exists a partition (L , V
1
, V ~ 

between bF1 and bF2 in bY such that Ind LS;n- 1. 

From lemma 1 thc tr ipl e (L n y , V1 n Y , v2n Y) is a fx-partiti on bctwccn 

F l and Fz in Y. 5ince b(L n Y)ç;;L, then by theoren 2.2.1 in [1], 

Ind b(L n Y) s; Jnd L드n- 1. and hencc by inductivc assumption 

fx lnd (L n Y)드n - 1. 

Thus fx Jnd Y드n. 

COROLLARY. fx lnd X드lnd βX， f or every Tyclzon。ιf slzace X. 

THEORBI 6. Jnd Y < f x Jnd Y for Y C;;;X . 

PROOF. Jt is easy to prove it by applying thc induction with r않pect to fx 

lnd y , noting that 

VFεrC， X훌F iff fx ) f xF. 

From thcorems 5 and 6 wc hayc 

1‘HEORE~ I 7. ind X드fx lnd X S;lnd ßX for evcry T ychonoff space X. 

THEORE~I 8. Jf f x Jnd X =O, then Jnd βX=O. 

PROOF. Lct F l and F2 arc disjoint closcd subsets of βX. Then F1 n x and 

F 2n x are com plctcly separated in X. 5ince fx lnd X =O, therc cxists a f[ 

partition (L, V 1' V2) bctwecn F1n x and F2n x in X such that L= Ø. By 

Icmma 2, (bL, Ov‘• Ov
1
) is a partition in βX bctwcen Fl and Fz. Thus 

lnd βX =O. 
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From theorems 8 and 5 we have: 

COROLLARY. 1. fx lnd X=O ,j and only ,j l nd βX=O. 

From the above corollary, theorem 1, in [5J and theorem 1. 6.11 in [1] we havc, 

COROLLARY Z. fx lnd X=O i[f dim X=O. 

THEOREM 9. fx lnd X드n ,jf for eveηI (closed) stebsel F of X and each open 

stebsel U of X stech Ihal U-:::ìF , Ikere exisls an open sttbsel U* of X such Ihal 
~f ι 

U-:::ìU=:F and fv lnd Fr U ' 드n-1. 
f f ‘ 

PROOF. Let f x lnd X드n. Considcr a (closed) subset F of X and an opcn 

subsct U of X with U그F. 
fz 

Since Ffx (X IU) , thCD there exists a fx-partition (L , V 1' V2) in X betwccn 

F and X IU satisfyin g fx Ind L드n- 1. 

Hence X IL= V , UVz' V 1 n Vz = ø, V1 :;;JF 
” and V ,,-:::ìXIU. 

‘ f x 

Thus by proposition (l-viii), U;>XIV ,,-:::ìV ,;>F. Sincc Fr V ,C(XIV ,)n (XIV.,) 
f x ~ fx 

= XIV,UV 2= L. then by theorem 4. fx lnd Fr V，드fx lnd L<;:n- l. So the sct 

V, is the requircd onc. 

Conversely, let (X, r ) be a Tychonoff spacc sat isfying thc conditions o[ thc 

thcorcm , consider F" Fzc X such that FJxFZ' 

By thc definition of ? we have X IF2 ? Fl' 
J X J X 

From thc given condition, thcrc cxists Uer such that X IF?=U -:::ìF , and f v 
'"'f z fx “ 

Jnd Fr U드n- 1. 

Using proposition 1 i t is easy to see that the triple (Fr U , U, X IU) is a f x -

partition between F, and F2 in X. So that fx Ind X~n. 

COROLLARY. Lel fx l nd X = n, Ihen for every k =O. 1. Z • .... n- 1. The space 

X conlains a closed subspace Y . such Ihal fx l nd Y . = K . 

PROOF. Tbe proof of this corollary is similar to the proof of the theorem 

1. 5. 1 in [1]. 

DEFJ~JTION 4. A f[base for a Tychonoff 'oacc (X. r) is a subfamily β of 

2x SUCh that 



112 Ali KalldiJ & M. A. [smail 

AJxAz implics thc cxistence of V1, V2Eβ such that V，그A， for i=l, 2 and 

V.f .. V lJ X ' :t 

LHülA 3. A s1lb-Ja1l1ily βÇ;2x is a J x - base Jor a T yclzonoJJ spacc (X , r) iJ 

and only iJ 
VFÇ X , VV 그 F 3LEβEV~L~ F. 

Iz h fz 

PROOF. Lct β be a J [basc for (X , t) and F , VζX such that V~F. Since 
" FJx(X IV) , lhcn by proposition (1 -i) , lhcrc cxist U1, U2Ç; X such that 

U1? F , U2? XIV and U1J XU2 
Jx J Jt .4 

Sincc β is a f x-basc. thcrc cxist L, L " eβ such lhat 

L그Ul， L·%; U2 and L fx Lie-

and hcnce L~C깅F， L"'~U.，그XIV 
fz .JL ':'flt 

and X I L '、깅L 
f, 

From proposition ( l-vii , vii i) it follows that 

L~F， V~X I L" and X I L*깅L. 
fx fz fz 

Thus 

V극L깅F. 
lz fx_x 

Conversely, let β bc a sub-family of 2" such that V~L극F whcncvcr V~F. 
h fx fr 

Assuming that F 1J x F 2, wc have X I F2깅F ，. Thus, there is Lεβ such that 
[, ~ 

X lFz그L"?Fl ' Since XIFz그L， then XIL그F 2 and there is Lπgβ such that X IL 
v~fx fx 1 ~fx f x 

~L π~F^ 
fx fx'" ..loι 

It is cJear that LJ x L". 

Thus β is a Jx-base for (X , r). 

From thc above Jemma and thcorem 8 one ca n easily provc the following 

THEORDl 10. A space (X , r) Izas J x [nd X S;n iJJ il has a f[bose β consts 

ling oJ open sels SI，κh J x [nd Fr LS;"-l Jor every LEβ. 

LE~IMA 4. Lel (X , r) be space and Y E T. !J fx lnd Y S;n and F" F{;;;. X 

s1lch Ihal F 1Jx F2, Ilzen Ihere exisls a fx-parlilion (L, V" Vz) belween Fl and 

F2 in X s1lch 11101 J x 1ηd L n Y S;n-1. 

PROO f'. Since FJXF2' then by proposition (l-i , ix) thcrc cxist U" U2E T such 
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that U,? F, and U.tXUZ' IIcncc U j n YfXU2 n y. Thus thcrc cx ists af X- partition 
휴 l ’. ..*_ . = = (L ^ , U; , U;) bctwccn Uj n Y and uzn y in Y such that f x l nd L 드n- 1. 

* Cons ider V， = Ui U Ui~ and L = X I(Vj UV;) , then thc triplc (L, V 1, V~ is f x -

partition bctwccn FI and F 2 in X satisfying thc condi t ion L n Y=L휴. 
Hcncc fx lnd L n y드n - 1. 

THEOREM 11. l f X = AU B and A is an open in X , Ihen 

fx lnd X드fx lnd A +fx lnd B +1. 

PROOF. Taking Icmma 4 into considcraticn thc proof of this theorcm is 

s imilar to thc proof of theorem 2, 2, 5 in [IJ. 

COROLLARY. lf X =Y UZ snch that Y is closed , then 

fx lnd X드fx lnd Y +f x lnd Z +1. 

PROOF. ~incc X =Y UZ =Y U(X IY ) and (X ly ç;;: Z , theorcm 11 impliee. 

f x Ind X =f x lnd Y U(X IY) S f x lnd Y +f x lnd (X IY)+1 

From theorcm 4 we havc f x Ind (X I y)드fx Ind Z. 

Hcnce f x lnd (Y U Z)드fx lnd Y +f x Ind Z+ 1. 

COROLLARY 2. lf X =Y UZ and Y， ZEC용(X) ， then 

fx lnd (Y U Z)드fy lnd Y +f z lnd Z + 1. 

n " y _ ..... i(~ 
COROLLARY 3. lf X=님Yi' Y ,E C ^ (X ) μr i = 1, 2, n and f Yi lnd Yi드0， 

then fx lnd X드n. 
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