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ON THE LARGE INDUCTIVE DIMENSION OF TYCHONOFF SPACE
By Ali Kandil & M. A. [smail

Introduction

We introduce a large inductive dimension function, f't Ind X for a Tychonoff
space X. We extend some previous results, that are known for normal space to
arbitrary Tychonoff space. Moreover we show that f_Ind X=Ind X for any
normal space X. So that the theory of f Ind of a Tychonoff spaces may be
consider as an extension of the theory of Ind of normal spaces.

In this paper all considered spaces are assumed to be Tychonoff. The family
of all open (closed) subsets of a space X is denoted by 7(z"). For ACX;0 4
denotes the largest open subset of the Stone-cech compactification 8X of X
with the property that O AﬂX =A". The closure of ACX in BX will be denoted

by bA, that is bA=A", and the boundary of A by Fr A.
1. Preliminaries

DEFINITION 1. (i) The subsets A, and 4, of X are said to be completely
separated in X, and we are write A f A, if and only if there exists a con-
tinuous function f: X——TI such that f(Al)= [0} and f(A2)= (1}.

(ii) A subset A of X is called fx~neighb0urh00d of BCX, in symbol A:f)B.
if and only if B f,(X|A4).

(iii) We say that YT X has the property e~. denoting this by YEC*L(X), if
and only if every continuous function f:Y-——1I can be continuously extended
over X.

Using that fx is the finest proximity on a given space (X, t) which is
compatible with z[2], [3] and [4], we deduce the following properties of )

PROPOSITION 1. Let A, A, and A are subsels of X, then:
() A fyA,—> 3B, B,CXSB(A, and B, f,B,.

(@) A S XA2<:/Elf xz._,";‘«bz‘l N164,=¢.

(i) A fyA,—>A,=X|A, and AC(X|A)O.
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@) (XIAl)fx(XlAz):>0A‘UOA,‘—‘ﬂX-

@) If X is normal, then A fy A,&>A NA,=.

(vi) AI?A2=>AIDA2.

(vii) A ;}Az:)A =44, DA

(viii) A DA ::)XIA,,;)XIA

(x) A ?A,,:WI 24, and A, DA 2 . )
(x) A,.fDB'. for i=1, 2, -, 'DIAIID'QB and EADL:JIB
(xi) AI;)A2:>O Al;‘bA i

(xif) bA=BX|0y 4

(xii1) 0,=0 .

(xiv) 80,=bA ¥V Acx.

(x2) 0y, =0,00,.

(xvi) 0L iy :UO

(xvii) If A ﬂA '-;6 and A A::Er, then OA‘UOAg'—*OAlez.
(xviii) Fr O =bFr AVAE'

(xix) If Yec*(X) and A, ACY, then A f A,E>A S A,
(xx) If YEC* (XD, then bx=pY.

DEFINITION 2. Let YCX. The triple (L, Vs Vz)' where V, and V, are
disjoint open subsets of Y, is called f,-partition between A,, A,CY in Y if
and only if Y|L=V UV, and 4, f, (Y |V) for i=1, 2. The following lemma
is obvious,

LEMMA 1. Let YT X and F., F.CY such that F fyF,. If (L, V, V) isa
partition between bF, and bF, in BX (in semse |10), then (LNY, V Y, V,NY)
is a fx—partz'tt'on between F| and F, in Y.

LEMMA 2. Let F ,g,X and F.f F, If (L, V,, V) is a fy-partition
between F I and F2 in X, then (bL, OV, OV_) Is a partition between Mv‘1 and
bF, in BX.

PROOF. From definition 2 we have;
X|L=V1UV2 and Vl%Fr. for =1 2
Let L.=LUV, then it is clear that
LS, F fyF,and L f,L,



On the Large Inductive Dimension of Tychonoff Space 109

Hence 6L bF,=bL,\bF =¢, by proposition (1-ii). Using proposition (1-xii)
we have

bF1<;BX|bL2=Ox!L1=O
and bFEQﬁX[bleong:OVu.
Since VlﬂV2:¢, proposition (1-xv) imply -

0, N0y, =0y .y =8.
Now X|L=V UV, by proposition (1-xvii) we have;
OXH::ﬁXIbLZOVlUV!:OVIUOV,'

Thus the triple (6L, O, O,) is a partition between bF, and bF, in BX.

v,

2. The large inductive of Tychonoff space

DEFINITION 3. Let (X,7) be a Tychonoff space and YCX. The f -large
inductive dimension of ¥, denoted by fy Ind ¥, is defined inductively as
follows:

fy Ind Y=—1 iff Y=¢. For a non-negative integer #, f, Ind Y=< means
that for each pair of subsets F| and F, of Y, for which F f,F, there exists
a f,-partition (L, ¥V, V) between F| and F, in ¥ such that

fy Ind L<n—1,

fx Ind Y=n iff n—1<f, Ind ¥Y=r and

fy Ind Y'=co iff there is no » for which f, Ind ¥ <n.
Using proposition (i-v,xx) and the above definiticn, one may casily prove the
following three theorems:

THEOREM 1: If YEC" (X), then fyInd Y=f, Ind Y.

THEOREM 2. If ZCYCX and YEC (X), then fy Ind Z=f, Ind Z.
THEOREM 3. If X is a normal space, then f, Ind X=1Ind X.
THEOREM 4. If ZCYCX, then fy Ind Z<f, Ind Y.

PROOF. Let f, Ind Y=k For k=—1 the result is trivial. We assume its
validity for 2<»n and suppose k=n.

Let F,, F.CZ be suth that I % Then there exists a f,-partition (Z,
U, U, between F, and F, in ¥, for which f, Ind L=<z—1. Evidently the
triple (LNZ, UlﬂZ, UgﬂZ) is a f -partition between F, and F, in Z, and
hence by inductive assumption,
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fy Ind (LNZ<fy Ind L<n—1.
Thus fylnd Z<f, Ind Y.

COROLLARY 1. If YCX, then f, Ind Y<f, Ind X.
COROLLARY 2. If YEC™(X), then f, Ind Y<f, Ind X.
THEOREM 5. If YCX, then f, Ind Y<Ind bY.

PROOF. Let Ind by=*k, for k= —1 the result is trivial. We assume its validity
for 2<n—1 and suppose that k=n.

Let F1 and F 2 be (closed) subsets of ¥ such that F 1 fo.“,. Then &F , and bF,
are disjoint closed subsets of Y. Thus there exists a partition (L, Vi T
between 6F, and bF, in Y such that Ind L<n-1.

From lemma 1 the triple (LY, V,NY, V,NY) is a f -partition between
F,and F, in Y. Since 4(LNY)ZL, then by theoren 2.2.1 in [1],

Ind 6(LNY)= Ind L<r-1, and hence by inductive assumption

fy Ind LNY)<n-1.
Thus fy Ind Y<n.

COROLLARY. f, Ind X<Ind BX, for every Tychonoff shace X.
THEOREM 6. Ind Y=<f, Ind Y for YCX.

PROOF. It is easy to prove it by applying the induction with respect to f X
Ind ¥, noting that
VPe:, X&F iff (x) £ F.

From theorems 5 and 6 we have
THEOREM 7. ind X<f x Ind X<Ind BX for every Tychonoff space X.
THEOREM 8, If f, Ind X=0, then Ind BX=0.

PROOF. Let F, and F, are disjoint closed subsets of SX. Then FlﬂX and
F,MX are completely separated in X. Since fy Ind X=0, there exists a f,-
partition (L, V,, V,) between F X and F,NX in X such that L=4. By
lemma 2, (4L, Ov,’ 0,) is a partition in SX between F, and F, Thus
Ind BX=0.
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From theorems 8 and 5 we have:

COROLLARY. 1. fy Ind X=0 if and only if Ind BX=0.
From the above corollary, theorem 1, in [5] and theorem 1.6.11 in [1] we have,

COROLLARY 2. f, Ind X=0 iff dim X=0.

THEOREM 9. f, Ind X=<n iff for every (closed) subset F of X and each open
subset U of X such that U?'F, there exists an open subset v” of X such that
U?U%‘?‘F and fy Ind Fr U <n-1.

PROOF. Let f, Ind X<n. Consider a (closed) subset F of X and an open
subset U of X with UF.

Since Ff X(XIU). thé;:n there exists a fx—partition (L, V]. V;a) in X between
F and X|U satisfying f, Ind L<n—1.
Hence X]L=V1UV,_,, V10V2=¢. VI?_})F
and V,2X|U.
Thus by proposition (1-viii), UEX III;QZ‘VIZXF. Since Fr (=10 ¢ |V1)ﬂ(X |V2)
=X|V1UV2=L. then by theorem 4, fx Ind Fr V’lg_f‘,r Ind L<n—1. So the set
V, is the required one.

Conversely, let (X, 7) be a Tychonoff space satisfying the conditions of the
theorem, consider Fl, FECX such that F !fXFg.

By the definition of = we have X IF,_, - F 1

From the given condition, there exists Uer such that X |F,=2U2F, and f,
Ind Fr U<n-1. =

Using proposition 1 it is easy to see that the triple (Fr U, U, X|U) is a f =
partition between F, and F, in X. So that f, Ind X<n.

COROLLARY. Let f, Ind X=n, then for every k=0, 1, 2, -, n—1, The space
X contains a closed subspace Y, such that f, Ind Y =K.

PROOF. The proof of this corollary is similar to the proof of the theorem
1.5.1 in [1].

DEFINITION 4. A f,-base for a Tychonoff space (X, 7) is a subfamily g of
2% such that
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A, fyA, implies the existence of V', V,=8 such that V,2A, for i=1, 2 and
Vi x¥ o
1/x" 2

LEMMA 3. A sub-family ﬁgzx is a fy-base for a Tychonoff space (X, 7) if
and only if .
VFCX, VWV 2 F aLeﬁeVQLQ F.

Iz fx Jfx
PROOF. Let B be a f,-base for (X,7) and F, VCX such that V“F Since
Ff,(X|V), then by proposition (1—2), there exist U,, U,=X such that
Ul;"F, Uz;;‘X |V and U f U,
Since B8 is a fy-base, there exist L, L"&B such that
LoU,, L*2U, and L f, L*
and hence L=C2F, L"2U,2X|V
and 5( IL*’;?L.
From proposition (1-vii, viii) it followts that
L2F, V2X|L® and X|L*2L.
fx fx fx
Thus
VfQL;:)F.
Conversely, let 8 be a sub-family Bf 2% such that Vf;Lf:\F whenever V;;F A
Assuming that F f,F, we have X|F,OF . Thus, there is L&A such that
X|F =L‘F Since XIF DL then XILﬁF and there is L &8 such that X |L
—\L')"'f
fx -
It IS c]ear that Lf L
Thus 8 is a fx—base for (X, 1.

From the above lemma and theorem 8 one can easily prove the following:

THEOREM 10, A space (X, ©) has f  Ind X<n iff it has a fybase B consis-
ting of open sets such f, Ind Fr L<n—1 for every LES.

LEMMA 4. Let (X, 1) be space and Yer., If fy Ind Y=n and P F,_,(;X
such that F1 foz’ then there exists a fx—parh'lz'arz (L, Vl, Vg) between F , and
F2 in X such that fx Ind LNY<n-1.

PROOF. Since F f F, then by propoesition (1-i, ix) there exist U, U,Er such
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that U,2F, and U, f,U, HenceU, ﬂfoffgﬂY. Thus there exists a f,-partition
&t v~ U,) between U,NY and U,NY in ¥ such that £, Ind L*<n—1.

Consider V,=U,UU; and L=X|(V,UV;), then the triple (L, V', V) is f-
partition between F, and F, in X satisfying the condition Lny=L”.

Hence f, Ind LNY<n—1.

THEOREM 11, If X=AlUB and A is an oper in X, then
fy Ind X<f, Ind A+f, Ind B+1.

PROOF. Taking lemma 4 into consideration the proof of this theorem is
similar to the proof of theorem 2.2.5 in [1].

COROLLARY. If X=Y UZ such that Y is closed, then
fy Ind X<f, Ind Y+f, Ind Z+1.

PROOF. Since X=Y UZ=YU(X|Y) and (X|¥<Z, theorcm 11 implies.
fy Ind X=f, Ind YUX|Y)=f, Ind Y+f; Ind (X|Y)+1
From theorem 4 we have f, Ind (X|Y)=f, Ind Z.
Hence fy Ind YUZ)<f, Ind Y+f, Ind Z+1.

COROLLARY 2. If X=YUZ and Y,ZEC* (X), then
fy Ind YUZI<f, Ind Y+f, Ind Z+1.

n
COROLLARY 3. If X=UY,, ¥,€C” (X) for i=1, 2, =, n and f,, Ind ¥ <0,
i
then f, Ind X<n,
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