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NONLINEAR MAPPINGS IN METRIC AND HAUSDORFF SPACES
AND THEIR COMMON FIXED POINT
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Abstract: In the first section of this paper two common fixed point results
for four nonlinear mappings which are pairwise commuting and only two of
them being continuous have been given on a complete metric space and on a
compact metric space respectively which generalize the results of Mukherjee [2]
and Yeh [4]. Further two common fixed point theorems have been established
for two finite families of nonlinear mappings, with only one family being
continuous. In another section we extend Theorem 3 and Theorem 4 of Mukher jee
[2] for common fixed point of four continuous mappings on a Hausdorff space
and on a compact metric space respectively. In the same spaces, these two
results have been further generalized for two finite families of continuous
mappings.

1. Introduction

Mukherjee [2] proved following commen fixed point theorem for a pair of
commuting nonlinear mappings.

THEOREM A. Let f and g be mappings of ¢ complete metric space into itself
with f continuous. Let f and g commute with each other and g(X)—f(X). Alse
let g sasitfy the following condition

d(g(x), gy))<=ad(g®), f(x)+a,d(g(y, f()+ad(glx), f(y)
+a,d(g(y), f(x))+ad(f(x), f(»)
with @, =0 for all i and a,+a,+a,+2a,+a, <1, then f and g have a unique
common fixed point in X.

And Yeh [4] proved a common fixed point result for three continuous map-
pings which goes as follows.

THEOREM B. Le! E,F and T are three continuous self mappings of a com-
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plete metic space (X,d) satisfying the following conditions:
(1) ET=TE, FT=TF, E(X)T(X) and F(X)CT(X),
(2) d(Ex, Fy)<a(d(Tx, Ty))d(Tx, Ty)
+6(d(Tx, Ty))[d(Tx, Ex)+d(Ty, Fy)]
+c(d(Tx, Ty))[d(Tx, Fy)+d(Ty, Ex)].
for all x, y=X, where a, b and ¢ are monolonically decreasing functions from
R into [0, 1] satisfying a(t)-+2b()+2¢(t) <1 for all t=R", then E, F and T
have a unique common fixed poini.

In what follows we give our first common fixed point result for four mappings
under some generalized conditions than that of Mukherjee [2] and Yeh [4].

THEOREM 1. Let f, and g, (i=1,2) be four nonlinear self mappings of a
complete metric space (X, d) with each f, being continuous and let f, and g,
satisfy the following conditions.

B3 fg,=8.fp f.g,=8f, and g, (XDTf(X) for i=1 and 2.

@) d(g,(x), g,(y))<ed(g (x), [,(x))+a,d(g,(y), f,()

+a,d(g,(x), f,(3))+ad(g,(y), f,(x))
+a,d(f,(x), f,(9))
for all x,y=X, where aj‘EO for j=1, -, 5 and .LE,I‘ aj+a3<1. Then all f, and

J:
8; have a unique common fixed poini in X.

PROOF, Let for any arbitrary x,&X x X be such that g,(xp=f,(x) =y,
(say). For this x; let x,=X be such that g,(x,) =f,(x,)=y,(say) and so on.
Therefore in general we have

g,(x,)=f,(%,, . )=2,,.  (say) and
8y (%y,  P=So(%y, D=0, H(say), n=0, 1, -
Now from (4),
d(y, ¥,)=d(g,(x,), g,(%))
<a,d(g,(x,), f,(x,))+a,d(g,(x)), f,(x))
+a,d(g,(x,), f(x))+a,d(g,(x), f,(x,))
+a d(f,(x), f,(x)
which on simplification gives,

r.‘l!-rf.’

a,+a,+a
d(y, J’g)<.—lga—;(Yg. y)

1 ™3
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<erd( ] - a:-,+a3+as
o Vos yl). where Q_W
Similarly in general, we get
d(Yyy Vo, P=0d(y,, .. ¥,,) and
APy Yo ) =@d(95, 55, ) =1, 2, .
Hence the sequence {y ] is Cauchy, since ar<1, let [yn} converges to some to
some t=X due to completeness of X. Therefore
Fon 1= 8y (Fg,) =F, (%gy, )—1 and
Yon10= 82Ky D=Ly (Fg, )1
Not since f1 and f, are continuous, we have by (3) that
&,(f(x, N =F,(8,(%,))=F,(3,,. )—f,{#) and
2,(f1(xy, D=1 1(8,(%5, D =F1 (g, )—F, D
Further denoting 2r by m, we have
d(g,(f,(x,0), &,(f (%, D
<a,d(g,(f,(x,0), f,(f(x,D))
+a,d(g,(fi(x,, D) f,(fi(x, D))
+a,d(g,(f,(x,0), f,(fi(x, . )))
+a,d(g,(fi(x, D) f,(fy(x,)))
+a d(f,(fy(x,0), f,(fi(x, . )))
On taking limits of both the sides of the above after a little simplification,
we get
d(f,(D), fi)=a,d(f,(D), f,(D)+ad(f @), f,())
+a,d(f, (D, i) +ed(f, B, f,(1)
+e d(f,(D), f,(1)
or, (1-a,—a,—a)d(f (1), f,(1))=0
but l1-a,—a 4"“5>0 and therefore
d(f, (1), f,(1)=0, i.e., fi(D=F,@).
Now, d(g,(f,(x,0), g,())<ad(g (f,(x,)), f,(f(x 1))
+a,d(g,(D), f,())+a,d(g,(f,(x D), f())
+a,d(g, (D, f,(fy(x,))+a d(f,(f,(x,0), f,(£))
This on using (3) viz. g,f,=f,g, and then on taking limits of both the sides
gives
d(f,(D), g,(D)=ad(f,(D, f,(D))+a,d(g, (D), f,(1))
+a d(f,(D, fiE))+ad(g, (D, [,
+a d(f,(D), f,(®)
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or, (I1—a,—a)d(f,(), g,(t))=0 since 1—a,—a,>0, we have d(f,(®), g,())=0
or, g,(0=Ff,®)=f,(®). Further
d(g, (D), g,(f\(x, =ad(g (D), f,()
+a,d(g,(f,(x, ). fi(fi(z, ; P +ad(g, ), fi(fi(x, D)
+ad(g,(fi(x, D). f,(D)+ad(f,). fi(f(x,. D))
Using g.f,=18, in the above we have in the limiting case
d(g, (O, f(D)=ad(g,®, f,(O)+a,d(f ), f,(1)
+a,d(g (D, fi (D) +ad(f ), f,()
+ad(f,(1), f,()
or, (1-a,—a)d(g (), f, (<0 but 1-a,—a,<0, therefore we have
d(g,(D). f(D)I=0, i.e., g DO=F,D.
Thus we have gl(t) =f1(t) =f2(t) =g,(®) (5)
Next we show that g, ()=F£,(£), i, j=1, 2 is the unique common fixed point
of f, and g,.
By (3, f,(g,())=g,(f,())=g,(g,()), therefore
d(g,(g,(). g,())<ad(g,(g,®), f,(g,())+a,d(g,(D). f(D)
+a,d(d (g,(). f,(D)+ad(g,®), f,(g, (D))
+ad(f,(g, (1)), f,()
or, (1—a3—a4—as)d(gl(gl(t)), gl(t))SO as l—a,—a,—a.>0, we have
d(g,(g,(®), g@)=0, i.e., g (g,®)=g,@.
Further since
f,Cg, (D) =F,(g,(t))=g,(f,())=g,(g,())
then putting x=¢ and y=g,(t) in (4), we can similarly show that g,(g,(£))=
g, (). Thus f,(g,(0)=Ff (g,())=g,(fi())=g,(g,(D))=g, () and f,(g,(D))=
g,(f,())=g,(g,D))=g,®. Hence £,(D) is a common fixed point of g,. g.. i
and fg. Therefore by (5) we claim that gz(t)zf._,(t) =f1(t)=gl(t) is a common
fixed point of gy &» f, and § o To show uniqueness let g[(s)=g2(5)=f1(s)=
£,(8) be another common fixed point of g, &, f,and £, then
d(g,(®, g,(s))<a,d(g, (D), f,(D)+a,d(g,(s), f,(s))
+a,d(g, (D, f,(s))+a,d(g,(), f,(1))
+ad(f, (D), f,(s))
or, (1-a,—a,—a)d(g,(t), g,(s))<0, since l-a,—-a,~a,>0, we have the
required result.

Further if we take (x, d) to be a compact metric space in the above theorem,
we have the following result, which we state without proof.
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THEOREM 2. Let f, and g, i=1, 2 be four nonlinear self mappings of a
compact metric space (X, d) with each f; being continuous. Let f, and g, satisfy
the following conditions

(6) f18,=8,f f.8,=8,f,ond g (X)CTf(X) for i=1 and 2

(1) d(g,(®). g,0))=ad(g,(x), f,(x))+a,d(g,(»). f,(4))

+a,d(g,(x), f,(y)2+a,d(g,(y), Fo(®))
+ad(f,(x), f,(3))
for all x, y=X, where ajEO. j=1, -, 5 with Jgaj+a3:1. Then all f, and g,

have a unique common fixed point in X.

REMARK 1. Taking fJ: f2 and g,=g, we get Theorem 1 and Theorem 2 of
Mukherjee [2] as corollaries of our Theorem 1 and Theorem 2 respectively.

REMARK 2. Taking g,=E, g,=F, f,=f,=T and ¢,=q, a,=a,=b and a,=a,
=c¢ in our Theorem 1, we have a generalized result of Yeh [4] with a simplifi-
cation that ¢, b and ¢ are real constants there. If we further take g, and g,
continuous, then the proof becomes much easier.

THEOREM 3. Let {fl.} and (gj.}. i=1, 2, -, Bk, k=N fixed, be two finile
families of nonlinear self mappings of a complete metric space (X, d) with each
X being continuous. Let f, and g, salisfy the following conditions

(8 f.,-gj=g'£f,.. i#j for i, j=1, 2, «, k, g (X)Cf.(X) for each i and that a
pair of maps f, and g; i#j, is one to one,

(9) d(g,(x), g;(3)<ad(g,(x), f;(x))+ad(g (. f,()

+agd(g,(0), f,(»)+adg,(. f;()
+a d(f,(0), £,
for all x, yEX, i, j=1, 2, -, k with i7#j, where aﬁ?-‘-_“O. p=1, =, 5 with

B

,}:{aﬁ-l-aq <1. Then all the mappings of both the families {f’.} and {g‘r.] have «a
b= ‘
unique common fixed point in X.

PROOF. Let g, and f, are one to one. Consider f,, g, and f,_), g, the four
mappings satisfying (8) and (9), then by Theorem 1 we have a unique common
fixed point for this set of four mappings. Let the fixed point be gl(t). Similarly
taking fl. £ and f,, g, to be the next set of four mappings satisfying (8) and
(9), we get g,(s) (say) as the unique common fixed point of f;» & and f,, g,
by Theorem 1. Now g, f,=f,g, gives that
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or, 8,(f,(g, (D)) =F,(g,(g,()
£,(g,(f,(ON=£,(g,())=g,(f,(s))

since g, is one we therefore have
g,(f,()=f,(s)

i.e., f,(s) is also a fixed point of g,. Then by .the uniqueness of the common
fixed point of f|, &, &, f, we have f,(s)=f,(t) (from (5)). Then it follows
from f, being one to one that s=¢ and thus both the sets of four mappings
have a unique common fixed point, viz., fl.(i)=gj(t). i,7=1,2,3. Similarly
for every pair of four mappings f,, &, f, &, and f. g,. f,. g where f, and
g, vary over the rest of the members of the two families f; and g, of mappings
respectively, we get the same unique common fixed point and hence the result.

In a compact metric space we have the following result.

THEOREM 4. Let (f,} and [g'.}. =1, 2, -, k, k=N fixed, be two finite
families of nonlinear self mappings of a compact metric space (X, d) with each
f; being continuous. Let f, and g, satisfy the following conditions.

(10) figjzgjf‘.. i#j for i, j=1, 2, -, k, g(X)f(X) for each i and that
a pair of maps f, and g i7#] is one to one.

(D d(g;(x), g;(»)=a,d(g,(x), f;(x))+a,d(g,(y). f,(3)

+a,d(g,(x). f,(9) +a4d(g,-(y). f,-(x))

+ad(f (0, f,0) )
for all x, y=X, i, j=1, 2, -, k with i#j, where apzo with‘gi‘ap+ag*:l. Then
all the mappings of both the families | f'.} and !g'.] have a unique common fixed
point in X.

2. In this section we generalize Theorem 3 and theorem 4 of Mukherjee [2]
for common fixed point of four mappings on a Hausdorffspace and on a compact
metric space respectively. Further the results have been generalized for two
finite families of continuous mappings.

THEOREM 5. Let for i=1,2 f, and g, be four continuous mappings of a Haus-
dorff space X into itself. Let f,8,=8,f f.8,=8,f, and &, (X)Cf (X) for each
i. Let F: XxX——R be a continuous Sunction satisfying

aF(f,(), g,(3) [1+F(f(x), g,(x))]
(12) F(g,(»), g,(»)< T+ F(f,@, 7,00
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+BF(f,(0), f,(0)

Sfor all x, y=X, where a0, >0 with e+5<1. And F(u, u)=0 for all u=X.
For any xOEX. we define a sequence (y | as follows

Let xIEX be such that g (x)=f (x )=y, and similarly x,=X be such that
8 (x)= fz(x2)= Y, and so on.

In general g (sz) =fl(x2” 3 l) s R

8%y, ) =F By D) =Py #=0, L oo

If the sequence {yn} has a convergent subsequence of the lype {ym N p}, where
p=0, 1 and 2, converging to some t=X for each p, then f'.(t)= g}.(t). i, j=1, 2
is the unique common fixed point of all f,and g,

PROOF. By omitting point and relabelling if necessary, we may suppose that
cither all the n,s are all even or all odd. Let us suppose that each n, is
even. Denoting #, by m, we have

fl(xm).___.t' f‘.!(xm -‘1) —h fl(xm : ‘.’.) —¢ and
& (x, )t gy(x,)—tand g/(x, )t
Now, since f,, g i#j for 7, j=1, 2 commute, we get
fi(gy(x,))=g,(f(x,)) and f,(g,(x, . ))=g (f(x, ).
Taking limits of the above as each f, and g, is continuous, we have
fiO=g,() and f,()=g (D
We claim that gI(t)=g2(t). For if it is not so, then by (12), we have
a F(f,(5), g,() [1+F(f,(t), g, ()]
Fg,®, g,N= I+F(f,®. F,a)
+BF(f,(D, f,()
or, (1-B)F(g, (), g,(H))<0but 1-5>0, therefore F(g (). g,(1))=0 i.e. g,®
=g,(®), and hence
(13) f,.(t)=£’,-(t). i, =1, 2, =
Now

_ aFUD. g0 L+FCf,(g,0), g,g,®ON]
F(g,(g,®). g,()= 1+F (78,0, £,

+BF (L, (D). £,
or, (1-AF(g,(g,(1). g,<0, but (1-H>0, therefore g,(g,()=g,(®.
Further

@ F U0, 8,8, ON L+FUD, g,0))
FI0 Gy e ICAONFACAO)

+BF(f, (D, f,(g,(1)))
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Using f,(g,®)=f,(g,())=g,(f,())=g,(g,(®)) and f,()=g () in the above,
we get
(1-8) F(g,®). g,(g,(1))=0
and therefore g,(g,(1))=g,(®, since §<1.
New, )
(g, () =f,(g, () =g,(f,(D)=g,(g,())=g,D)
and f.(g, ) =g,(f,())=g,(g,))=g, D).

Thus g,(#) is the common fixed point of f,, f,, g, &, and therefore from
(13) f,.(t)zgj(t). {, j=1, 2 is a common fixed point of f,, f,, &, g, Toshow
uniqueness let fi(t):gj(t)=z (say) and f'.(s)=gj(s)=q(say) be two common
fixed points of all f; and g. Then from (12) we have

a F(fi(@, g,(@))[1+F(f,(2), g, ()]
F(g,(2), g,()= T FCf @ f,@) e
+B8F(f,(2), f1(@)
or, F(z, Q)<BF(z q)
Since 5<1, we get that z=¢ and hence the result.

In a compact metric space we have the following result.

THEOREM 6. Let f‘. and g i=1, 2, be four continuous mappings of a com-
pact metric space (X, d) into itself. Lel f,g,=g.f, [.8,=8,f,and g,.(X)Cf’.{X)
for each i. Let f, and g, satisfy

ad(f,(»), g, [1+d(f,(x), g,(¥))]
d(g,(x), g,(»)= 174,00, £,00)
+8d(f, ). £,(0)
for all x, y=X, where o, >0 with a+5=1. Then all f; and g. have a unique
common fixed point in X.

REMARK 3. If we take f,=f, and g,=g, in Theorems 5 and 6, we get Theo-
rems 3 and 4 or Mukherjee |2| respectively as our corollaries.

THEOREM 7. Let for i=1, 2, -, k, k=N fixed, {f,} and lg,) be two finite
Sfamilies of coniinuwous mappings on @ Hausdorff space X into itself. Let f,.gj:
g}.ff. i#j for i, j=1, 2, . k, and g'.(X)Cf'.(X) for each i. Let F:XxX
——R  be a continuous function satisfying

aF(f,(»), g.()1+F(f (%), g.(x))]
F(g.(x), g. R S | B J i
(g,(x), g;,0)= L+ F (@, 7,00
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+BF (), £,00)
for all x, y=X and for each pair (i,j) with i#j, where a, 30 with a+5<1,
and F(u, u)=0 for all u=X. For any xOEX and for each pair (i, j) with
i#j, define a sequence [yn} as follows let xleX be such that g,.(.to) =fl.(x )=%s
let x,=X be such that gj(xl) = fj(xz) =y, and so on.
In general g:'(x.?n) =f;(x,, " 1) =Y et1’
8 (%o, D=F;(Hop D =Vpy 0 #=0, 1, oo
If this sequence (y ) has a convergent subsequence of the lype {y”' -i—p]’ where
p=0, 1 and 2, converging to some t=X for each p, and if a pair of maps ¥
and gp i#j, is one to one, then fi(t)=gj(f). i, j=1, 2, -, k is the unique
common fixed point of all f'. and g.

PROOF. The proof of the above theorem follows from that of Theorem 5 and
Theorem 3.

In a compact metric space (X, d) we have the following result.

THEOREM. 8. Let for i=1, 2, -, k, k=N fixed, [f,.} and [gi] be two finite
families of continuous mappings on a compact metric space (X, d) into itself.
Let fr.gj:gjf,., i#j for i, j=1, 2, . k, and gl.(X)Cf'.(X) Jor each i. Let
for each pair (i, j) with i#j f, and g; satisfy

ad(f,(», gj(y)) [l-i-d(fj(x), g,(x))]
R S B [ N A () -
+Bd(Sf (), £,
for all x,y=X, where @, B=0 with a+f=1. Further if a pair of maps f, and
g i5j, is one to one then all fa. and g, have @ unique common fixed point in X.
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