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NONLINEAR MAPPINGS IN METRIC AND HAUSDORFF SPACES 

AND THEIR COMMON f 'IXED POINT 

Br Tanmoy Som싸 

Abstract : ln thc first scction of th is papcr two common fixed point results 

for four nonlincar mappings 、，vh ich arc pairwise commuti ng and only two of 

them being continuous havc bccn givcn on a complctc mctric spacc and 00 a 

compact metric space respcctivcly wh ich gcncra lizc thc rcsults of Mukherjcc f2] 

and Y ch [4J . Furthcr t\\'o common f ixed point thcorems havc becn cstabl ished 

for two f in itc familics of non li near mappings, 、vith only one fam ily be ing 

continuous. In anothcr sect ion we cxtend Thcorem 3 and Thcorem 4 of Mukherjee 

[2J for common fixed point of fo ur continuous mappings on a Hausdorff spacc 

and on a compact mctr ic spacc respec lÎvcly. tn the same spaces. these two 

results ha、 e been further generalized for two fin itc fam il ies of continuous 

mappmgs. 

J. Int roduction 

M ukhcr jce [2J provcd f 0 110、ving common fixcd point thcorem for a pair of 

commuting nonlinear mappings. 

THEORE~I A. Lel f and g be maþþings of a co…þlele melric sþace inlo itself 

wilh f conlinnons. Lel f and g co’I/1l1l1 le wil" each olher and g (X )Cf( X ). Also 

lel g sasilf y Ihe f ollowing conditio’‘ 
d(g(x) , g (y)) <;a1d(g (x ) . f (x )) +인d(g(y) . f (y) )+a3d(g( x) , f (y)) 

+oß(g(y) , f (x )) +a5d(j(x ) , f (y) ) 

wil" 0 ,:2:0 for all i and a1 + a
2
+ a3+ 2a.+a5<1. Ihen f and g hat'e a IIniqνe 

common fixed þoint in X. 

And Yeh [4J pro\'cd a common fixcd point resul t for three continuous map

pings which gocs as follo\\" s. 

THEOR E'II B. Let E ‘ F and T are '"ree contin1lous self mappi l1 gs 01 0. rmJl • 

‘ \\"ork supported b、 CSIR-SRF-GRA t\T Rn. 9/13(28)/83/EMR-1 
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plete metic space (X , d ) satisfy…g t lze foll olOi ng cO /l ditions 

(1 ) ET = TE , FT = TF , E(X)πT(X) a/ld F(X)c二T(X) ，

(2) d(Ex , Fy)드a(d(Tx， T y))d(T .T , Ty ) 

+b (d (T x , T y)) [d (T x , ExH d (T y , F y)] 

+c(d (T x , T y)) [d (Tx , F y) + d (Ty , Ex)] . 

for all x , yεX， tolzere a, b and c are monolonically decreasing fu 1tctions from 

R+ into [0, 1] salisfying a(t) + 2b(t) +2c(t) < 1 for alll E R+ , t/zen E. F and T 

have a ttniqlle common f t'xed polnt. 

1n what follows we give our fir st common f ixed point resu lt for fo ur mappings 

under some generali zed conditions than that of Mukherjee [2] and Yeh [4] . 

THEOREM l. Lel f ‘ and g1 , (t= L2) be four nmilt flear self mapptngs of a 

complele 11lel r ic space ( X , d) wilh each f i being conlin1<o’“ and lel f i and g i 

salisfy the following condilions. 

(3) fjg2= g2fl' f~j =g/2 and g ,cX )Cf ,cX ) for i = l and 2 

(4) d (gj ( x ) , g z(y)) ::;;ajd (gj (x ) , f zCx)) + a2d (gzCy ) . f j (y)) 

+ a
3
d (gj (x ) . f j(y)) + a4d (gz(y) . f 2(x)) 

+ a5d (JzCx) , f j (y)) 
5 

for all x , yEX , where aj드O f or l = 1 5 and g al + a3< 1 The” alI 지 and 

gi have a unique cQmmon fixed þ()1:nt in X. 

PROOP. Lct for any arbitrary xoEX xj t=X bc such that gl(x~=f1 (.직) =yj 

(say) . For thi s "1 Ict x2EX bc such that g zCXj) = f 2(x2) = Y2(say) and so 011. 

Thereforc in general wc havc 

gl (x2) =f j(X2,,+I) =Y2.+j(say) and 

g2( XZ’ - 1) =f2(xkT강 =Y2.+2(say) , π = 0, 1. 
Now [rom (4), 

d (Y3' y z) = d (g j(x2) , g 2(x1)) 

드ajd (gl (x카 ， f zCx2)) + a2d (g 2(x j) , f j(x 1)) 

+ a
3
d (g l (x강 ， f 1 (x1)) + a

4
d(g 2(x j) , f 2(:{2)) 

+ a
5
d (J2(.t

2
) , f j (x 1)) 

which on simplification gives. 
a_+ a ↓η 

d (y" Yo)ζ 으 . -3 . -효 (Y?， Y.) 
3' J2" 1- a. a"d 1 -3 
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an + an+a 3' " '5 
드αd(yo' y ,) . whcrc a=-二~--:--"<1

~ • .Tl'" .----- -- 1-a_-a 
1 -3 

Similarl y in gencra l. we get 

d (Y2.. yZ서1)<αd(yz._ I • Y2) and 

d(Y2. ~ I' Y 2H2) $ ad(Y2n'Y2n+ I) ' n = 1, 2, 2,, '.T 2,,+ 1 
Hence the sequence {Y,,) is Cauchy, since α < 1, let {y ,, ) converges to some to 

some IE X due to completeness of X. Therefore 

Y'2，’ ~ 1=gl (x2n)=/I (X2.+ I)~1 and 
y2" .... 2= gZ(xZn .l. 1) = f Z( xZn +2)-• 1. 

I\ot since I 1 and 1
2 

are continuous, 、，ve have by (3) that 

g l ( / 2(x2.)) = l / g l (x 2. )) = 12(Y2.+I) - • '/ zCt) and 

g 2(fI( X2• • 1)) = / 1 ( g2( xZ. + I)) =11 (Yz' +2)一→I1 (t) . 
Further denoting 2.. by m , we havc 

d (g l(fz(x.)). gz(fl(x""I)) 

$ ald (gl (fZ(x",)), Iz(fz(x.‘))) 

+ a2d ( g z(f1 (x . ’T ' )) ' 11 (fI (xm ~ ' ))) 
+ a3d (g l(fZ(X,)), I ,(f, (x", + ,))) 

+ a4d (g z(fl(x",+ ,)), I zCl z(x",))) 

+ a5d (fZ(f2(.<,)) , 지 (/1 (x"‘ , 1))) 

On taking Iimits of both the sides of the above after a Ii ttle simplifi cation, 
、，vc gct 

d(fZ(t), 1 , (1))드a/(fz(t) , I zCt) )+azd (f, (t) , 1 1(1)) 

+a3d(j z(t) , 1 , (t ))+a4d(f1 (1), 1 2(1)) 

+ o5d (fZ(t) , 1, (1)) 
or, (1- o3-a4- a5)d (f,(t ), IZ(I))드O 

but 1- a3-a. - a5>0 and thercforc 

d(fl (t), 1 ,(1)) =0, i. c. , 1 ,(t) =I zC!) . 
1\0κ d (g ,(fz(x ,)), gzCl))드ald (gl (fz(x’.)), IZ(fz(x"’))) 

+ azd(gp) , 1 / I)) + o3d (g ,(fZ(x ,)), 11 (t)) 

+ a4d(gzCt). I z(fz(x…)))+asd (fzC l z(x",)) , 1 ,(1)) 

This on using (3) viz. g/z=/~1 and then on taking limits of both thc s'dcs 

glvcs 
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or, (I -a2-a4)dUp) , gzCl))드:0 sincc l-a2-a4> 0, \\"e have d(f2(t) , gZ(t ))=O 

or, gZ(I)=직(t) = / , (1) . Purther 

d(g , (1), g2U , (x"’→，))드a ，d(g ， (1) , 1/ 1)) 

+al(g2U,(X ., ,)) . I ,U ,(X"'tl)))+ 03d(g ,(I), I ,U ,(x ", ,))) 

+a4d(g2(f, (X…+1)) ' 12(I)) +a5dU2(J) , I ,U ,(x"’ ,))) 
Vsing g2/ , = / ,g2 in thc abovc 、、 c havc in thc limiting casc 

d (g , (t) . 1 , (1)) 드o ，d (g ， (I) . 12(1) )+a2dU,(t) . 1 , (1)) 

+ a3d(g ,(t), 1 ,(t))+a,d(f,(I ), I zCl)) 
+ a5d (fz(t), 1,(1)) 

0 1'. (J -aJ-a)d(g,(t). 1， (1))드o but l -a , - a3 <0, thcrcforc ‘\'C havc 

d(g ,(I) , 1 ,(1 ))=0, i. c .. g ,(t)=/ ,(I) . 

Thus \\'c havc g , (1) = /, ( t) =I z(t) = gzCl) (5) 

Kcxl we show thal g .. (I)=지(1). i. j = 1, 2 is thc uniquc common fixed point 

of 1 .. and g ... 

ßy (3) , 지(g， (1)) = g , U 2(1)) = g/g , (1)) , thereforc 

d(g ,(g ,(I)) , gP))드a ，d(g ， (g ， (I))， I zCg ,(t))) + ozd(gzCl) , 1 , (1)) 

+ a3d (d ,(gl (I)) , 1 1(1 ))+a.d (gzCt ) , 12(gl (I))) 

+ a5d(f2(gl (1 )) , / 1(1)) 

or. (I - a3- a
4
-a

5
)d (g ,(gl(t)), gl (t))드o as l-a3-a.-a

5
> 0. wc havc 

d(gl(g l(1)) , g , (t) )=O, i. c.. g ,(g ,(t) )=g ,(I) . 

Further since 

/ 1 (g l (1) ) =1 , (gzCt )) = g zC / 1 (1)) = g zCg , (1)) 

thcn pulting x =1 and y = g , (1) in (4) , wc can similarly show that g zCg ,(I))= 

g ,(t) . Thus 1 ,(g ,(t))=/ ,(g2(I)) = g ZU ,(I))=g / gl (1 ))=gl (1 ) and 자(g， (t) )= 

g， (자(I))=gl (gl (t) )=g ， (t) . Hence g l(t) is a common fixed point of gl' g2' 지 

and 12, Thcrcforc b)' (5) \\"e claim lhal gzC!) =자(t) = /,(t ) = g ,(I) is a common 

fixcd point of g ,. gz' 1 , and I z. '1'0 show uniqucncss Ict g ,(s)=g/s)=/ ,(s) = 

12(s) bc anothcr common fixcd point of g " g2' 1 , and 12, lhcn 

d (g ,(t) ‘ gz(s))드'a，d(g， (1), 자(1)) • al(g þ) . I ,(s)) 

+ 03d(g ,(t) , 1 ,(s))+a.d(g2(s) . 1 / 1)) 

+05d(자(t) . 1, (s)) 

or. (1一 a3 -a.-a)d(g ， (t) ， gzCs))날0， sincc l - 03- a.-05> O, “ c havc lhc 
rcqu ircd rcsu lt. 

Furthcr if wc takc ( x , d ) 10 be a compacl mClric sl,acc in thc abo\'c thco rcm. 

wc ha、 c thc follo\\'ing re5ult. which wc stale without proo f. 
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THEOREM 2. Let f , and g!, t=1, 2 be foxr nORltteaT self mapptngs of a 

C01Jψact /IIetric sþace (X , d) wilh each 지 bei’ng co/!tinuous. Lel f , and g, salisfy 

IIIe following conditions 

(6) f ,g2= g2f1' f2g， = g，자aηd gI (X)Ifl (X) for t= l mid 2 

(7) d(g/x) , g/y) )드a，d(g， (x) ， f2(x))+~2d (g2(Y)) ' f ,(y)) 

+ a3d (g2(X) , f ,(y))+a,d(g zCy) , f ,(x)) 

+a5d <JzCx ) ,J/y)) 
5 

for all x , yE X , wllere a 르0， j = 1. 5 1Oil" ε:-a ， + a，= 1. 
i"~í-j , -3 

Izave a unique common fixed point in X .. 

Then all f , and g, 

REMARK 1. Taking f ,=f 2 and g,= g2' we get Theorem 1 and Theorem 20f 

Mukherjee [2] as corollaries of Ollr Theorem 1 and Theorem 2 respectivcJy 

REMARK 2. Taki멍 g, = E. g2= F , f , =f 2= T and a5=a , a, =a2=b and a3= a4 

=c in our Thcorcm 1, we havc a genera1ized result of Yeh [4] with a simplifi

cation that a. b and c arc rcaI constants thcrc. If wc furthcr takc g , and g2 

continuous, thcn the proof becomcs much casicr. 

THEORE꺼 3. Let {f t} and lg l}, t = l , 2, , k, kg N f txcd, be tlUO flrltte 

fami!ies of non!inear self lIIaþþings of a comþ!ete 1I/etric sþace (X , d) with each 

f , being continuous. Let f i and gi satisfy the fo llolOing cO/,ditions 

(8) figj = g ,J" i낯l for t , j = 1, 2, , , k g t(X)Ef l(X) for each j and thot a 

patr of ,,taps f, mzd gl ’ i ~ j , is one to one, 

(9) d(g,(x) , g/y))드a， d(g，(x) ， f / x))+a3d(g / y ) . 지(y)) 

+ a3d(g ,(x) . f ,(y))+ a,d(g/y). 지(x)) 

+a
5d<J/x ). f ,cy)) 

j앙r all x , yE X , i , j = 1. 2, k with i ,p j , 10here a슴O. þ = I , ‘ • 5 lOith 

￡%+a3 < l. TIlet all the 1llappt’'gs of both tlze fa1llilies f지 ) aηd fg ,) have a 

1lnique common fixed point in X .. 

PROOF. Lct g, and f 2 are onc to onc. Consider f 1' g, and f 2, g2 thc four 

mappings satisfyiog (8) aod (9). thcn by Theorem 1 we have a unique common 

fixcd point for this set of fOllr mappings. Lct thc f ixed point be g ,(t). Similarly 

taking f ,. g , and f 3' g3 to bc thc ncxt sct of four mappings satisfying (8) and 

(9) , wc gct g,(s) (say) as thc uniquc common fixed point of f " g, and f 3’ g3 

by Thcorcm 1. Now gJ2= f 2g, gives that 
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or , g 1 (f2(gl (S))) = f 2(gl (gl (S))) 

g 1 (g 1 (f2(S))) =f 2(gl (S)) = g 1 U/S)) 

smcc g J lS Qnc 、ve thcrcfore ha ve 

g 1 (f2(S)) =f 2(s) 

i. C. , f 2(s) is al so a fixed point of g l' Thcn by.the uniqueness of thc common 

f“IXC띠d po이om따t 0이f j.끼l' g윈l'’ g윌2'’ f 2 
、we ha、v잉’밍c f2(sωs) =f.져~(“ωt) (from (5)η) . T까깨' 1꺼hcnπt fo이메11 0\\‘”π‘，. 

from f o being onc to one that s=t and thus both thc scts of four mappings 

ha、 e a unlquc common flXCd POInt, Vlz, , ft (t)=g l(1) , 1, j = L 2, 3. Slrnllarly 

fo r C\'ery pair of four mappings 지， g l’ f 2, g z and 지， g l’ 지 . g ,. wherc 지 and 
g i vary 0、 cr thc rcst of thc mcmbcrs of the ω o familics 끼 and g i of mappings 

respecti\'cly, “ c get thc samc uniquc common fi xed point and hence the resu lt, 

1n a compac t mctric spacc 、‘ c ha vc thc fo llo“ in g rcsult, 

1‘HEORE서 4. Lel 이l and lg ,} , t = l , 2, , k , KE N ftxed, be two fhiltc 
famili e .. of nO /l linear se!f lIIappings of a compacl melric space (X , d ) wilh eac ft 

지 being continuous. Lμc“t f i a…and gκ’ satisfy t“띠!ze ιμfo!이11010…‘vl…’JlIt‘g cond이I“…t“'0…ons 
( 10) ζg윈i=gκl지’ i낯j for i , j = I , 2, k , gi(X )Cfi (X ) for eac !z i and Iftal 

a patr of ”laps fI and gl. l * 1 ’5 one to one. 

( 11 ) d(g,cx) , g/y))드a1d(gi (X) ， 끼(x)) +a2d(glω， 지 (y)) 

+ a3d(g ‘ (x ) , fi (y ))+a.d (gj (Y) , f/ ;r)) 

+ asd(f/;r) , f ,<Y)) 
5 

for all x , yEX , i , j = 1. 2, k ,"i ll. i -;é j , 1Ofte,e ap늘o wit!zε:'a .+ a.= 1. Tften p7!- Þ . -2 

all Ihe 1I1appings of boll. Ifte families {지1 and (g il ftave a 11’'uquc co’”’1I0n fi ;red 

point in X . 

2. In th is section ‘.vc gcneralize Theorem 3 and theorem 4 of Mukherjee [21 
for common fixed point of four mappings on a Hausdorffspace and on a compact 

mctric space respectively. Further the results havc been generalized for two 
finite families of continuous mappings 

THEORE~I 5. Lel for i = 1, 2 f i and g i be f01lr conlin“。1IS mappings of a Halts

dorff space X inlo ilself. Lel f1g2= g2fl' f Zg 1 = gl자 and gi(X)ζ지(X) for each 

i. Lel F: X X X - R be a cO/l lin1lo1ls f 1lnclion satisfying 

aF(지 (y) ， glY)) [I+ F (f2(;r) , g l(x ))) 
(J잉 F (gl (X) , gz(Y))드 l+FUl x ) , f

1
(y)) 
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+βFU2(x) ， f , (y )) 

for all x , yeX, where a , β;:::0 wilh a +ß < l. Aηd F (tt, “ ) = 0 for all llEX. 

For OI'Y xoEX , we define a seqttence (Ynl as fo l/ows 

Lel x1EX be s!lch Ihal g，(갱 =f/x，)=y" and silllila서Y x2εX be sltch Ihal 

g ,cx1)=f 2(xZ)=yz' a,‘d so 0ι 

JII general gl (x2. ) = f 1 (x2• ,) = YZo 1’ 

gz(x김 + ,) = fZ(1'2. +강 =Y2n 2' n =O, 1. 
If the scqnence {Yn} has a coyzuergent S1tbscq?tcncτ of Ihe Iyþe (Y". +pl , where 

þ=O, 1 and 2, ωnver양ng to some t강 for each þ. Ihen 지(t)=gl(t) ， t , j = l , 2 

is the ttniqtlc common fixed þoint 01 a/l 지 and g ,. 

PROOF. By omitting point and rclabclling if ncccssary , \\'c may supposc that 

cithcr all the n.s arc all cvcn or all odd. I.et us supposc that each ". is 

c、 en. Dcnoting n. by …, wc ha\'c 

f/.<", )- 'I. f Z(x .. + 1)-• 1, 지(x"， z)--I and 

gl (X
II’

_ I)-..t, g2(x,)-..t and gt (xm .... )-t. 

J\ow, sincc f i , g j ’ i ;éj for i. j = 1, 2 commutc. \\'c gct 

f1 (g2(X"’)) = g/f， (x끼)) and fz(g， (x"， ~ ，))= g，C!zC1'’" 1)) ' 
Taking limits of thc abovc as cach 지 and g ,. is continuous. we ha\'e 

f , (1) = g /1) and fz (t) = g , (t) 

\Vc c1aim that g,(I)=gz(t ) . For Ij il is nol so , then by (1잉. \\'c have 

a FU, (I ) , gz(t)) [1 + F C!zCt) , gl (t ))] 
F (g , (t) , gzCt))드 1+ FUzCt) . f , (I)) 

+β F C!z(t) , f , (t)) 

Or. (l -ß)F(g,(t) , gzCt))드Obut1-ß> 0. thcrc forc F (g ,(t) , gz(t ))=O i.c. g ,(t) 

= gz(t), and hencc 

(l3) fi(t)=gj(t) , t, 1= l , 2, 

~O\V 

a F C!, (t) , g2(t )) [1+ FUz(g , (I )) , g , (g , (t))) ] 
F (g , (g , (t)) , 원t))드 l;F찌(gl(t)) ， fl (t)) l l 

+ß F C!2(g ,(t)). f ,(t)) 

or, (1 -β)F (g， (gl (t)) ， g ，(t))드0， but (1 -β)> 0， thereforc g , (g ,(t))=g/I). 

Furthcr 

F(g,(t) , 
a FU, (g ,(t)), g zCg ,(t))) [1+ FUzCt). g ,(t) ) ] 

gz(g，(t)))드 1+FC!2(1). f， (g，ω~))-

4β F C!2(t) , 지(g，(t))) 
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Using f /g, (t)) =f , (gzC! )) = g zC f , (1)) =gzCg ,(t)) and f 2(t) = g/ l) in the abovc , 

、;vc get 

(1 -ß) F (g/t) , g2(g，(t)))드O 

and therefore g zCg ,(I) )=g ,(I), since β<1. 

Kcw, 

f , (g , (1)) = f , (g2(t )) = g2U , (1)) = g2(g, (t)) = g , (1) 

and f zCg , (1)) = g , U zCl)) = g / g , ( / )) = g , (1) . 

Thus g ,(1) is the common fixed point of f " f 2, g" g2 and therefore from 

(13) 지(t)= g/l)， i , j = I , 2 is a common fixcd point of f ,’ f 2, gl' g2' To show 

umqucne잃 let fi (t)=g1(t) = z (say) and f ,(s)=gl(s)=q(say) be two common 

fixed poll1ts of all fi and gl. Then f rom ( l2) W℃ have 

a F(끼 (q) ， gz(q))[l+ FU2“
) , g,(z ))] 

F (gl(Z) , g써))드 l+ F (fzCz) , f파)) 

+β FU,(z) , f/q) ) 

or, F (z, q)5;ß F (z , q) 

Sincc β <1. we get that z = q and hencc the result 

In a compact mctric spacc wc have the foIlowing result. 

THEORD1 6. Lel f i and gi' i = I, 2, be fOllr conlinllotls 1IIaþþings of a C01ll' 

þacl melric sþace (X , d) inlo ilself. Lcl f ,g2= g2fl' f# , = g , f 2 and g ,cX )Cf i(X ) 

fOT cach i. Lel f i and gi salisfy 

a dU,(y), g?(y)) [l+d(fo(x) , g ,(X) )] 
d(g,(x) , g2(y))$; ‘ - “ 

2V//~ l + dU?(x) , f /Y)) 

+β d(f2(.<) , f1 (Y)) 

fOT all x , yEX , 씨eγe a , ß三o wilh α+β= 1. Theη all fl aRd g l ha% a 1tUtq% 

C011Imon fixed Þ이씨 i1Z X 

RE~IARK 3. lf wc takc 지=자 and g,= g2 in Thcorcms 5 and 6, wc get Thco. 

rcm s 3 and 4 or Mukherjee 121 respectivcJy as our corollarics. 

THEORDI 7. Lel fOT i = I , 2, k , kεN fixed , {f ,l aRd {gil be ttUo flttte 

fa l1l ilies 01 continuous 끼aþþings on a H allsdor，ιf sþace X inlo ilselι Lel f igj= 

g/,. i낯j fOT ι j = l. 2. k, aκd gi(X)ζr，(X) fOT each i. Lel F: X x X 

R be a continuozes f1mcUon satisfying 

a F (f,(y) , g ;Cy)) [1+ F (f;CX) , g , (x ))] 

F(g자) ， gjω)드---수가+〉(fJ(” ’ f i(y)) 
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+ßF(지(，，)， 지 (y)) 

for all ", yEX and for each þair Ci, j ) with i낯j. where a. β늘o with a+β<1. 

and F (u , 1I) = 0 for all uE X. F or any "OEX and for each þair Ci, j ) with 

i yÆ j , define a sequence (Y.J as fo llows let "IE X be such t lzat g，c"o>=지 (" )=yl ’ 

lel x2g X be such tllat g l(xl) = f l(x2) =y2 an4 so on. 

ln general g ,c" 2n) =f i ("2n +l )=YZn+l’ 

g/"Zn+l) =f / " 2"+2) =y2" +2' n =O, 1. 
lf Ilzis scqμence {y 11} has a conver gent sttbseq“ence of tlze tyþe (y n.+P} , wlzere 

p = 0, l atd 2, conuerging to so,% te X fO7 each p , a?ld tf a palf Of ,,taps fl 

andg " i yÆ j , isoneloone, Ilzenf,(t) = g ;C!), i , j = l , 2, k is tlze lInique j" . t . ~J 

common ftxcd point of all f l a fld g ,· 

PROOF. Thc proof of thc above lheorem follows from that of Thcorcm 5 and 

Thcorem 3. 

ln a compact mctric spacc (X , d) wc have the followin g rcsul t. 

THEORE~ I. 8. Lel for i = l , 2, k, kE N fi"ed, (fi ) and (gi) be two finite 

falllilie5 of conti.…oκ5 1IIaþþings on a comþact 1I1etric 5þace (X , d) into it5e/f. 

Let f ,g j= gJi' i yÆ j for i , j = 1. 2, “ . k , and gi(X)ζf，cX) for eaclz i . Let 

f or each þair Ci, j) wil lz i웅I f l and gl mush 

a d( f ,(y) , g ,(y)) [1 + d(fJ") , g.("))) 
d(g,cx) , g/y)드 ，간주d(fl(xττG)) - -

+β d(f/") , 지(y)) 

for all ", yE X , wlzere a , β는o witlz α+ß= l. Furtlzer '1 a þair of ’ma 

g j'’ tι/ξ쉰J ，’ t“s one to one tlzen all ι a찌 g ,- Iwve a ’meqtle com11l0n 
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