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A NOTE ON H-SETS 

By NIohan L. Tikoo 

Abstrac! : The nature of a H -sct in a Hausdorff space is not ‘vcll understood 
In this notc it is sho、、 n that if X is a countable union cf nowherc dcnsc compact 

sets. then X is not H -embeddablc in any Hausdorff space. An example is given 

to show that there exists a non-Urysohn. non-H-c1osed space X such that each 

H-sct of X is compact 

Introduction. 

AII spaces under considcration are Hausdorf f. Let X be a spacc. and A a 
subsct of X. thcn c1x A denotes thc c10sure of A in X. ,(X ) dcnotes 

thc topoJogy and I X I denotes the cardinality of X. An open filtcr 

on X is a filtcr cach of whose membcrs is an open subset of X. 

If Y is a filtcr on X. then adx(Y) = n [c1 x ( F ) : F EY) is called thc 

ad/zereltce of Y : .9• is called free if ad x (Y) =ø. As pace X is called H -closed if 

X is c10sed in cvcry space Z in wh ich X is cmbedded. X is called 7Il inirnal 

Hatlsdorff if X has no Hausdorff topology strictly coarser than r(X ) . X is 

called Urysolzn if any two distinct points of X arc containcd in disjoint c10sed 
ncighborhoods. A subset A of a spacc X of a spacc X is (}- closed [6) if A = 

[xE X : cvery c10sed neighborhood of x meets A). A subsct A of a space X is 

callcd an H -sel (see [4). [6]) if whenever J?Ç,r (X ) is any covering of A then 
” t.here ex ist f initely many G1• G2• ‘· , G”εg such that Ag，닝flx(G，). Evcry H-

c10sed subset of a space X is an H -set in X and cvery H -set of X is c1osed. 
but the conversC need not be true (sce [4)). It can be easily shown that a regu
la r c10sed subset A of a space X is H-c1osed if and on ly if A is an H-sct. It 

is rcmarked in [7) that a subset A~X is an H-set if and only if whcncver Y 

is an open fil ter on X such that A n F ;éO for each FεY. then A nadx(.9←)낯O. 

The nature of H-sets in a space is obscure and not well understood. In fact. 

H-scts behave mysteroiusly in a Hausdorff space. A space X is called C-comþacl 

[8) if cvery c10sed subsct of X is a H -set. Katetov [3) pfo\'cd that a space X 

is compact if and onJy if every c10sed subset of X is H - c1oscd. Viglino [8) 
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gavc an cxamplc of a noncompact spacc X such that cvcry closed subset of X 

is a H-sc t. It is also provcd in [8] that cvcry compact spacc is C-compact and 

every C-compact space is minimal Hausdorff. and. moreovcr. for an Urysohn 

space all thcse three notions are equivalent. It is tbus pcrtincnt to give an 
examplc of a nonregular. non-Urysohn. non-H-closcd spacc X such that cach 

H -set in X is compac t. Rccall that a map f: X• Y is II-continuous if for cvcry 

% in X and cvery neighbourhood V of f(% ) . thcrc cxists an open neighbourhood 

U of % such that f(clx (U))C cly (V ). Two spaccs X and Y arc callcd II-homeo

nzorphic if thcrc cxists a bijcction f from X onto Y such that f and f are both 

II-continuous. Wc shall call a spacc X H -embeddable if X is a H -set in some 

Hausdorff spacc Y 

PROPOSlTlON 1. Lel f be a II-conlin"o"s map from a space X 10 a space Y. 

Then Ihe follo 1<’ing are truc. 

(a) (see [l ]) If A is an H - sel in X. Ihen f (A ) is an H -sel in Y. 

(b) If X is H-closed and Y is Urysolzn and B is an H -sel in Y. Ihen f -(B ) 

is an H -set in X. 

PROOF. For (a) scc [1; 2 히 . To provc (b) . Jct B bc an H -sct in Y. Sincc 

Y is Urysohn. by [2; 2.8]. B is l1-closcd in Y. J\cw lct %E X\ f ‘ (B) . T hen 
f(%)~B and therc cxists an opcn neighborhood V of f (%) in Y such that cl y(V ) 

n B =O. Sincc f is l1-continuous. therc is an open ncighborhood U of % in X 

such that f (cl x(u))도cly (V) . Hence. f (clx(U)>n B = Ø. so that clx (U) nf-(B) 

=0. Thus. f -(B) is II-closcd in X and hcnce an H-set in X (5ee [6]. ) 

COROLLARY. If f: X• Y is a II-homeomorphislll. Ihen A is arz H -sel i n X ,j 
and only if f (A ) is arz H -sel 써 Y 

PROPOSlTIOK 2. If X is a cou /t table "nion of compacl nowhere de /tsc sels. Ihen 

X is η01 H -elllbeddable in any space. 

∞ 

PROOF. Supposc that X is a H-set in some l-lausdorff space Y. Let X =U.A .’ 
n =u 

where each A" is compact and nowhcrc dcnsc in X. Thcn cach An is compact 

in Y. Let p，。εX\Ao' Sincc Ao is compact. thcrc cxists an opcn ncighborhood U, 
of Po in Y such that cly (U ,) n Ao=O. Sincc A, is nowhcrc dcn sc. (U, n X)\A ,7" O. 

Let P，드(U ， nX)\A，. Since A, is compact. thcrc is an opcn ncighborhood U 2 of 

P, in Y with U2C U, and cl y (U2)CA,=O. Assumc that wc havc chosen U ， ~U2 
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; - ; Un such that cly(U”)n An - l=O and U”n X# 0. Since A” lS nowhere 

dense, (U,l n X)\A. ;060. Select p.e(U’‘ n X )\A ’‘ . By compactncss of A. we get an 

open nelghborhood U”i l of pn ln Y Wlth U”+lg Un and cly(U, l)nA”=0. By 
induction’ we obtain a chain of nonempty open subsets Uj그UZ~U3~ .. .. .. of Y 

ch that clv(U_ , JnA_=ø and U .. . . n X ;06ø {or all n=O, 1. 2 ...... Lct Y bc lhe Y ' .... n+ l /" •• n ... - . . ... -" + 1 
opcn filter on Y gencratcd by thc fam ily {U

i
: i = I , 2, 3 .. . }. Thcn F n X ;06(l for 

a ll FeY. Since X is a H -set in Y , X n n {c1 y않) : FEY} ;060. But n {cly (F ) : 
∞ 

FeY}도 U {c1 v (U_ ) : n= l , 2, ...... }, and sincc(U이v(U))n A’，， = 0 for all 111 = 0, 
n =1 ‘ ” ∞ 。o .It=l ‘ ∞” ’‘ 

1. 2. “ ’ it follows that X n띤fly(U，))= 임뷰) U띤fIy(U，)) =o. leadlng to 

a contradiction. and thc propos it ion follo\\"s. 

COROLLARY. (a) {7 : 3. 3.13. ] The space Q 01 rationals is not H-embeddable. 

(b) For any non-empty compact sþace K. K x Q is not H-embeddable 

(c) Any conntable sþace withont isolated points is not H-embeddable. 

The following examplc shows that thcrc cxists a non-regular. non-Urysohn . 

non-H -closed space X such that cach H-sct in X is compac t. N will denote the 
set of positivc integers. 

EXAMPLE. Lct X = {(1/ι 11m) : ne N. ImIEN} U 
{1/ n. O) ’ ne N } U {O. 1). (0. - 1)} . Lct WεβN\N. Topologizc X as follo lVs: a 

set Ur;;;.X is open in X if and on ly if u n {X\{(O. 1). (0. -1)}} is open in the 
’ topology induced by the usual topology of thc plane R- and if (O. 1)eU(respec-

t ively. (0.- 1)εU) then them cx ists a set K르7/ such that {(1 / n. 1/’n) : nEK. 

mEN]CU (rcspectively, {(l /n. - 1/ 111): nεK. mεN} r;;;.U . ) 

Obviously. X is Hausdorff. Sincc (0.1) and (0, -1) cannot be separated by 

disjoint closed neighborhoods. X is not Urysohn , and hcncc. X is not regular. 
Wc show that cach proper H-set of X is compac t. 

First note that each of thc fo llo‘,\"ing subsets 

A. = {(l / n. O)} U {(l /n .1/111 ) : mεN}. 

B. = {(l / n. 0)] U {(l/η. -1/m) ’ mεN} . and 

C!= Kun- 0)l U {(l/n, l / m) · lm|eN} 

is a c10pen and compact subset of X for cach n르N. AIso. cach point of X \ 
[{(0. 1). (0. -1)} U {(I/n . 0) : n르N}} is isolatcd in X . l'{ow. let S bc any propcr 

H -sct in X . \Ve cons idcr scvcral cascs. 

Casc(1) . If s n [{(O. 1). (0. -1)} U {(l / n.O) : I!EN} ] =0. lhen S must bc finite 
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and hencc compact. 

Case(2). lf S=(1eU IlAl)U(lgUI，Bl) U(AεU /.C.). then 1/ [1+1 / 21 +1 / 31 < }/O' 
So. again . S is compac t. 

Case(3) . Let S = {(O. 1) } U {(1hz. 0) : nEP도N} . If P<;ε~. thcn N\P르iY . since 

zf is an ultrafil ter on N . T hen {(O. 1)} U {(I/ι I/ m) : nE N \ P. mE N } U 니 A‘ is 
*드þ y 

an open cover of S. Since cach Aþ is clopcn. then S being a H -set forces thc 

conclusion that IP I < }/O' SO. S is compac t. :\'ow. if PE~. and P is infinitc. 

Jet p = p [UP
2
• where both P[ and P2 and infini te and p[ n P2=o. I\ow either 

P[Eι or P?ε7/ . Assumc that P1ε?/. Then (0. 1) U {1/ n. l / m) : nεp[' mE N } 

U J). A. is an open covcr of S. Since S is a H -set. and since CI x [ {(O. 1)} U {(I /n. 
þEþ ’ 

1 /끼) : nE P [. ,.’IE N }] mi앓뜯닝\P Ap- lt follows that lN \ p[ I< }/o' 빼ence IP 2 1 

드 IN\p[ 1 < }/O' contradicting the assumption that P is infini te. Hence. again. 

1 P 1 < }/O and S is compact. 
Case(4) . Thc case when S = {(O. -l)} U {(l/n. 0) : nE p r;;;.N } is handled in thc 

same manner as case(3) . and a similar argument thcn shows that if S = {(O, 1). 

(0. -1) } n {(I / n. 0) : nεPÇN) is a H -set. then IP I < }/o and S is compact. 

Case(5) . Let S = {(0. 1)) U {(I / n. 0) : nE p r;;;.N } U U A .. We show that if S is a 
qE Q '1 

H -set. then both P and Q are finite. Assume that P is infinite. If P fi1'-I/ lhen 

N \ P E iY. So. {{(0.1)) U ((l/n.l/ m) : nEN\ P.mEN)) U U A . U U A . is an opcn 
ιEP- -P"" qEQ--q -- -- - - r 

cover of S which does not contain any finitc subfamil y whose closures cover S 
(since Ap’ s arc cIopen) . contradicting the fact that S is a H -se t. lf Pεb! ， wc 

Jet p = p [ UP
2 

as in case(3). and using the same arguments as in casc(3) wc 

finally conclude that P is not infinite. Now assume that Q is infinite. If QE iY 
then N \ QE ?,(. So. { {(O. 1)) U {(I / n. l / m) : nεN\Q. m드N)) U U A. U U A ‘ 18 

' E N\ Q ’ peþ Y 

an open cover of S 、，\'hich does not contain any fini te subfamily whose closurcs 

cover S. contradicting thc hypothesis that S is an H-set. lf Qεí'/ . \\'e decom

pose Q= Q[ UQ2 as a disjoint union of two infinite subsets. A reasoning similar 
lO lhe onc given in case (3) shows that Q is finitc. Thut both P and Q arc finilc 

and. hence. S is compact 

A similar reason ing leads to the same concI usion if S contains (0. - 1) and / or 

U_B.crespectively. U_C) . The most general case now follows by taking com-
' E R ’ deD U 

binations of the cases (1 ) through (5). 

Jn the above eχampJe it is easy to see that if H I and H
2 

are two disjoint H 

sets in X . then there exist two disjoint open subsets U
j 

and U
2 

of X contain ing 
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H 1 and H2 respectively and such that c1x (U ,) n CI x (U 2) =0. i'vIorcovcr, the topo

logy of X contains a coarser H - c1osed topology ,', where, a subsct U of X is 

in " provided that U\ ((0, 1), (0, - 1)} is open in the usual topology of R
2 

and 

if (O , l ) E U ( respectively, (0, -l) E U) then there ewists noEN such that ((1 / n , 

l / m) : n늘’‘。， mEN} c U (respcclively, ( (1 /씨， -1/m) : n늘no' m르NÇU). Thc 

space ( X " ’) was f irst defined by Urysohn (5) . 
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