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ON A NOTION OF PAIRWISE FUNCTIONAL COMPACTNESS 
IN ßlTOPOLOGICAL SPACES 

By Angelo BclJa and Giovanni GalJo 

Abstract : 1n this paper we givc a notion of pairwisc functional compactness 

in bitopological spaccs. Wc characterizc this c1ass of spaccs in terms of con. 
tinuous functions and CQvers. AIso. a charactcrization in terms of multifuncions 

is statcd 

Introduction 

FunctionalJy compact Hausdorff spaccs wcrc introduccd by Dick mann and 
Zamc in 1969 ([낀 ). Thcsc spaccs arc between C-compact spaces. introduced by 

G. Viglino in 1969, and the welJ kno、vn minimal Hausdorff spaces. Bitopological 

vcrsions of the two c1asses of spaces abovc havc just bccn givcn and studied in 
[4]. 에 , [7J . In this paper we introduce thc notion of pairwisc functiona lJy 

compacl bitopological spaccs. We charactcrizc this c1ass of space by covcrs and 

prove that it is bctwccn thc c1 ass of painνisc C-compact spaces. in thc scnsc 

of S、，'art， and the c1 ass of minimal pairwisc Hausdorff spaces. 

One of the most intcresting results obtaincd by Dickmann and Zamc is thc 

fo lJowing: A Hausdorff spaccs X is functiona lJy compact if and only if cvery 

continuous mapping from X into a Hausdorff spacc is c1osed. A t the end of 
scction 2 we prove that our spaces havc a similar property (see Theorem 2.2) 

ln section 3 、ve givc some theorems relating pairwisc funcLionally compact 
bitopological spaces and multif unclions, in particular a generalization of Theorem 

2. 2 in tcrms of multifunctions is stated 

1. Preliminaries 

For gcncral dcfin itions and propcrtics about bitopological spaccs , we refer to 

[3J. In the tcxt. if (X. '1 ' '2) is a bitopological space, intη (resp. clrr) (lenotcs 
the lntenor (rcsp closure) taken wlth respect to r , . t =1 , 2. 

We on ly reca lJ thc following 
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DEFI:-<ITIO:-< 1. 1. A bitopological space (X, "’ 1;2) is said to bc pairwisc 
Hausdorff if for every pair of points x, yEX, x~y there exists a ,;-open set 

U and a 'j-open set V satisfying xE U. yEV, U n V = Q for i ;é j , i , j = 1. 2. 

Althought there cxist two diffcrcnt notions ([6J , [71) of pain\’ ise C-compact

ncss in bitopological spaccs, ‘,\-e usc the following duc to [6J. 

DEFINITION 1. 2. A bitopological spacc (X, '" '2) is said to bc pain\' ise 
C-compact if fOI every r,-closed set Cg x and fOl every r,-open covcr γ of C 

thcrc cxists a finitc subfamily (U" "', U.I of l/ such that Cç;;Cl까Ul U UCl간U •. 

i ;é j , i , j = 1. 2 

DEFI NITIOl\ 1. 3 [4J. A bitopological spacc ( X , r" '2) is sa id to bc minimal 

pairwisc Hausdorff if it is pairwise Hausdorff if it is paim’ ise Hausdorff and if 

(X. ψi’ rþ,) is pairwise Hausdorff with rþ ，ζ'" rþ2ζ':l thcn 여l= rl and ￠2=r2 

2. Main results 

The notion of functionally compact spaces introduccd in 1잊애 by Dickman and 

Zame [잉 ,s 

DEFINITION 2. 1. A Hausdorff topological spacc X is ca lled functiona lly com. 

pact if, whenevcr W is an open filtcr basc on X such that the interscction A 

of thc clements of W is cqual to thc intersection of thc closurcs of the elements 
of 1/, then 11' is a basc for the neighborhoods of A. 

Our purposc is to givc a notion of pairwisc functional compactness in such 

、，\'ay that the class of pairwise functionally compact Hausdorff bitopological 
spaccs is bct\\-een the class of pairwise C-compact Hausdorff bitopological spaccs 

and thc class of minimal pairwisc Hausdorff bitopological spaccs. 

DEFI:-<ITIO~ 2.2 Let ( X . '" '2) a bilopological spacc. A subsct C도X is said 
to bc {I-closed if for cvcry xεX -C there exists a 'i-open sct U such that xεU 

and CLIUn c =0, t * j , 1, j = l , 2 A subset A IS said to be 6 이lcn if X -A is 

{I-closcd 

Wc remark that the above definition is the natural extension to bitopological 

spaccs of the notion of {I-closed set introduccd by Vclichko in 1968 181. 
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DEFIJ\ITION 2. 3. A pair、.vise Hausdorff bito]lological space (X , ," '2) is said 

to be pairwise functionally compact if for cvcry ',-opcn filterbase W, su미1 that 

A = n Y= n c l. U , i ;Æ j , i , j = l. 2 and A is 11-c1osed, W is a basc for thc 
Ue 1/ Ue?l ',-neighborhoods of A. 

Now we give a characterization of pairwise f unctionally compact s]laces in 

terms of covers 

THEORE~I 2. 1 A þairwise H ausdor// bitφological ψace ( X , '1" 감 IS 

þairwise /unctionally comþact Ij and only i/ /or every 'Fclosed sel CÇ; X and 

/or every ',-oþen cover 1/ such that A=.UY = .. U_CI_U and A i‘ s a l1-oþen set, 
Ue Z" U드z' 

t1zere exist U l' U" in ι such tlzat C투ClrlUl U UClr,U”, i낯i， i , j = 1. 2. 

PROOF Xccesslty , Let C be a rl-closed sct and ι a rI open cover of C such 

that U U= U CluU and tins union lS 6-open- The famIIy of sets lX - (ClflU) | 
UE7/ UE?I 

U드I/ } gcnerates a 'j-opcn filtcrbasc Ji'. We have 
B = n (X -CI_ U)ç; n CI. (X -CI. U) 

Ue l/ ‘ Ue?/ '1 ./ 

= ncx - int_ CI. U)드미 (X - U)=X- U U 
U를Z “ uel/ Ù듣1， 
=X- u_CIß=n~X-CI. U). 

Ue?/ -/ Ueiγ 

This means that B is 11- c1oscd , so Ji' is a basc for the 'Fneighborhoods of B. 

Bccausc B투X -C and X - C is a ' ,-opcn thcrc exist U
j

' U.of ι such that: 

n 

then Cç; U Cl_U •. 
h= l ’ “ 

Sufficiency. Let 11 bc a ,,-opcn filterbase such that .np=~nCI_U =A is 
‘ Uet/ Ue i' 

Ð- c1oscd. Lct V a ，꺼pcn set Sl때 that V~A. Consider the family Ji'= (X -CI끼 

U IUE I/) that is an 'Fopcn cover of X - V. Wc have: 
니(X -CIß)Ç; U CI. (X - CIß) 

Ue:7'( .; Ue Z" ‘’ ; 
= 니 (X - int. CI. U)Ç, U(X -U) = 니 (X-CtU) , 
Uε1.1 '1 '/ Ue:W- uew- '/ 

" " X- C그 n (X - CIßJ = X- UCI. U‘ 
J: =1 ‘ h=l 'i 
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COROLLARY 2. 1. Every þairwise Hallsdor[[, þairwise C-comþact bitoþological 

sþace is [unctionally comþact 

DEF'I:-lITIOK 2. 4. A mapping [ : ( X , 자. 72) • (y , 0" O2) is said to bc con. 
tinuous (closed) if thc induccd mappings [: ( X , 까)→(y， 0

1
) and [: (X , '2) • 

(y , O?) are continuous (c! oscd) 

LE~ I:I IA 2. 1. Let ( X , '" r~ be a bitoþological sþace and ( y , 0 1, O2) a pair. 

,"ise Hausdor[[ bitoþological sþace. 1[ [: X • Y is a continuous maþping I he1t 

for eucry yeY f l ( y) ts 6-closed 

PROOF. It fo llows cas il y from definitions. 

THEORE~l 2. 2. A þairwise Hausdor[[ bitoþological sþace (X , '" '2) is pair 

,"ise /tmctionally comþact tf and only i[ [or eψery þairwise H allsdor[[ bitoþolo 

gical sþace (Y , 0" O2) every [: X -• Y conit'nuous is closed 

PROOF. :\ecessity. Lct C be a 'i-c!oscd sc t in X , and y$ [ (C) . 13ecausc Y is 

palrwlSe HallsdOrff [or every x ln f (C) them exISt a o,- open Ux and o.-oI〕잉n 

Vx such that ye Ux· xe Vx and Uxn v x=O The famlly G= !f i(V이 x;éy) is a 

, .. - opcn cover of C. The set U [ - I(V)=X _[ - I(y) is (!- open by Lcmma 2. 1. 
x;<y ‘ - , 

moreover for every x in Y , x켜y is for continuity 디，/[ ‘ (V x))ç;.r ‘ (Clo,V x) 

and because y$CIιVI lesults U Cl (f - i (V ))=X-f- (y). Now by Themem 
r “ 

2.1 it foll。、vs

c g Clr/f l(VXl)) U … UCI ,,cr 1
CVX)) 

for sui table x1' %，.εY. xi음y， ;=1. …, n , Then [ (C)ç;.Clq'y x , U…UClotVX 
Consider U = U . n …n u • . We have u n[ (c )=o and yE U so [ (C) is closed 

" ‘· Sufficiency. Let X be a pairwise Hausdorff bitopological spacc such that 

cvery continuous mapping in every pair、，v i se Hausdorff bitopological spacc is 

c!osed. Lct f/ bc a , .. - open filterbasc such that .n.u=.nCtU = A ‘ (!-closed. 
’ Ue'!/ Ue!/ 

Define on X thc partition X = A U .1x) . Let Y the quotient space with respcct 
xεA 

to induced equivalcnce rclation and π : X-• Y thc canonical mapping. Topologizc 

Y as follows: system of neighborhoods for IT( A) in Oi i.π(u) IUEW} and for 
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x $ A is {π (V) IV 'i-neighborhoods of x}; systcm of ncighborhoods for π (A) in 

ol lS {r (W)l W lS r1-open and Ag W} and for xg A lS {π(W) IW rj-neIghborhoods 

of X) . Becausc A is !)-c1osed, it is casy to verify that Y is pairwisc Hausdorff, 

morcover thc canonical mapping is continuous thcn closcd. Let Z a 까-ncigh

borhood of A, because π ls closed there exists a o,-nClghborhood V of r(A) 

such that ;:--'(V) ç;:Z. Then therc cxists U E?/ such that π(U)CV， therefore 

U도Z. 

、，yith a slight modificat ion \Ve can rcstatc thc above theorcm as fo llo \Vs 

TH EOREM 2.2. A þairwise Ha1tsdorff biloþological sþace (X , '" '2) is þair

w;se f unctiollally comþacl if and only if for euery pairwise Hausdorff bitoþolo 

gical sþace ( y , "" "2) euery f: X• Y contin1l0Us and s1tr jective is closed 

COROLLARY 2.2. I f a þairwise Ha1tsdorff bitoþological space (X , '1' '2) is 

pairwi5e f:νnclionally comþact. i5 minimal þair lOi5e Hausdorff. 

PROOF. lf (X , "" " 2) is a pairwisc Hausdorff bitopologica l spacc with "iζ，.， 

thc identity map i ’ (X , '" ，감→(X ， "" "2) is continuous, then c1osed. This 
mcans !". = (J. and .~= (J~ . -1 _ .. ~ - 2 -2 

THEORE~ I 2. 3. Let (X , ，.딘"’ r딩2) be a bωl“tωoþo띠lωogi“caμ1 sþace Ihal is þa띠.，ηrη-τtω…:oi“‘fse 

Ha“tμt“s찌dorηIf a/’κ.d þair…rη’w“l“se fη1“…M‘tn’nκcμt“'0…on’n찌1 
Ha“7μ“'<5빼dorff bi“10때oþo이lω0앵g앙tκca찌aμ1 sþacαe. I f f: X • Y is a conlinuous 51,‘r jeclion l /zen ( y , 

(Jl' (J2) t.s þairwise functionatly comþact. 

PRoor. lt is enough to prove that cvcry continuous funct ion g ‘ Y• Z ,,-ith 

(Z , η" η2) paiI WlSe HallsdOrff bltopologlCal space, ls closed , If C lS a Ut-closed 

m Y , f - l(C) ls a rl closed ln X ’l ‘ he mapping g of: X • Z is contw uQUs. thCIl 

c1osed , so 
g(C) =g。f ( f l(C)) 

,s a η1-cIoscd set ln Z 

3. Pa ir ‘l'ise func tionally compact spaces a nd multifunctions 

In this sec tion we cxtend somc rcsults on multifunctions and functionall y 

compact spaces given in [1) . Our purposc is to give a generalization of Theorem 
2.2 to multifunctions 
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For notations and gencral informations on multifunctions sce [5[. 

DEFINITl()~ 3.1 A multifunctioD rp : (X , ηr강→α. 0'1' (]강 is said to bc 
open (rcsp. closed) , lowcr semicontinuous (resp. uppcr) or continuous if the 

induccd multif unction ψ : (X , 'j)• (y , "j) , ψ : (X , '2)• (Y , " 2) arc opcn (resp. 
c1oscd), lower scmicontinous (resp. upper) or continuous. 

THEOREM 3. 1. Let (Y , "1' " 2) be a pairwise Hausdorff bitopological space. 

Y is pairwise functionally COIIφact if and only if for every pairwise Hausdorff 

bitopological space (X , 'j ' '.김 every open, ()-closed vatued "",ltifunction rp : X 

• Y , Stech that for every XE X 

ψ (X) = n CI-r ψ(U) ， 
UE BI(x) 

ts α:þþer semicontinuOllS. 

PROOF. ì\"cccssity. Lct (Y , "" "2) be pair、，\'i sc f unctionally compact. For 
cvcry fixcd XE X , bccausc ψ is open , thc family [φ (U)[ UEBi(x)) is a "i-open 

filterbasc. It is, from hypothesis: 

ψ (x) = rJ ç> (U ) = .. rJ Cl ， ψ (U) 
UEBιx) UeB‘(x) 

and ψ (x) is O-closcd. Then , from Dcfinition 2.3, {ψ (U) [UE B,(x )) is a system 

of u,-neighborhoods of ￠(x). Thus for cvcry o,-opcn V cordalrung ψ (X) there 

cxists UεB;Cx) such that ψ(u)도V， thcn ψ is uppcr scmicontinuous. 

Sufficicncy. l t is cnough to provc that cvcry continuous funct ion f: Y • X 

with ( X , 'j' ，강 pairwise l-Tausdorff is closed. Without lost of genera1i ty we 

can suppose f surjectivc. Let 9 : X • Y the multifunction defined 찌lth ￠=f-1-
f is continuous, thcn from Lemma 2.1 , ψ is ()- closcd valued and open , moreo,-cr, 

bccausc ( X , 'j' '2) is pairwise Hausdorff, it is 

Ç>(x)Ç;; n CI"ψ(U) = rJ Cl" J -' (U) 
UE B,(x) J - Ue B‘(x) ] 

g n f - l (Cl r ,U) =f -l n Cl r.(U)=f-l (x)=ψ(ω) 
UEBιx) UE Bj(x) J 

then 

ψ(x)= n CI" φ(U). 
UEBιx) 

Thus rp is uppcr scmicontinuous and f is closcd. 

RH IARK . lt is possibJc to give analogous rcsults of Thcorcm 3.1 for pairwisc 

C-compact spacc and minimal pairwise Hausdorff spaccs. 
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THEOREM 3.2. Lel (X , T1, T감 be a pairwise Ha’‘sdorff bitopological space 

and Let (Y , <1
1
, <12) be a pairwise Hattsdorff, pairwise fllnctionally compact 

space tlzen every opeκ closed , (}-closed valued multifttnction 9 with (}-closed 

fibres , ψ :X• Y , is upper semicontinuo1ts 

PROOF'. From T hcorcm 3.1 it is enough to show ψ(x)= n Cl <1 φ(U) for 
U드B‘(%) 

cvcry x in X. lt is always Irue that ψ(x)C n CI<1 ，φ(x) ， to prove thc conversc 
UE B/(x) I 

1t ls enough to show that: if yg p(x) then thcrc exists Ue Bl(x) such that 

yg CIoy(U)· If yg p(X), xg ?-l (y) , but ψ- l(y) is (}-c1osed then there exists 

U Bl (x) such that Cl rlu nψ- ‘ (y)=ø， then y r;t'.ψ(CI Tl(U)). Because ψ is c10scd 

it is ψ(CI T /U)) :lCl<1/ψ(U)) thus y중Cl <1 jψ (U). 

1'0 obtain our final result wc nccd lhc following cxtcnsion of Lemma 2.1 

LEMMA 3. 1. Let (X , T1’ 
T강 ， (Y , <1

1’ 
<12) be bitopological spaces , Y is pair

wise Hausdorff. Jf ψ :X• Y is a conlinuous. {}-c/osed valιed 1J1ttltzfunction the 
ψ-l(y) tS 6-closed for euery y드Y 

PROOF. Lct Y bc a point in Y and lct x bc a point in X such that x응ψ l(y) . 

ψ(x) is (}-c1os여 thcn thcre cxists UεB， (y) such that Cloy nψ(x) =0 thus 

x r;t'.'f! ‘ (Cl <1, (U )). Bccausc ψ is continuous it is 

P l(U)g Cl r.ψ- 1 (U) ç;;;ψ- l (Clo ， (U)) ， 

moreovcr ￠-1(y)gp-l(U). ThIs 야ovcs thc Icmma 

THEORDI 3.3 A pairwise Hattsdorff bilopological space (X , Tl' 빙 is pair

wise f ,mctiOltally compact if and only 'f for every pairwise H ausdorff bitopolo 

gical space (Y , 0'1' 0'2) ' every continuOtls , sttr jective. ()-closed valued 1Jlπltifllnc 

lioκ ψ :X• Y is closed 

PROOF. Nccessity. Dcfine ø: Y • x 、，vith r/J=Cp Bccause is surjccth'c, con-

tinuous and (}-c1osed valued ø is wcll dcfincd , open , with (}-c1osed fibrcs, 

morcovcr from Lcmma 3. 1 is (}-c1osed valucd. Thcn f rom Theorem 3.2 ø is 

upper semicontinuous thus ψ is c1osed. 

Sufficicncy. Let f : X • Y bc a continuous, surjectivc function . f is (}-c1osed 

valucd , becausc Y is pairwisc Hausdorff. Thcn f is c1oscd. From Theorem 2.2 

follows Ihat X is pairwisc functionally compact. 
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