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ON A NOTION OF PAIRWISE FUNCTIONAL COMPACTNESS
IN BITOPOLOGICAL SPACES

By Angelo Bella and Giovanni Gallo

Abstract: In this paper we give a notion of pairwise functional compactness
in bitopological spaces. We characterize this class of spaces in terms of con-
tinuous functions and covers. Also, a characterization in terms of multifuncions
is stated.

Introduetion

Functionally compact Hausdor{f spaces were introduced by Dick mann and
Zame in 1969 ([2]). These spaces are between C-compact spaces, introduced by
G. Viglino in 1969, and the well known minimal Hausdor{f spaces. Bitopological
versions of the two classes of spaces above have just been given and studied in
[4], [6], [7]. In this paper we introduce the notion of pairwise functionally
compact bitopological spaces. We characterize this class of space by covers and
prove that it is between the class of pairwise C-compact spaces, in the sense
of Swart, and the class of minimal pairwise Hausdorff spaces.

One of the most interesting results obtained by Dickmann and Zame is the
following: A Hausdorff spaces X is functionally compact if and only if every
continuous mapping from X into a Hausdorff space is closed. At the end of
section 2 we prove that our spaces have a similar property (see Theorem 2.2).
In section 3 we give some theorems relating pairwise functionally compact
bitopological spaces and multifunctions, in particular a generalization of Theorem
2.2 in terms of multifunctions is stated.

1. Preliminaries

For general definitions and properties about bitopological spaces, we refer to
(3]. In the text, if (X, 7,, 7,) is a bitopological space, int_ (resp. cIr{) denotes
the interior (resp. closure) taken with respect to 7, i=1, 2.

We only recall the following
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DEFINITION 1.1. A bitopological space (X, 7|, 7,) is said to be pairwise
Hausdorff if for every pair of points x, y=X, x*y there exists a 7 -open set
U and a 7,-open set V satisfying x=U, y=V, UNV=0 for i#j, ¢, j=1, 2.

Althought there exist two different notions ([6], [7]|) of pairwise C-compact-
ness in bitopological spaces, we use the following due to [6].

DEFINITION 1.2. A bitopological space (X, T, T,) is said to be pairwise
C-compact if for every t,-closed set C=X and for every 7;-open cover # of C
there exists a finite subfamily (U, -, U } of 7 such that C;CI‘_iUlU---UCI:‘Uu.
iy, t.j=1,2.

DEFINITION 1.3 [4]. A bitopological space (X, Tp -:2) is said to be minimal
pairwise Hausdorff if it is pairwise Hausdorff if it is pairwise Hausdorff and if
(X, @y (6:_,) is pairwise Hausdorff with ¢1C:'1. gszrz then (51:*:1 and ¢2=72.

2. Main results

The notion of functionally compact spaces introduced in 1969 by Dickman and
Zame [2] is:

DEFINITION 2.1. A Hausdorff topological space X is called functionally com-
pact if, whenever 7 is an open filter base on X such that the intersection A4
of the elements of 7 is equal to the intersection of the closures of the elements
of #, then 7 is a base for the neighborhoods of A.

Our purpose is to give a notion of pairwise functional compactness in such
way that the class of pairwise functionally compact Hausdorff bitopological
spaces is between the class of pairwise C-compact Hausdorff bitopological spaces
and the class of minimal pairwise Hausdorff bitopological spaces.

DEFINITION 2.2 Let (X, 7, 7,) a bitopological space. A subset CCX is said
to be G-closed if for every x=X—C there exists a 7,-open set U such that x=U
and C]:‘U(']C':O, i#j, i,7=1,2. A subset 4 is said to be f-open if X—A4 is
6-closed.

We remark that the above definition is the natural extension to bitopological
spaces of the notion of @-closed set introduced by Velichko in 1968 |8].
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DEFINITION 2.3. A pairwise Hausdorff bitopological space (X, 7, 7,) is said
to be pairwise functionally compact if for every z,-open filterbase %, such that
#,7j=1,2 and A is 6f-closed, %7 is a base for the

A Uﬂ}] M CL U i#],
‘-nelghborhoods of A.

Now we give a characterization of pairwise functionally compact spaces in

terms of covers.
THEOREM 2.1 A pairwise Hausdorff bitopological space (X T T,) s
~closed set CZX and

pairwise functionally compact if and only if for every T;
for every t.-open cover % such that A=\ JU=|JCl. U and A is a O-open sel
_ VeEw Uew ™!

there exist U,, U in # such that C;CIr,U1U'"UC]z,Uu' 74, §,7=1,2
PROOF. Necessity. Let C be a j—closed set and # a t-open cover of C such
-(Cl,

that U UU Cl_U and this union is #-open. The family of sets {X—(Cl_U)|
-open filterbase &. We have:

Ue%) generates a T;
B:UO.{}X—CL,U); N CI (X—C] U)
= ﬂ(X—mt CL U)"‘ﬂ(X D=X- Ug
—X UCI ,U ﬂ(X Cl U)
Ve
j—nelghborhoods of B.

This means that B is f-closed, so & is a basc for the <
Because BCX—C and X—C is a 7 -open there exist U,, -, U, of # such that:
n

X-C2\(X-CLU)=X-CLU,
=1 g P

n
then CQ’.H C]r,-Uh'
Sufficiency. Let # be a r-open filterbase such that Uﬂ}fzul"}y CILU=Ais
= e
f-closed. Let V a 7-open set such that VOA. Consider the family &= (X —Cl .

|U=#} that is an 7,-open cover of X—V. We have

UX —CL_ S UCL (X—~C1_U)
uve H v !
= U X~int_Cl DS UX-1)=U (X~CL ),

moreover
UEX-CLU)=X-A4
ve¥ o .
is 6-open. Then there exist U,, -+, U, in # such that:
n n ”n
X-V=UCL (X-CLU)=U (X-int_Cl V) U (X-U).
=1 % ) h=1 T h=1
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So VﬁﬂUh
h=1

By Theorem 2.1 and Definition 1.2 it follows:

COROLLARY 2.1. Every pairwise Hausdorff, pairwise C-compact bitopological
space is functionally compact.

DEFINITION 2.4. A mapping f: (X, 7, 7)—>({, 0, 0,) is said to be con-
tinuous (closed) if the induced mappings f: (X, z)—(, ¢) and f: (X, To)—
(¥, ¢,) are continuous (closed).

LEMMA 2.1. Let (X, T, Ty be a bitopological space and (Y, 0, 0, a pair-
wise Hausdorff bitopological space. If f:X-—Y is a continuous mapping then
~1 :
for every y=Y f () is O-closed.

PROOF. It follows easily from definitions.

THEOREM 2.2. A pairwise Hausdorff bitopological space (X, Tp T ) is pair-
wise functionally compact if and only if for every pairwise Hausdorff bitopolo-
gical space (¥, 7, ,) every f: X—=Y continuous is closed.

PROOF. Necessity. Let C be a 7,-closed set in X, and y#f(C). Because Y is
pairwise Hausdorff for every x in f(C) there exist a ¢ -open U and ¢ j-open
V_ such that yeU , x&V_and U, ﬂV =(. The famlly G=(f" ‘v )]x#y} is a

©,-open cover of C. The set Uf (V) X—f (y) is B—Open by Lemma 21 8
moreover for every x in Y, x;f?ry is for continuity Cl (f (V ))Cf (Cl V)
and because yfiCl V results UCI (f (V N=X—f (y) Now by 'lheorem
2.1 it follows

c=Cl (f W, ) U-UCL (7 v, )
for suitable ¥, -, x &Y, x7y, =1, +, n. Then f(C);Cla’inU UCIJ'VI.
Consider U=U_+-NU_. We have Uf(C)=0 and y=U so f(C) is closed.

Sufficiency. Let X be a pairwise Hausdorff bitopological space such that
every continuous mapping in every pairwise Hausdorff bitopological space is
closed. Let 7 be a 7-open filterbase such that (U= [Cl. U=A4 is @-closed.

Ve Us# *
Define on X the partition X= AU {x]. Let ¥ the quotient space with respect
to induced equivalence relation and 7 : X—=Y the canonical mapping. Topologize

Y as follows: system of neighborhoods for [[(A4) in o, is {z(U)|U=%} and for
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x#A is {m(V)|V 7,-neighborhoods of x}: system of neighborhoods for z(4) in
7; is {z(W)|W is ©,-open and ACW) and for xZAis (z(W)|W rj—neighborhoods
of z}. Because A is 0-closed, it is easy to verify that ¥ is pairwise Hausdorff,
moreover the canonical mapping is continuous then closed. Let Z a < -neigh-
borhood of A, because 7 is closed there exists a o -neighborhood V' of z(A4)
such that :_l(V);Z. Then there exists U<7% such that z(U)ZV, therefore

CZ.

With a slight modification we can restate the above theorem as follows:

THEOREM 2.2. A pairwise Hausdorff bitopological space (X, T T,) Is pair-
wise funciionally compact if and only if for every pairwise Hausdorff bitopolo-
gical space (Y, 7, 0,) every f: X—Y continuous and surjective is closed.

COROLLARY 2.2. If a pairwise Hausdorff bitopological space (X, T T,) 65
pairwise functionally compact, is minimal pairwise Hausdorff.

PrOOF. If (X, o, 0,) is a pairwise Hausdorff bitopological space with L= g
the identity map 7 : (X, 7, 7,)—(X, ¢, 0,) is continuous, then closed. This

means 7,=0, and ©,=0,.

1

THEQOREM 2.3. Let (X, T T, be a bitopological space that is pairwise
Hausdorff and pairwise functionally compact. Let (Y, o, 7,) be a pairwise
Hausdorff bitopological space. If f: XY is a continuous surjection then (Y,
7. a;,) is pairwise functionally compact.

PROOF. It is enough to prove that every continuous function g:¥—Z with
(Z, n, m,) pairwise Hausdorff bitopological space, is closed. If C isa ¢ -closed
in ¥, f_l(C) is a t~closed in X. The mapping geof : X—Z is continuous, then

closed, so:
g@=gof (')
is a ni-closcd set in Z.

3. Pairwise functionally compact spaces and multifunctions

In this section we extend some results on multifunctions and functionally
compact spaces given in [1]. Our purpose is to give a generalization of Theorem
2.2 to multifunctions.
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For notations and general informations on multifunctions see [5].

DEFINITION 3.1 A multifunction ¢ : (X, T )=, 0, 0,) is said to be
open (resp. closed), lower semicontinuous (resp. upper) or continuous if the
induced multifunction ¢ : (X, t)—, ¢, ¢! (X, 7,)—(¥, ¢,) are open (resp.
closed), lower semicontinous (resp. upper) or continuous.

THEOREM 3.1. Let (Y, 0,, 0,) be a pairwise Hausdorff bitopological space.
Y is pairwise functionally compact if and only if for every pairwise Hausdorff
bitopological space (X, Ty 1'2) every open, O-closed valued multifunction o : X
—Y, such that for every x=X

e (x) =UE[;)(I)C]r o @),
is upper semicontinuous.

PROOF. Necessity. Let (¥, ¢, ¢,) be pairwise functionally compact. For
every fixed =X, because ¢ is open, the family [rp(U)IUEB'.(x)} is a o ~open
filterbase. It is, from hypothesis:

w(x) =UE@‘(X)¢ W) =UE@,(1)C] T (P
and p(x) is O-closed. Then, from Definition 2.3, [rp(U)IUGB,.(x)] is a system
of o‘t.—ncighborhoods of ¢(x). Thus for every ¢,-open V containing ¢(x) there
exists UEB,(x) such that (U)SV, then ¢ is upper semicontinuous.

Sufficiency. It is enough to prove that every continuous function f:¥V—X
with (X, 7, 7,) pairwise Hausdorff is closed. Without lost of generality we
can suppose f surjective. Let ¢ : X—Y the multifunction defined with ¢= f—l.
f is continuous, then from Lemma 2.1, ¢ is #-closed valued and open, moreover,
because (X, 7, 7,) is pairwise Hausdorff, it is

=
=

: _ =
gv(x)%ggl(x)(;l ajgo(U) = ch} ajf )

c N =,

P
;UEB,(.T) - Q(T)CI ‘ ;(U) =f ()= GD(W)

then o
= Cle .oU).
o (x) UEQ(:) g oU)

Thus ¢ is upper semicontinuous and f is closed.

REMARK. It is possible to give analogous results of Theorem 3.1 for pairwise
C-compact space and minimal pairwise Hausdorff spaces.
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THEOREM 3.2. Let (X, 7,, 7,) be a pairwise Hausdorff bitopological space
and Let (Y, 0, 0%) be a pairwise Hausdorff, pairwise functionally compact
space then every open, closed, O-closed valued muliifunction ¢ with 6-closed
Sfibres, ¢ : XY, is upper semicontinuous.

PROOF. From Theorem 3.1 it is enough to show ga(x)= ﬂ Cla .qp(U) for

every x in X. It is always true that p(x)CU ﬂ Clar d'(x) to prove the converse
=B

f I

it is enough to show that: if yeéga(:c) then there exists UEB,(x) such that
yEECIa o). If ye=p(x), xeéqa (y) but ¢ (y) is f-closed then there exists

U B, (x) such that Clz Uﬂn;o (y) 0, then ye%ga(Clr (U)). Because ¢ is closed
it is go(C]T @)= Clcr (w(U)) thus y&Clo rp(U)

To obtain our final result we need the following extension of Lemma 2. 1.

LEMMA 3.1. Let (X, T T, ) &, o, 0'2) be bitopological spaces, Y is pair-
wise Hausdorff. If ¢: X—vY isa contmuaus, 6-closed valued multifunction the
gn_l( y) is O-closed for every y=Y.

PROOF. Let y be a point in ¥ and let x be a point in X such that x=p (y)
@(x) is B-closed then there exists U=B. (y) such that Cle Uﬂm(x) 0 thus

xFp (Cl 7; L)), Because o is contmuous it 15
(U)gCI T <p (U)’_p (C]a ),
moreover ¢ ( NTo (U) This proves the lemma.

THEOREM 3.3 A pairwise Hausdorff bitopological space (X, t,, ©,) is pair-
wise functionally compact if and only if for every pairwise Hausdorff bitopolo-
gical space (Y, ) 0'._,), every continuous, surjective, O-closed valued multifunc-
tion ¢ 1 X—Y is closed.

PROOF. Necessity. Define ¢¢: Y—X with g’:=ga'_1. Because is surjective, con-
tinuous and O-closed valued ¢ is well defined, open, with 6-closed fibres,
moreover from Lemma 3.1 is O-closed valued. Then from Theorem 3.2 ¢ is
upper semicontinuous thus ¢ is closed.

Sufficiency. Let f: X—Y be a continuous, surjective function. f is f-closed
valued, because Y is pairwise Hausdorff. Then f is closed. From Theorem 2.2
follows that X is pairwise functionally compact.
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