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THE EQUIVALENCE OF COMPACTNESS AND PSEUDO-COMPACTNESS 

IN SOME FUNCTION SPACES 

By ]ohn Atkins, DonaJd F. ReynoJds and MichaeJ Henry 

Abstract : This papcr invcstigatcs the reJationship between compactness and 

pseudo-compactness in subsets of C(X) where X is locally compact and first 

countable. Two primary theorems arc proven. First, equicontinujty at a point 

is proven to be equivalent to the existence of a certain opcn cover of a pseudo­
compact subset of C(X). The second theorem proves the equivalence of com 

pactness and pseudo-compctness for closed subsets F of C(X ). 

Introduction 

Historically, much of thc study of function spaces has focused on finding 
conditions which wi lJ assure that a givcn family of real-valued continuous 
functions be compact in the compact-opcn topology. This study has produced 

thc cJassicaJ Asco1i Theorcm [4J and numerous generaJizations, for example, 

[3, 4J. ln this papcr, wc usc the Ascoli Thcorem to establish thc cquivalencc 

of compactness and pscudocompactness in C(X) for a large cJ ass of domain 
spaces. 

Wc first cstabJish some notations and dcfinitions. 

All spaccs X will be Hausdorff, and a lJ functions will bclong to C(X). Thc 

compact-open (respectivcJy, pointwise) topoJogy on C(X) will bc denoted by 

',(resp. , ~þ) and the closure operator wi JJ be denoted by CJc(rcsp. , Clp)' A 
subbasic open sct in " will be denotcd by (K, U). whcre K cX is compact and 
UζR is open. 

lfx르R， we denotc by B(x , <) thc open inter\'al of radius <> 0 about x. The 
rational numbers wi lJ bc dcnotcd by Q. 

Ascolïs Theorem charatcrizing compactness in C(X) involvcs the fo lJo\\"ing 

notation 

DEFI )l lTION: Let X be a topoJogicaI spacc and Iet x E X. Then FCC(X) is 
• 

equiconlintlOus at x if for every <> 0, therc is an open sct UζX containing x . 
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such that I (U)cB(f(,,). E) for all l'εF. Thcn F is eq,dcontinllolls if it is . 
equicontinuous at each point of X . 

jn [5J. Yí ichael de[ined the concept o[ a cush ioncd rcfincmcnt as follows 

DEFI :-iITION. A collection [Aa [ aε4l lS cnslumed ln {Bg1a e A/} lr for each 

5l!c ..s/. C1 CU [Aß [ βE5l!J)ζ U[Bß [ βE5l! J . 

Preliminary results 

LE~I~IA 1. 11 E<E’ . and K is compacl. l /zen [(K. B (q. E)) [qE QJ is cus /z ioned 

in [(K. B(q. E’ ))[ qE QJ 

[>ROO F. Assume not. Thcn there exists p c Q and 1ε(C(X) . ' ,) such that 

I E ClcCU [(K. B (q. E))[ qεP))- U [(K. B (q. E’ )[ qE P J. 

Lct [/ aJ be a net in U [(K. B (q. E') [qE PJ which convcrgcs to 1. Sct EO = 

E'- E> O. Sincc [/) • f , thele exists a . such that Fa,e (K, U {B(f (x) , E.)1 xg 
K )) . Thus. for each "른K. - E < / ( ,,) - f_ ( x) <E. 0 1' cqu ivalcntly. ". (1 ) I _(" )-E'+ E< / ( ,,) <I _(" )+ E’ - E 

ι " . 
l3ut Slnce {falc=U {K, B(q, s))| qe P ), there cxlsts q. E P such that fα，ε(K. B 

(q·’ E)) . Thus fOl all xe K , q.-E< fa.(x) < q.+E. Then by ( l ) , ” c havc for a1l 

xεK. 

q-- ￡- E/+e〈f(x) < q.+E+ r --E, or q.-r< f(x) < q.+e’ Hence f E (K, B(q· ’ E’ )) 

ζU [(K. B (q . E’)) [qE PJ. a contradiction 

1'0 establish our main rcsu!ts. wC will nccd t \Vo additional lcmmas. Thc first 

is a \l'cll-kno、대 fact about (C(X ) . r) and thc sccond is a characterization of 

pscudocompactncss in Tychonoff spaccs duc to Hcwitt [2J . We record them 

herc for futurc rcfcrencc. 

LDßIA 2. 11 K c X is cOlllpacl and V c R is open. Ihen Cl,(K , V)c(K, Cl(V)). 

LE~üIA 3. A Tychonofl space X is pseudocompacl .J and only .J lor every 

decreasing seq“e”ce qr toa-emply opeR sets {U,J m X, n cl(U”)#@. 

Principal results 

Thc first result cstablishcs that. under rather general conditions imposed on 

the domain space, cquicontinuity at a point for a pseudocompact collection of 
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functions is equivalent to the existence of a particular r,-open cover of the 

collcction 

THEOREM 1. Let X be a locally comþact and [irst conntable and let F be a 

þsendocomþact snbset O[ ( (C (X ) , r) . Then F i s. eqnicontinκons at x i[ and only 

'j ((K n, B(q, e)) I ηEN， qE QJ is an oþen cover o[ F [or each e> O, where [K nJ is 

a netghborhood base qf compact sets at x.-

PROO.'. Assume F is equicontinuous at x and lct e> O be given. Then thcrc 

cxists a compact neighborhood K ’11 of x su이1 that f (K m) I B(f (x,), E/ 2) for all 
f E F Hence {(K”, B(q, E)) l ne N , qe Ol is an open cover of F. 

Conversely, assume F is not cquicontinuous at x. Thcn thcre exists e > 0, 

functions [. E F , and points x.εX such that, for each nE N , [. (x)""B(j.(x ) , e ) . 
” “ ‘” ‘ ’ 

This implies that for cach qεQ， [_",, (K _, B(q. e / 2)) for cach n and hence [_""U 
n " .. 

{K ”, B(q,e /2)) |qεQl . Ko” let E< s / 2 and note that by Lemma l , f , g Clc( U 
• 

{Kn, B(q, E))|qg Ql) for eachn. Thus f ”e(F-Clc) U {(K，， B(q， s))l qεQ}) . Since 

F is pscudocompact and [F - CI/U ((K n, B(q, e)) IqE Qj) } is a decrcasing scque. 

nce of opcn sets, 、‘ c havc by Lemma 3 that n CI, (F-CI,CU [(K. ,B (q, e) ) 1 
n … 

q르Q}) ) "<0, and hence 낀 Cl/F- U ((K. , B(q, e)) I qεQJ )"<0. By DeMorgan's Law, 

it follows that n CI,(n (F- (K n, B(q, e)) I qεQJ )"<0. 
” • 

Thus F그F一n CI.(n (F - (K. , B(q, e)) IqE Q}) .. 
=U(F - Cl.(n [F- (K. ， B(q ， e))l qεQ}) 

n “ 

그U(F- n (Cl.CF- (K‘ ， B (q ， e)) I qεQJ) 
n 

=n(F- C l.C F -(K. , B(q, e)))) 
n. q “ 

=U(F- (F- ( K “ , B(q, e)))) =니(K“’ B(q, e)). 
n ,q n , q 

T hcreforc, ((Kn' B(q, ε))l nEN， qεQJ is not an opcn cover of F 

Our fina l theorcm cstab lishcs that, assurning thc same conditions on the 

domain spacc, for closcd subspaccs of C(X ) ‘vith thc compact- open topology, 

compactness and pseudocompactness are equivalen t. 

THEOREil l 2. Lel X be a locally co…þact and [;rsl co1tntable and lel F be a 

c/osed s“bset o[ (C(X ) , T,). Tllen F is co씨þact ,j and only ,j il Is þseudoconzþacl. 

PROOF. We need on ly sho lV that if F is pseudocornapct, it satisfics the three 
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conditions of r\scoli ’s Thcorem (Kclley, p. 233) , from which compactness 

follows. 

Wc first establish that F is equicontinuous. Let x εX and lct {K n) bc a 

ncighborhood base of compact sets at x. Givcn e> O, for each f E F , there must 

exist qεQ such that f (.< )든B(q， e). Thus .thc collection {(Kn, B(q, e)) 비EN， 
• 

qE Q) is a T,-open cover of F. Equicontinuity follows from Thcorcm 1. 

Sincc F is equicontinuous on X , so is CUF) by {Kelley, p. 232). è\Totc that 
P 

Cl,(F)cCl/F ) , but since Clp(F) is an cquicontinuous family, lhc topologies 

가 and rp COlnClde on this set [KelIey, p.232] , SO Clc(F) = Clp(F). But Clc(F)=F 
by hypothesis, Thus F is pointwisc c1oscd. 

Finally, 、\"c must cstablish that for each x E X , Cl( {f (x) If E F)) is compact in 

R. Suppose therc exists x EX such that Cl( {f(x ) If'드F)) is not compac t. Then 

thcre is a sequencc of functions {fJCF such that {f_ (x )lnEN) is unbounded , n' - ~ n -

say unboundcd above without loss of generali ty. Sclcct a subsequence {f. ) of 

{f ” } hav1ng the prop잉rty that f .cx )> k for each k E N. è\Tow considcr thc ncigh. 

borhood V. = ({x.l, (k, +∞)) of f. for each k. Each V ‘ IS a non-empty 0야n , " " ... _. ~ It • _ . .-. --_.. k 

sct in thc pseudocompact space (F , T) , but n {Cl ，(V.)l kεN ) ζn I({x.L (k, ÷∞)) 

IkEN) =0, which contradicts Lemma 3. Thus {f(x) l f E F ) has compact c10sure 

for each x든X. This completcs thc proof of the theorcm. 

REFERENCES 

[1] D. Gale. Compact Se/s 01 FUllclions a"d Funclioll Ri l1gS, Proc. Amer. )'Iath. Soc.l 
(I ~50) ， 303-308. 

[21 E. Hewitt , R’IIgs 01 Real- valued COll“’lUO“s Funcliolls 1. Trans. Amer. Math. 
Soc. 64 , (19<18) , 45-99 

[3] S. K. KauJ, Comþact SubstJts Î11 Func/io1t Sþaces , Canad. :\ lath . ßull. 12, (1969). 
461-466 

[4] J. L. Kelley , Gelleral Toþology , Yan Nostr;lnd. Princeton , :-.J.]., 1955. 

{5] E. Michac1. Yel A110ther Note 011 PorQcompac! Sþaces. Proc. Amer. Soc. 10, (1959) , 

309-314 

16] J.S. Yang, Properly (G) , RegularÎly, altd SemÎ-equicoltliltuily , Canad . :\.fath . Bull 
16, (J9i3) , 587-594. 

West Virginia Univcrsity 

lndiana State University 


