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1. Introduetion 

ALMOST a-CONTINUOUS FUNCTIONS 

By Takashi l\oiri 

In 1968, Singal and Singal [I4J introduccd the notion of almost-continuous 
functions. Recently. Mashhour et. aI. [8J have defincd and investigated a new 

cIass of functions callcd a-continuous functions. These functions have been 
further invcstigated by Rci lly and Vamana ll1urthy [13J and the present author 

[IlJ. On the othcr hand , Mahcshwari et. a I. [6J introduced thc concept of 
almost fe밍b ly continuous f unctions. 

The purposc of the present paper is to introduce thc concept of almost 
α continuity in topologica l spaces as a generalization of a-continuity and 

almost-continuity. In Section 3. wc obta in several characterizations of almost 
a-continuous functions and show that almost a -continuity is equivalent to 

almost feeble continuity. In the last scc tion. we obtain sevcral proper ties of 
almost a -continuous functions and a charactcrization of a-irrcsolutc functions 
duc to Maheshwari and T hakur [5J. 

2. Preliminaries 

Throughout the prescnt paper, (X , ,) and ( y , 이 (or simply X and Y ) dcnotc 

topological spaces on which no separat ion axioms arc assumed unless cxplicitly 

stated. Let S be a subsct of ( X , . ) . Thc cIosure of S and thc interior of S are 

denotcd by CI (S) and Int (S), respectivcly. A subset S is said to be regu/ar 

oþelt (rcsp. r egular closed) if Int (Cl(S)) = S (resp. Cl(lnt (S)) = S) . A subsct 

S is said to be a - oþen [9J ( resp. sellli-oþen [4], þre- oþen [8]) if SζInt (CI 

(lnt(S))) (resp. SζCl (l nt(S)) ， Sc lnt(Cl(S))) . The complement of an a -open 

(rcsp. scmi-open) sct is called a -closed (resp. sellli-c!osed) . The family of all 

a-open (resp. scmi-o pen, pre-open) sets of ( X , r) is denoted by 7
a 

(resp. SO 

( X , .), PO( X , r)) . lt is shown in [아 that r
a 

is a topology for X and .c,." 

cSO(X , .). lt is also shown in [IlJ that Ta=PO(X, rlnSO(X, r) . 

DEFI~ITIO:\ 2. 1. A function f: ( X , .)• ( y , a) is said to be a-continuous [8J 
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if 1 \ V) C : << f or cvery V E <T. 

DEFI:-;;ITJO:<1 2.2 A f unction 1 : (X , ,.)-• (Y , a) is said to bc almost continuolls 

[14J if for cach xεX and cach V E <T containing I (x ) , therc exists Uεr containing 
x such Lhat I (U)clnt(CJ (V )) . 

REMARK 2. 1. It is shown in [llJ that a -continuity and almost-continuity 

are independent of each other. 

DEFI NITI ON 2.3. A function/: (X , ,)• (Y , <T ) is said to bc al’uost a-contin1tous 

(bricfJ y a. α c) if I- ' (V)ε건 for cvery rcgular open set V of (Y , <T ) 

REMARK 2. 2. lt is obvious that aJmost a -continuity is impJied by a - continuity 

and almost-continuity. However, by Remark 2. 1 thc convcrses are not truc in 

genera l. 

DEFl ;\lITIOI\ 2.4. A function 1: (X , r )• (Y , <T ) is said to bc T/-conlinuous [2J 

if cvcry regular opcn scts U, V of (Y , <T) , 

(a) r' (V)ζJnt (CI (r' (V)) ) and 

(b) Jnt (CI (r' (U n V) ) ) = In t (CI(j- ' (U ))) n Int (CJ(r' (V))). 

REMARK 2. 3. lt is shown in (llJ and (2J that both a -continuity and aJmost

continu ity imply T/-continui ty. 

THEOREM 2. 1. 111: (X , r )• (Y , <T) is a. a. C. , Ihen il is η-conl씨μ01ts . 

PROOF. Let U, V bc any regular opcn sc!s of (Y , <T) . Since 1 is a. a . C. , 
1- ' (V)Er"ζPO(X， T) and hence f - l( V)Elnt (Cl( f - l(V))). Moreover, since 

1 - ' (V )Er"CSO(X, r ) , by Lcmma 3.5 of [llJ wc obtain (b) of Dcfin ition 2. 4. 

REMARK 2. 4. Thc convcrsc of of Theorcm 2. 1 is not lruc in generaI as thc 

fo lJowing cxample shows 

EXAMPLE 2. 1. Lct X = [a, b, c, dJ and r = [0, IdJ, [a, cJ, [a, c, dJ , X } 

Let Y = ix , y, zJ and <T = [0, [x}. [z}. (x , z). Y ]. Dcfine a function 1: (X , ,) 

• (Y , <T) as foIlows: I (a)=x, I (b) =/ (c) =y and l (d)= Z. Thcn 1 is η-continuous 

but it is nol ι a. c. sincc (x ] is reguJar open in (Y , <T) and (a) f/'.r". 



Almost a~ConU1tuou s FU 1lcUo1tS 73 

REMARK 2.5. Wc havc thc fo l1owing relationships, howcver, by Remarks 2.1 

and 2.4 none of lhesc implications is revcrsible. 
Jα-continuous 、

continuous <.. ;~a. <<. c. --’η-continuous 
、almost-con tinuous /' 

3. Characterizations 

Let S be a subset of a space (X , T) , The intersection of al1 semi- closed scls 

containing S is called the semi-closμre of S [1] and is denoted by sCl (S) . A 
subset S is said to be feebly oþen [7] if there exists U르T such that UζSζsCl (U ) . 

A function f: (X , r)• (Y, rJ) is said to be al’1I0s1 feebly conl;"uous (rcsp. 

feebly conlinμous) [6] if f -
1
(V ) is fcebly open in (X , T) for every regular 때en 

(resp. open) set V of (Y , rJ) . 

LEMMA 3. 1. Let U be a subsel of a sþace (X , r ). Tlzen UεPO(X， r ) tj and 

only ,j lnt (CI (U)) = sCI (U). 

PROOF. Suppese lhat UE PO(X , r ) . It is shown that lnt (CI (S))εsCl (S) for 

every subset S of X [11, Lemma 4.14] . Let :x흥 ]nt(CICU)) . Then xE X- Int 
(CI (U))εSO (X， T) and U n X- ]nt(CI (U))) = 0 sincc UE PO (X , T) . This sho\\'s that 

X줄sCl (U) . Therefore, \VC obtain sCl (U) = lnt (Cl (U)). The convcrsc is obvious 

sincc SC sCl (S) for every subsct S of X. 

LEM~IA 3.2. Let U be a stebsel of a sþace (X , r ). T Izen UεEra zf aκd only if 

U is feebly open in (X , r ) . 

PROOF. lt is shown in Lemma 4.12 of [11] that UE r
u 

if and only if thcrc 

cxists GE r such that Gc Uc lnt (Cl (G)) . Thercfore, Lemma 3, 1 completes the 
proof. 

THEOREM 3. 1. A fαnction f: X • Y is a. a. c. (resp. a -conlinuous) ,j and only 

tj it is almosl feebly conlinuous (resp. feebly contiηuous) . 

PROOF. This is an immediate consequencc of Lemma 3.2. 

THEOREM 3. 2 For a f:“’,clion f: (X , r )• ( y , rJ) , l /ze following are equimlenl 

( a) f is a. a. c. 
(b) For each xEX and eacl, V E rJ conlaining f (:x ) , Ilzere eXÎsls Uεra comamtng 
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x such Ihal/(U)c[nl(CI(V)). 

(c) 1 - 1(F) is a-closed in (X , r ) lor eνery regular closed sel F 01 (y , a) 

PROOF. This is obvious. 

The topology having the regular open sets in (X, r) as a basis is called thc 

semi-regttlarization of r and is denoted by 'fs. 

THEOREM 3.3 For a lunclion 1: (X , r)• (Y , a) , IIIe lollowing are eqr‘z'valenl: 

(a) 1: ( X , r)• (y, a) is a. a. c. 

(b) 1: ( X , r)• (Y , a s) is a-conlinuoιs. 

(c) f - (X, Ta)• CY. (1) is alnzost-conUn1fOtes. 

(d) f · (X, ra)• (Y , as) is continuoμs. 

PROOF. Every V Eas is thc union of rcgular opcn sets of (Y , a). Thereforc, 
(a) is equivalent to (b) . Jt is obvious that (a) , (c) and (d) arc all equivalen t. 

4. Some properties 

LEMMA 4. 1. Let A be a subset 01 a sþace (X , r). [1 eilher AεSO(X， r) or 

AE PO(X , r) , IIIeη A n V is a-oþen in Ihe subsþace (A , r/ A) lor every Vεra. 

PROOF. This follows from [13, Lemma 2] and [8, Lemma 1.1]. 

It is shown in [6, Proposition 4] that 1: X• Y is almost fcebly continuous 

and A is opcn in X then thc restriction I 1 A : A• Y is almost feebly continuous. 
As an improvement of this result, we havc the following. 

THEORDI 4.1. Lel 1: (X , r)• (y, a) be an a. a. c. lunctioι [1 eilher A르SO 

(X , r ) Or AE PO(X, r) , then the reslriction I1 A : (A , r/ A)• (Y , a) is a. α. c. 

PROOF. Let V bc a regular opcn se t of (Y , a ) . Sincc 1 is a. α. c. , f l(V) E ta 
- 1 ___ ~ _ . _ _ . . , -1 

and by Lemma 4.11 '(V )n A= U IA) '(V)E(r/A)-. Therefore, I IA is a. α. c. 

In [3, Theorem 2.1] and [10, Corollary 4] , it is shown that if 1: X• Y is 

an almost-continuous injection and Y is Hausdorff then X is Hausdorf f. The 
following theorem is a slight improvcment of this rcsul t. 

THEOREM 4.2. [11: (X , r)• (Y , a) is an a. a. c. injection and (Y , a) is 
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Hausdorff. then (X. ,-) is Hausdorff. 

PROOF. Sincc f is a. a. c.. by Theorem 3. 3 f: (X. ,-")• (Y. u) is almost 

continuous. Sincc (Y. u) is Hausdorff. so is (X. ,-") [3. Theorem 2.1] . It 
foJJows from thc proof of [11. Corollary 4.7] that (X. ,-) is Hausdorff. 

Tn [11. Thcorcm 4.9]. thc prcscnt author showcd that if f. g: X • Y arc 
a -continuous and Y is Hausdorff thcn [xE X lf (x)=g (x)] is a - c1oscd in X. The 

foJJowing thcorcm shows that thc assumption “ a -continuous" in th is result can 

bc rcplaced by “ a. a . c. 

THEOREM 4.3. Jf ι g: (X. ,-)• (Y. u) arc a. a . c. and (Y. 이 is Hausdorff. 

Ihen [XE X If (x) = g (x)} is a-closed in (X . ,-). 

PROOF. Since f. g: (X . r)• (Y. u) are a. a . c.. by Thcorem 3. 3 f. g: 

(X. ,-")• (Y. us) are continuous. Since (Y. us) is Hausdorf f. ( xεX lf(x)= g(x)] 

is c10sed in (X. ,-") and hence it is a-c1osed in (X. ,-) . 

A function f: (X. ,-)• (Y . u ) is said to be semi- weakly conlintlolls [12] if for 
cach xE X and cach V E U contain ing f (x ) . therc cxists UESO(X. ,-) containing 
x such that f(U)ζsCl (V) 

LEM11A 4. 2. A funclion f: (X. ,-)-(Y. u) i s semi-weakly conlinuo“s i! and 

only tf f l(V) E SO(X, r) for euery regular open set V qf (Y, o) , 

PROOF. Necessity. Let V bc a rcgular 이lCll ret of (Y. u) . F'or each xεf- l 
( V ). there ex irts U x ESO(X. r) containing x such that f (U x) c二sCI (V) . By 

Icmma 3. 1. wc havc sCI(V )=Jnt (Cl(V ))=V and hence xεUxC:f-l(V) . There

fore. It follows from Theorem 2 of [4] that f - l(V)ESO(X, r). 

Sufficicncy. Lel xεX and f (x)EVe u. Put U=f l (Int(Cl(V))) , then xεUε 
SO(X. r) and f (U)C lnt(CI(V )) =sCI(V ) by Lemma 3. 1. This shows that f is 

scmi- weakly continuous. 

RB IARK 4. 1. Semi-weak continuity and η-continui ty arc indcpcndent of cach 

othcr. In Examplc 2. 1. f is η-continuous but it is not semi-weakJy continuolls 

sincc [x } is rcgular opcn in (Y. u) and [a] ",SO(X. ,-) . Morcover. a semiweakly 

continuous function is not necessarily η-continuous as thc foJJow ing examplc 
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sho‘vs. 

EXA~ IPLE 4. 1. Lct X = {a. b. cJ. r = {O. {a), {b) . {a. b). X ) and <1 =!O. {a). 

{b. cJ. X ). Then the identity function 1: (X. r)• (X. 이 is semi-weakJy 
continuous. Howcver. 1 is not 1/-continuous since {b. c) is reguJar open in 

( X. (1) and I - l ( {b. c)) does not satisfy (a) o'f Definition 2.4. 

THEOREM 4.4. A lrenction 1 : (X. r)• (Y. (1) is a. a. c. '1 and 0ηly 1/ and 

only '1 it is η-C01ttin“。teS and semt'-weakly continιo“s. 

PROOF. l\eccssity. Suppose that 1 is a. a. c. By Theorcm 2.1. 1 is 1/-continuous 

Since r<<CSO(X. , ) . by Lemma 4.21 is semi-weakly continuous. 

Sufficiency. Let V be any regular open set of (Y. (1) . Since 1 is semi-weakly 

continuous. by Lemma 4. 2 1- 1
(V)ESO(X. ,). !lloreover. 1 is η-continuous. 

] ,..... _...... ......, ... ~- l ， .. ... ot f . (V)EPO(X • ... ) and hence 1 '(V) E , - {ll. Lemma 3.1) . Thercfore. 1 is 

a. a.c. 

A function 1: (X. r)• (Y. (1) is said to bc a - irresolute {5) if 1- 1(V )Er<< for 

every V E <1<<. We obtain a characterization of a-irresolute functions by utiliz ing 

ι a. c. f unctions. 

LEMMA 4.3. Let A be a subset 01 a sþace (X. ...). Then AE r<< '1 and only 1I 
there exists a regular oþen set 0 in (X. r) and a nowhere dense set N such 

that A = O-N. 

PROOF. This follows casily from Proposition 4 of {9) and thc proof. 

THEOREM 4. 5. A lunction 1: (X. r)• (Y. (1) is a-irresolιte '1 and only '11 
is a.a.c. and 1- 1

(N) is a -closed 씨 (X. r) lor every nowhere dense set N in 

(Y. (1) . 

PROOF. Necessity. Assume that 1 is a - irrcsolutc. lt is obvious that 1 is 

a. a . c. Let N bc nowherc dense in (Y . (1). Then. lnt (Cl(N))= O and 

Y - N c Y =Y - Int (Cl (N)) = CJ (lntCY - N )) . 

Therefore. we obtain Y - N c lnt (Cl (Int(Y - N ))) . This sho \Vs that Y - N E <1 << 

Therefore, f - l(Y-N)E rg and f -1(N) is a -closed ln (X , T). 

Sufficiency. Let Vεo“. By Lemma 4. 3. V =O-N. where 0 is reguJar open in 
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(y , 11 ) and N is nowhere dense in (Y , 11) . By thc hypothesis , /-1(0)드/'( and 

/ -I(N ) is a-closcd in (X , ,) and hence we havc 

r 1
(V) =r1

(0) n (X -r1
(N)) E ,". 

This shows that / is a-irresolutc. 
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