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ATHWART lMMERSJONS WITH CODlMENSJON 1,> 2 
lNTO EUCLIDEAN SPACE 

By M. A. Bcltagy 

Abstract : ln this papcr we definc thc athwart immersions with codimension 

p> 2 into Euclidean space. Some rcsults supported by geomctric cxamples havc 

been cstablished. A comparison study has been carried out throughout the papcr. 

J. lntroduction 

ln this work , we arc concerncd with a problem , namely, thc ath\\'art immcr. 
’+þ sion s of n-manifolds into (η +p)-Euclidcan space E" " where P> 2. ln casc of 

P= l , thc problem has bccn considcrcd by Robertson and Cravciro dc Can'alho 
[4J . The ath、.\'artncss definition as it has been givcn in [4J may be stated as 

follows: Let M and N bc C∞， closed, connectcd, n- manifolds and Ict [ and g 

be smooth immcrsions of M and N , respcctively, into E
n i1

. We say that [ is 

athwart to g-、\'f ittcn [ Ag- if and on ly if [ (M ) and g(N) havc no tangcnt 

hypcrplane in common 

In [4J, the question: In what curcumistanccs is [ A g ? has been ans、\'crcd. In 
fact, thc fo llowing thcorcms havc been proved. 

n -T l 
T HEORDI (i). Lel [: M - E" " and g: N - • E" , . be smooth immersions 

o[ Ihe n- l1lanljolds M and N , I[ [ (M ) has IICO tangenl n-planes such thal one 

’lIeels g (N ) and Ihe olher does nol , Ihen [ is nol alhwarl 10 g. 
n-I l 

THEORDI (ii) Lel [ : M - ‘ E" " and g: N - E" . be immersions such that 

[ (M m g (N ) "ÆO. TTle’‘ [ is nol atl，ωarl 10 g . 
1. _ 2 

TJl EORDI (iii). Lel [and g be two illllllersiolls O[ Ihe unil circle S' in E". 

J[ [ A g , Then tl,e illlage 01 one o[ Ihe immersions is inside all the loops o[ tlze 

olher. 
n + l THEORE Ì\l (iV). Lel [: M - E" . . and g: N - E " . . be i’mllersìons suclt 

Ihal [ A g. Then one O[ tlze 1Ilamjolds, say M , is dU[eo l1lorphic 10 Ihe n-dimen. 

sional unil sPhere S' , [ is an i1llbedding witl, slarshaped inside and g (N ) is 
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conlained in lI.e inlerior 01 Ihe kernel 01 Ihe inside 011. 

In [1] , thc problem of ath\\'art immersions with codimension 1 into hyperbolic 
spacc H" ~ l has becn considered. Thc dcfin ilion of athwartncss in this casc is 

givcn in terms o[ tangent totally gcodcsic hypcrsurfaccs instcad of tangcnt 
hypcrplancs in casc of thc ambienl Euclidcan spacc. Thcorcms (i- iv) have been 
provcd in [1] to bc valid in casc of H" 1 

Rccently , thc problem of athwart immcrsions into spherc has becn studied in 

[2] . The results obtaincd in [1] were [ound to be nonconsistant \\'ith thosc 
fOl the case of E ” i and S” l as amblent spaces- One of thC lcasons o[ the 

nonconsistcncy is thc cxistcncc of conjugate points Qn the sphcrc surface. \Vhcn 
rcstricting oncself to athwart immersions in an opcn hcmispherc instead of thc 

whole of thc sphcrc , thc rcsults \\'ere found to be complctcly consistcnt with 
n +l those of thc immcrsions in E" • and H 

In both [1] and [2] lhe central projection map has been uscd successfulIy to 

construct a nicc corrcspondcncc betwcen athwart immersions in hypcrbolic spacc 

as thc opcn hemisphere and the samc problem in the Euclidcan spacc 

2. Definitions and backg rounds 

Vve begin this articlc \\'ith mentioning what is mcant by athwart immersions 
of smooth, c1osed, n- manifolds into En 

p wherc p;;'2 is an intcgcr 

Let M and N be C∞， compact, n-manifolds and Ict 1: M-→EμP and g: 
n +p N- • E" , y (p;;'2) be C- immersions of M and N, rcspectively. The immcrsion 

1 is said to bc athwart to g (denoted by I Ag) if there is no Iinear subvariety 
of dimension n tangent to both I (M ) and g(N) . Tn this way o[ definit ion , the 

immersions 1 and g are not athwart if thcrc exists a pair of points p드M and 
qE N such that T .M= T .. N \\'here T .M denotes thc tangent spacc of M at p. þ - q- - p 

n+p 
An immersion 1 : M- E'" Y (p;;'2) o[ an n-manifold M is called substantial 

if I (M ) is not containcd in an (η+ l)-subarmty o[ E P*n. In othel words a 

suhstantial immcrsion is a sizable immcrsion. 

RE~lARK . lf the t ll'O immersions 1 and g arc non-substantial and containcd 
r. ~ þ 

logcther in the samc (IZ + l)-sub‘ ariety of E" . Y then all thc rcsults concerning 

athwart immersions (Theorems (i)-(iv)) are applied. This particular situation 

rcprcscnts a rcasonablc moti vation to rcstrict ourselves to dealing with substan tial 



Alhωart 1m…ersiolls Witll Codime l1sion þ> 2 i" lo EllClidea1t Sþace 65 

immcrsions or non-substantial immcrsions which arc not contained in thc same 
lincar subvariety 

:\ow, in the fo llo;\-ing simple geometric cxample \\'e sho、y that theorcms (i) 

and ( ii ) arC not valid for im mersions of cod imension p> 2. 

EXAMPLC ( i) Considcr M and N to be S'. Lct 1 and g bc two imbeddings of 
S ' in E

3 
such that 1 imbcdds S' as a unit circle in thc xy- plane in E

3 、\f ithl 

ccntcr at 0 and g docs thc samc thing in thc yz-plane. Clearly, I(S') has t\\'O 

tangent lincs T , and T
2 ‘\.here T , meets g (S ') and T

2 
docs not (See next Fig.). 

ln lhc figurc \\'c could nol find a common tangent linc to both I (S' ) and g (S' ) 

Hcncc 1 is alhwart to g. 

T . 

y 
T, 

x 

EXAM I'LE (ii). Jf “ c considcr the samc figurc . ,,"c should havc two immcrsi 

Qns 1 and g such that I ( S' )n g (S' ) r'O while 1 is athwart to g . 
3 

As thc inside (or outsidc) of a loop in E- as well as thc kernel of thc imm 

crsion in casc of codimension greatcr than Qnc do not makc sense 、\.c could not 

givc cxamples to show to what extcnt theorems (ii i) and ( iv) arc valid. 

3. Main Work 

The main work of this paper which is prccisely incorpora ted in finding some 

nccessary and sufficient conditions for immcrsions to bc athwart lics in three 
diffcrcnt parts (a). :b) , and (c) . In part (a) , we invcstigatc the case whcn 

thc two immcrsions arc substantia l. The second onc, part (b) , dcals with the 

case when onc of the considered immersions i5 substantial and thc other is not 
Thc case of two non-substantial immcrsions is studied in part (c) 
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From now on , M and N are taken to be 미osed C∞， n-man ifolds and a ll 

immersions are smooth enough for all discussions to make sensc. The integer P 
always satisfies P> 2. 

Parl (a) : Wl1011y Subslanlial Case. 

,, + 1 ...... " p PROroS!TlON (i) Lel [: M - • E" , . and g: N - • E" Y be 1，νo smooth im11ler~ 

sions such l1Ial [ (M ) is conlained on t1te w r[ace o[ 0 convex closed hypers“r[ace 

lÏ1 a .. d g(N) is conlained in l1Ie open inlerior o[ lÏ1, I/zen [ is alhwarl 10 g. 

PROPOSITlO:-l (ii). Lel [ and g (in prop. (i)) be bolh conlained on 0 sur[oce 

o[ a slrictly convex closed hypersur[ace N stech Ihol J n g =o, l1Ien J is alwo1'l 

10 g. 

PROOF OF PROPOSITIOK (i) ln contrary to the rcquired result, assumc that 

[ is not atwart to g. Thcn there exists a common n- Iinear subvariety H " of 
E ” +P tangent to both f (M) and g (N) Let Ple f (M ) and P2e g (N) represent the 

” points of tangcncy. Thc tangency of H ' to both [ (M ) and g (N ) cnsurcs that 
thcrc cxists a tangent hypcrplane H ’ +p- l to the convex hypersuface M at 

p- l •. .• ~ P, ‘\'hich contains H " . ln this way, the tangcnt hypcrplane H " • . dividcs M 

into two (or morc) picccs contradicting thc convcxity of 찌. T hc contradiction 
shows that [is athwart to g 

ROOF OF PROPOSITlON (i i) . Let [ and g be two immersions containcd on 
the surfacc of a strictly convex hypcrsurface Ñ of E ‘ +p and J (M )n g (N) = O 

as being mcntioned in thc proposition . Let us carry out thc proof by the way 

of contradiction as it has just been done with prop. (i). 

Assume that [ and g are non-ath、，\'art， cons띠uently there exists an n- Iincar 

subvaricty H ‘ which reprcsents a tangcnt spacc to both [ (M ) and g (N ) at 

P, and P" rcspcctivcly. Hence, therc would be a straight Iinc, say L, ‘vhich 

touches Ñ at t\\'o diffcrcnt points. Consider the tangcnl hypcrplanc π‘ of Ñ 
PO 

at P, which contains L, P, and P2• This hypcrplane, in vicw of the abovc 

arguments, touchcs Ñ at P, and intcrsccts Ñ again at P2 contradicting the fact 

that Ñ is slrictly convcx and thc proof is now complcte. 

RBIARKS. (a) ln thc samc way of proof wc can casi ly show that if thc 

condition J n g = o in prop. ( ii ) is rcplaccd by the term ’‘J intcrsccts g transvcr-
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salIy" , the pr이)()sition is sti1J truc. 
(b) Athwartness property of submanifolds can bc adoptcd as a good mcasurc 

of strict convexity in the fo lIowing sense: lf each two transversally intersecting 
o+þ 

subman ifolds on thc surfacc of a c10scd hypersurface N of E'" Y are athwart, 
thcn Ñ is strictly convex. The proof of this id.ea is now c1ear in the Iight of 

thc above mentioned propositions. 

Parl (b): Sem;-s“bslanl;al Case 

,, + 1 
PROPOSITIO)l (i ii). lf g(N) ;s conla…ed ;n an (n+ l)-linear s“bvar;el.v H 

and f(M) ;s subslantial, lI,en f ;s all,warl 10 g ;n lI,e following cases: 

( a) f(M)nH"시 =0 
,, + 1 

(b) f (M ) ;nlersecls H" . . Iransversally. 
0+ 1 (c) f ( M ) ;nlersecls H '" . langentially bul nol along any langenl space of g(N). 

PROOF. (a) As g(N) is containcd 、vholIy in H ’ - 1, then all tangent spaces 
n + J ~ ， ~ .. ....... ... rll + l of g (N ) arc also contained in H" " . Hcncc, if f (M )n H '" "=0, no tangent 

"+, spacc of f (M ) is contained in H" T
' and consequently, no tangent space of 

g (N ) coincides with a tangent soacc of f (M). 

(b) \V hcn f ( M ) intersects H n+1 transvcrsalIy, therc is no tangcnt spacc o[ 

f(M ) Iying in H ,,+1 and hcncc thcrc is no common tangcnt n- Iinear subvariety 

bctwccn f (M ) and g (N). 

(c) \VC Icavc this part to thc rcadcr as a geometric cxcrcisc. 

PROPOSlTIOl\ ( iv). lf g (N ) ;s cOlllained in an (n + 1 )-1;꺼ear s1tharl-ety H ” l 
"+1 su이" Ihal U T yN ,,! H" ' " and f (M) ;nlersecls H " • in Ihe inlerior region of 

zEN ι ‘ 

Ilze kertlel of Ilze ;llside of g(N) , thcn f A g. 

PROOF. Thc proof of this proposition dcpends hcavily on a thcorcm cstabli 

shcd by B. Halpern [3J which statcs that; For a smooth immersion g: N - • 
,,+1 

g ' dim N = n , if UT yN ,,! E" ' " thcn N is diffcomorphic to S", g is an 
zEN 

imbedding, thc insidc of g(N) is starshaped and E ‘ . - U T vN is the in tcrior 
xεN 

of thc kcrnel of thc insidc of g. 

Taking this thcorcm into account and due to the fact that a lI tangent spaccs 
"+1 ___ , _~ ____ _ ". ___ ,. L_ ... 1" II .... '_ ... __ ~ __ ... _ 7 1'""+1 

of g(N) arc in H" " , and moreovcr, that f (M ) intcrsccts H"" in the interiol 

of thc kcrnel of thc insidc of g(N) , thcrc would bc no tangcnt space of f ( M ) 
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co incident with a tangent space of g (N ). 

It is 、\"orth mentioning that cven if f (M ) is intersecting H "+l tangentially 

the proposition is still valid. 

Parl (c) : Wlzolly Non-sltbslanlial Case 

The simplest casc considercd in this work is thc onc under consideration. 

’ I‘ hc situation is no \V div idcd into two differcnt portions. parallel and transve
rsal cases. Propos ition (v) dcals with the first casc whilc proposition (v i) trcats 

thc othcr onc 

PROPOSlTIO>,; (v) . Jf tlze immersions f and g are "on-sltbslanlial sltclz I lIal 
11+ 1 " •• , _ .. ,.1t-!-1 • 1'1'''+ 1 f ( M )CH ;' , • and g (N)ζH; ' - and H î " n H ; ' ' =0. then f A g. 

(Thc proof of this proposit ion is too simple). 

PROPOSI Tl O:\, (v j) . For I lIe illlmersions f and g in þroþosilion (v) . .1 H:γ1 
n+l _ " rr n+ l rrn+l 

n H ; ' ' = 0. tlzen f is at lzwarl 10 g .1 and only iJ H ;" ñ H ; " does nol reþresenl 

a COlllmon langenl sþace 10 bol lz f (M ) and g (N ) . 

Thc proof of this proposition comcs out as a dircct gcomctric resul t. As an 
application. the following gcomctric attitudcs rcprcsent some athwa rtness cases 

(a) f (M ) nH~+1 n H; +l =0 

n+l ..... H n + 1 (b) f (M ) intersccts H'; .. n H ; ' . transvcrsa lly 

Samc things are truc 、.\'hcn replacting f (M ) by(N ) . 

1\0 ’l‘ E. All thc rcsu lts of this papcr can be proved true when considering 

immcrsions into hypcrbolic spaces instead of the Euclidean ones , One can usc. 

to achci vc th is aim-thc ccntral projcction map as it has been done in [l J . 

Considering immersions into clliptic space needs careful study as \\.c expcct a 

g-reat altcrations in thc rcsults 
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