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TRANSNORMAL SYSTEMS ON THE CA YLEY PROJECTIVE PLANE 

by Kwang Sung Park 

l. Introduction. 

Transnormal systems in complete connected Riemannian manifolds wcrc intro­

duced by ]. BoJton ( [1]. [2]) . He were concentrated on thosc systcms containing 

hypersurfaces. As a special case. in spheres. h is notion is equivalent to isopa­

rametric families. Transnormal systems containing hypersurfaces in complex 

projcctivc spaces and quatcrnionic projectivc spaces werc studied in [6J . The 

method used in [6J is based on the observation that those projcctivc spaces arc 

imagcs of Ricmannian submersions of spheres. But the CayJey projectivc pJanc 

KP2 can not be the Image of a Rlemannlan submerSlOn of a sphelc. And tin s 

is thc only compact. simply connccted symmctric space of rank onc which is 

not incJuded in [6J . Somctimcs. topoJogicaJ structures of manifolds dctcrminc 

some of their geometric fcaturcs. ln this paper, we invcstigate homology groups 
? 

of hypersurfaces in transnormal systems in KP- to obtain somc rcst rictions on 

codimensions of singular foils. 

2. Prelirninaries 

A syslem on a conncctcd manifold N is a partition of N into noncmpty conn • 

cctcd submanifoJds caJJcd fo ils. A transnormal syslem on N is a systcm in 

wh ich N is a complete conncctcd Ricmannian manifoJd such that any geodesic 

of N cuts thc foils of the system orthogonaJJy at none Or a JJ of its points. It 

is 1z01z-singular if all of its foils have the same dimcnsion. Otherwisc it is 

singtelar . ]. Bolton provcd thc foIIowing rcsuJts([J]. [2]) 

PROPOSITlO~ 2. 1. Lel sf' be a Irallsnormal syslem in N wilh a foi 1 of cod… 
enstOκ 1. Tlzen sf' has al mosl Iwo singιlar foils . Furlhermore 

(i) lf sf' has ηo szng“lar foUs. then tl t.s a 11letric foliation 

(i i) lf sf' has only one singular f oil A. Ihen eitlzer N has a veclor bundle 

structure over A or N lzas double cover. 

(i ii) l f sf' has Iwo singular foils. then N has Ihe 10þological structπre of Iwo 

sþhere buηdles over singtelar foils. glued togel lzer along Iheir bOtendaries 
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Jn thc casc(i ii), lct F be the homotopy fibcr of the incJusion j: M - • N and 

Jct A I' A2 be thc t\\‘\\'0‘ 
canomca띠1 map. Thcn thc homology of the homotopy fibcr F is given as fo Jlows 

([4]) 

(k. k,) 

kl ~ kz 

no t.,‘ ISlS 

kl= kz 
no (Wlsts 

kl> kz= l 
φ， t“ isted 

kl=k2= 1 
fþl twisted 
rh not twisted 

k,=kz = l 
Øl . pz both twistcd 

Z 

Z e Z 

Z 

Z 8 Z 

Z 

Z e Z 

( H ,( F;Z) 

i 0 or i=.kl.l mod(k. + k2) 

i>O and i三OmαI(k， k,) 

'- =0 
i>0 and i드o mod(k,) 
i 0 or ，.三:t 1 mod(2k, ';"2) 
;>0 and i三o mod(2k, + 2) 

Z z i=.klo k‘+ 1 mod(2ka.J... 2) 

Z i ~O or i르3 mod(4) 
Z 6 Z, 1= 1 mod(4) 
Z， 프2 m 여(4) 

Z e Z ,"> 0 and 1三o mod(4) 

Z 1 0 
Z '" Z 1>0 and 1르o m여(3) 

z,e z, 1= 1 mod(3) 

Tablc 1 

W. '1 ‘ hurston pro、 cd thc fo Jlowing ( [8]) 

PROPOSITI01\ 2.2. A closed maniJold N has a codimension one folialion Ij and 

。nly ’f its E lI ler characteristic is zero. 

3. Rcsults. 

Lct .'íf' bc a transnorma l system on thc Caylcy projcctivc planc Kp
2 

with a 

hypcrsurface M. Thcn it has at most t\\'o singular foils. 1f it has no singu lar 

fo i1s, then it gi\'cs a codimcnsion onc foliation . Thus the Euler charactcristic 

of Kp- should be zero. But the homology glOup of Kp2 ls g|Ven as foIlo”s , ’ 

。 IZ for q=O, 8, 16 
H (K P-) =J 

[0 otherwise 

’ Thus thc Eulcr charactcristic of K P- is 3, a contradiction. Supposc that .'íf' has 
。?

only one singular foi 1. )lotc that KP- is compact, and hencc KP- can not ha\'c 
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a vector bundlc structure. If KP- has a double cover fl , then wc have thc 

follo“ ing Gysin exact sequence 

q - l ~ ."， ..... ~... .".A ~ ."， ...... 2, ~~q~ ~~， ~~q ’ - H' ' (Kr)-• H ’ (Kr)-• H ’ (N )-• H ’ (Kr)-•... 

with Z ? coefficicnts. Whcn q= O, we havc thc foIlowing exact sequcnce 

O- Zn-Zn- • Zn- • 0, 2 ~2 .... 2 

a contradiction. Thus the case(iii) in Proposition 2. 1 can not occur , and hence 

wc have thc following 

PROPOSlTlON 3 l. Let S 7 be a transnormal system on KP2. Then lt has two 

singular foil s 

Lct Aj and A2 be the two singu lar foils of !if' with codimensions kj and k2’ 
rcspccti\"cly. Then we havc the following decomposition 

KP2= DA , U", DA2’ 

、，vhcrc DA j and DA2 arc k ," and k2" sphcrc bundles over A , and A2' rcspectivcly , 

Then H f (F) H **(Kp2) lS a tcrm of a spectral scqucncc 1VhlCh convcrgcs to 

H _(M ) . Thus 、\'c can computc thc homology of M by Tablc 1. 1\'ote that dim 

M = 15 and hcncc Hq(M)=H l5 q(M ) by the POlncarc duallty. USlng thls fact­

、，\"C can cxcI udc a lmost all of thc possibilities of ( k" k2). For cxample, if k , F선 
and kj, k삼> 7 ， then wc havc H 7(M )=O and H

8
(M )=Z , a co띠ontr 

、w‘r‘: e ha、 c 

PROPOSITIO:<1 3, 2. Lel !if' bc a Iransηormal system oti Kp2 and let kl , K2 be 

IlIe Iwo codi1llensions 01 singular loils ol !if'. Tlzen (k
1
, 씬 is eqval 10 (1,1), 

(7, 4) or (15, 7) 

Thc casc (15, 7) cxists. In fa ct , A, is a point and A
2 

is an 8-spherc. But we 

don't kno、\' if the other cascs cxist. 
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