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ASCOLI’ S THEOREM AND THE PURE STATES OF A C‘ ALGEBRA 

By Kclly Mckcnnon 

Abstract ‘ A vcrsion of Ascoli ’ s 'T'hcorem Ccquating compact and cquicontinuous 

scls) is prcscntcd in the contcxt of convcrgence spaces. This theorcm and 

anothcr. ( involving equicontinuity) arc applied to characterize compact subsets 

of q uasi-mu1t ipliers of a C‘ -algcbra B. and to characterize thc compact subsets 

of lhc statc spacc of B. 

Thc c1assical Ascoli Thcorcm statcs that. for pointwise prc-compact families 

F of continllous functions f rom a locally compact space Y to a complele Haus­

dorff uniform spacc Z. cquicontinuity of F is cquivalcnt to relative compactness 

in thc compact-opcn lopology( [4] 7.17). Though this is onc of t he most impor­

tant thcorcms of modcrn analysis. thcrc arc SOffie app1ications of thc idcas 

inhcrcnt in this theorem which arc not rcadi ly accessiblc by direct appcal to 

lhc lhcorcm. Whcn onc passcs to so-ca llcd “ non -commutativc analysis". analysis 

of non- commlltalive C*-algcbras. thc analoguc of Y may not bc rclatively 

compact. whilc lhc conc1 usion of Ascoli’ s Thcorcm still holds. Consequently it 

secms plausiblc 10… cstabl ish a morc gcneral Ascoli Theorcm which will 

directly apply 10 thesc c,amples. '" 

1. PT-Classes 

ÿ] any theorems of a lopological naturc in analysis arc morc rcadily slated 

in tcrms of convcrgent scq ucnccs or nets , rather than in tcrms of the more 

“ basic" notions of open and c10sed sets. In fact . certain types of convergence 

in some important thorems (such as “ almost every\,-here convergence") may 

not even bc convcrgence relativc to some topology. This has prompted thc 

study of “ convergencc spaces" (sce [1] , [2]. and [3] for instancc). However 

the axiomatic treatment of “ convcrgence spaces" seems to have been for thc most 

part in terms of filtcrs instcad of nets. The notion of a “ convergence space'’ is 

just as simple as that of a topological space. it is necessary for statement of 

(1) Mathematics Subjecc Classification , Primary 46Lo5. secondary 54A20 
(2) To understand the examples of this paper it wi1l he lp it the reader has had some 

experience with the fundamental parts of the theories of locally con、 ex spaces and 
C.-algebras as in [7] and [8]_ 
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the gencral A5coli Theorcm , and 50 wc 5hall 5et down a formulation of thc 

axioms and basic facts conccrning ιconvergcnt spaccs" in terms of nets. 
Let S bc a 5Ct and f thc cJa55 of all nct5 in S. For sεS ， thc 5inglcton {sJ 

ha5 only onc binary relation relative 10 which {sJ i5 a direcled 5et-we writc s 

for the net 5cnding sE {sJ to s. For net5 x lD• S and ylE• S wc writc x V y for 
thc net whosc domain is thc product directed 5et N x D x E and which 5cnds 

(n. d. e)εNXDxE to xd or y, dcpending as n is odd or cven. 

A 5ubclas5 ,8 of f w i1l bc calJed a P T -class (pse t/do-topological class) if 

the fo lJ owing axioms hold 
(l) sε，8 for all sES; 

(2) x Vyε，8 whenever x. yE,8 havc a common 5ubnct ; 

(3) xE J ‘ i5 a member of ,8 if and only if each subnct of x has a 5ubnct 
bclonging to ,8. 

It is a di rect con5equence of (3) that 

(4) a 5ubnct of a mcmbcr of ,8 al50 belong5 to ,8. 

We say that ,8 is Hau5dorff if, for all a, bE S, 
(5) a=b whcncvcr a V bε，8. 

Lct ,8 bc a PT-c1a55. lf cach nct in S has a subnct belonging to ,8 wc say 

that ,8 is precompact. Lct A bc a 5ubsct of S. Thcn thc cJass ,8(A ) of all ncts 
in A belonging to ,8 is evidently a PT-cJass for A , and is Hausdorff if ,8 is. 

We shall say that A is precompact if ,8( A) is. Wc say that A is dense in S il' 
to cach xE ,8 there exists yE ,8(A ) such that x Vyε，8. 

If [x V sJ belongs to ,8 for xE ,8 and sεS ， we say that x converges to S (or s is 

a ltmtt oI x) and wrltc x]￡s lf each xe a has a llmiL we say that a lS 

cOlllplete. lf ,8(A) i5 complctc for Ac S. wc 5ay that A is complele. A complctc 

precompact sct is said to bc comþact. Thus a compact sct is one in which cach 

nct ha5 a 5ubnet with a limi t. 

Kew Jct S and T ha ve PT- cJa55e5 ,8 and ‘r rcspcctivcly. Thcn a function J IS 
• T is said to be co씨inuo1t.'ì if f OXEY whcnever xE ,.8. 1t is clcmcntary to check 

that prccompact scts and compact scts arc prcscrved by continuous fun ctions. 

A PT - c1as5 ,8 、v iIJ bc called a T -class if it i5 cJoscd undcr thc formation of 

“ uppcr diagonal nct5" . Morc prccisely. Ict mlD• S bc a net belonging to S and 

supposc that. for cach dεD. /d)I E (d )• S i5 a nct 5uch that s(d) V "'d E ,8 ( i. c .• 
S(d) ...!..... lIl rl ) . Lct H三D(XE(d)) bc thc product d irectcd 5et and dcfinc s lH • s 

‘ dE D 
by letting s (d.r)三S없) for all (d. r) E H. If s V m belongs to ,8 for cach such 
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construction , then a PT -c1ass ,3 is callcd a T -class. 

Let J3 be a T- c1 ass. Then , for A c S , it is cvident that ,3(A) is a T-class as 

well. 

EXA:vIPLE 1. 1. topological space. Let S be a set with a topology 11 and let ,3 

be thc class of all ncts which converge in S relative to 11. W c shall say that J3 
is thc T-class induccd by 11. That ,3 satisfies the axioms of a PT-class is elc. 

mentary. That ,3 actually is a T- class follows from [4] 2.9. The notions of 

density, compactncss, limit, and continuity arc the same as the corrcsponding 

topological notions. Note howcvcr that, for AζS， ,3(A) is the PT -class induccd 
by thc rclativc topology on A only if A is closcd. lt is truc that a subsct A of 

S is compact rclativc to 11 if and only if it is compact relativc to ,3(A). 

EXAl\II'LE 1. 2. uniform space. Lct S bc a uniform space with uniformity Q. 

Then thc T -class indκced by Q is thc c1ass ,3 of all Cauchy nets in S "' . For 
AcS it is cvidcnt that ,3(A) is the T- class induccd by thc rclativization of D 

to A. Thc notions of precompactness and comp1eteness are the same relativc to 

J3 as to D. 

EXAMPLE. 1. 3. continuous convergcncc. Lct Y and Z bc scts with PT -struc' 

tures ;p' and Z respectively. Lct F bc a set and ØIFX Y~Z a function. For 

aεF and bεY we define thc functions aØ and Øb by 
aØIY르y→aøy三Ø(a ， y) ， ØbIF3:r→:rØb프Ø(x ， b). 

We shall say Lhat ø is a dnal lIIapping if aØ is continuous for all aεY. Supposc 

ø is such. Thc continuous convcrgence PT- c1ass αμF) consists of all ncts x in 

F such that xØyEZ for evcry yE ;p'. For AεF wc writc α。(A) for (9øCF )) (A) . 

2. First Ascoil Theorem 

Let ø, F , Y , Z , 9 øCF ) ,;p', and Z bc as in Example 1. 3 of thc prcceding scction. 

Let in addition Z be a uniform spacc, and supposc that Z is thc T- c1ass induced 
by the uniformity on Z. Wc say that A C F is an E-sel if , for cach y lD• Y 
belonging to J? and each U in thc uniformity on Z , thcrc cxists cE D such that 

(aØYd ' aØy，lεU for all aE A and all d , e르c. It is elcmcntary to chcck that, 
when ;p' is thc T- c1ass induced by somc topology on Y , then AζF is an E -sct 

if and on ly it (aø : aεA] is cquicontinuous. For Ac F , \V C writc AØ for thc 

(3) Since a uniform space S has a complction e , it is easily s잉en that S;:. (!!!(S) ,,,here e 
is the T-cJass an e induced by the topology and e. Thus .B actually is a T-class 
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family {aø: aεA} . 

THEORE~[ 2. 1. Lel Ac F be s1lch Ihal A1>y is precompacl for all ) E Y. Thm 

A is c;øCA)-precolllpacl i! and only .] A is an E-sel. 

PROOF. SUpp05C f irst that A i5 an E -sct, and let x bc a nct in A. Sincc A1>y 

is precompact for each y든Y， it follow5 from Tychonov’s Thcorcm that thcre 

is a subnct a lD• A of x such that aøy is Cauchy in Z for cach yεY. Let 
y lE• Y be a ncl bclonging to Y , p bc a continuous pscudo-mctric on Z , and 

<> 0. Since A is an E -set, thcrc cxists sE E such that 

(6) ρ(a!þy/ ， a!þy,) < </ 2 for all aE A and 1르 s. 

Choosc cE D such that p(ad 1>y" a껴'y，) < _/ 2 for all d르c; thus (6) yiclds, fOl 

t르s and d르c ， 

p(a d 1>y/, a，1>y，)르p(ad1>y/ ， a d 1>y, )+p(ad !þy" a ,"'y,) <_. 
Hencc a 1>y is Cauchy in Z , and so a member of 2 . Thus A is 9'øCA) - prccompact. 

:\OW suppose that A is 9'ø(A)-precompact, and assumc that A is not an E­

sct. Then thcrc cxist a continuous pscudo-metric p on Z and a nct y lE• Y 

belonging to :P' such that to cach s드E corrcsponds somc 111 (5)르 s and a sEA 

such that 

(7) p(a,øy" a ,1>Y,,(’))> <. 

Sincc A is 9'ø(A)- prccompact, the nct a lE• A dcfincd by (7) has a subnet 

xEνøCA) . Thus x1>y is Cauchy , wh ich violatcs (7). Hcnce A is an E-sc t. Q. E. D 

EχA~IPLE 2.2. c1assical Ascoli Thcorcm for locally compact spaccs. Lct Y bc 

a locall y compact top이ogical spacc and :P' thc induced T - c1ass. Lct Z bc a 

complcte uni fo rm spacc, and let F bc the family of all continuous Z- valued 
func tions on Y. Lct fØy르f(y) for all flεF and yE Y. It is c1cmentary to check 

that α。(F) is thc T - c1ass induced by thc compact-open topology on F; and 

that, for Ac F , 9';CA) is precompact if and only if A is relati‘rcly compact 
rclativc to the compact-open topology. Thus Theorcm 1 yiclds the following 

c1assical theorem 

COROLLARY 2. 3. Lel AζF be s1lch tltal [J( y) : f E A} is prccompacl for all 
yE Y. Thcη A is relalively cOlllpacl (wilh resþecl 10 Ihe cOlllþacl-oþen lopology) 
zl and O1zly tf A t's equiconHnuous 

EXAMPLE 2.4. Lct B be a C* -algebra, which we may (and shall) regard as 

a subalgebra of its bidual (or envcloping W훗-algebra) B". Let Q be the set of 
all xE B" such that a X bE B for a ll a, bE B ( that is, Q is thc set of quasi-
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1Il11l1iþliers of B) . The qnasi-strict nnilormity is that induced by the family of 

a ll scmi-norms Q3x• lI a* xa ll . where a runs through B. Let B ’ be the dual of 
B (so B" is the dual of B') . Let Y be the unit sphere of B'. and let ~ be thc 

T - class induced on Y relative to the rclativization of thc wcak-용 topology 

a(B ’ .B) to Y . Let Z be the field of complex numbers and Z the T -class 

induccd by the usual uniformity on Z . Lct F = Q and dcfine ØIF X Y • Z bc 
Ictting fØy드y(f) for all (f.y)E F XY 

COROLLARY 2.5. Let Ac F be norm-bollnded. T"en A is relatively colllþact 

relalive 10 the qtlasi-strict tOþology '1 and only '1 A is eqtlicontinnotls on Y. 

PROOF. We first note that. for each yE Y. AØy is boundcd. and thus 
prccompact in Z. Fu rthermore. sincc thc closcd balls in F about 0 (rclati 、 c to 

the norm 11 11 on B") arc complctc for thc quasi-strict uni form ity ([5) Theorcm 

3) . it follows that A is rclativcly compact relat ivc to thc quasi-stric t topology 
if and only if A is prccompact for thc quasi-st rict uniformity. ConsequentJy 

Corollary 1. 2 、"i ll follow from Theorem 1 once it has bcen established that 
V'ø(A ) is thc T-c1ass .!íR induced by thc rclativization of thc quasi-strict unifor 

rnity to A. 

That .!íRζV'ø(A) foll o‘\'s from [5J Thcorcm 7. Assumc that thcre exists a 1 D• 

A belonging to V'ø(A ) but not to .!íR. By rcpJacing a with ia if nccessary. “ e 

may (and shall) assumc that a is Hcrm itian. Sincc a ef.!íR. thcre cxist bE B and 
.>0 such that to cach dE D corresponds m(d)르d sat isfying 

(8) Ib￥adb-b역 g’.(dill> e. 
Sincc 

(9잉)νId(“b*(atl - am’>n (어d))b) 1 =lI b"(ad - α'"씨，(어d))b히에11 ([η끼7끼J 3. 2.2*) 
Frorn A Jaoglu’ s Theorem follows that I 1 D• Y has a subnet " which com'erges 

to somc ι in thc unit ball of B' reJative to the weak-* topology ,,(B '. B ) . Let 

S三sup Ill x ll : xE A ) and let δ> 0 be arbitrary. Choose a positi ve uni t vector v 

in B such that II bv 에든값f:S' Hcnce. fo r cach dE D. II b(ad-a"씨ω 에l 
든δ so that 

(10) I/ib*(ad-arn(d))bv) 1 르 I/d(b~(ad-a’n(á))b) 1-δ. 
['rom (9) . (10). and thc Cauchy-Schwarz incquality for positivc functionals 

fo llows 

IIb"(ad -α”’ (d ))b ll - δ르 I/d (b쑤(αd αm(d))bv) 1 
르 fJd([b *(αá-a m(á)) bJ ~)J l ~ [/ .(v2)) 1 1 
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hencc (8) yields 
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:$;11 fd 11 1/2 11 [b* (aram(d))b] 211 1/2 [f d(V2)] 1(2 

=lIb* (ad-am(d))bll ' [ld(V2)] 1/2 ; 

(1-흥r르fd(V2) 
Conscqucntly we havc 

1 -τ) 든lI(v") (1- ~ r 
Sincc δ was arbitrary. and II v2 11 든 1. it follows that 11 11 11= 1. Thus 11εY and so 

II -=-• 11. Sincc aEαø(A). 、.ve havc æþhE Z . But this is inconsistent with (9) and 

(8) ! lt follows that 9'ø(A)c .sv. Hcncc 9'.(A ) = R. Q. E. D. 

COROLLARY 2.6. Let AζF bc norm-boundcd. Thcn A is relalivcly compac1 

relativc to thc quasi-strict topology if and only if A is equicontinuous on thc 

family of statcs in B ’ (relalive to ,, (B ’ .B)). 

PROOF. Samc as f or Corollary 1. 2. 

3. Sharpening equicontinuily 

lt is sometimcs uscful 10 know 1hat cq uicontinuily on a smallcr sct im plics 

cquicontinuity on a largcr. 

THEORE:'>I Lel F and W be a dual pair of Haκsdorff locally convex linear 

lopological spaces. wil ll scalar fi eld Z and canonical bilinear form (.). Lcl Y 

be a s1lbsel of W St<ch Iftal 

(i) Il.e closed convex h1l11 [Y ] of Y n [이 equals U rY; 
r르 [O.IJ 

(i i) Ift e balanced h’‘11 [[Y J] of [YJ is radial ; 

(i i i) rY n [[Y ]] = tþ for all r> 1. 

Let SζY salisfy 

(iv) [Y ]=[S ] iscompacl; 

and lel ,8 be Ihe T - class for S 씨dκced by the lopology on Y (relalivized fro’“ 
W ) . Lel ø be the reslriclion of ( . ) 10 F X Y and rþ be the restriction of ( . ) 10 

F x S. Lel A c F salisfy 

(v) s르sup fI ( x. 1) 1 : x드A. 1드YJ <∞ ; 

(vi) A is a’‘ E -sel ( relalive 10 rþ) 

Then Atþ i s eqκ J'conlintlotls on Y. 

PROOF. Assumc Aφ is not cquicontinuous on Y. Thcn thcre exist a net 

KI D’• Y convcrgent to somc kE Y. a nel a ID'-• A , and somc e> 0 such that 
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m ( 

I(αd ' 'd )-(a d’ 
k ) 1 > 3< for all dED ’. 

From (v) , (vi) , and Theorcm 1 follows that f}tψ(A) is prccompact; thus thcrc 

cxists a function 씨 D• D' such that aOIll is a subnct of a belonging to f}tq- (A). 

We claim that, for each bED, 

(12) I(a"’(d) αm(c) ' κm (，)) 1 르 ë for SQmc c.d ， e르b 

Assumc that thc claim is false. Then therc cxists bE D such that 

(13) 1 ( am(d)-a",(,) , '",(,,)1 < E for all d , c, 10르 b. 

Sincc KO Ill convcrgcs to k , it follows from (13) that 

(14) 1 ( am(d)-a",(,) , k)1 < E for all d ， c르 b 

Lct 10‘u르 b bc such that I(aζ’”…， 

&<I (aκm(ωω야) ， ，까mκ( ，，) - k ) 1 ~드:; 1 (αι”…씨"’，(“…;)- aκ’”…’”’(ψ( ，’11'샤)， k잉)1 1 

+I(a，시 ("')- <<m (6)' Km(“’)> l + 1<am(b)· K끼(w) - k ) 1 든 
(by (14) and (13)) e + e+ ë = 3ë. 

This is absurd , which establishes (12) . 
Fro01 (12) follows that thcre exists a cofinal subsct H of thc product directcd 

sct D X D and a subnct 'd H • Y of , such that 1 ( am(d)- a m(,), "(d，，)) 1 르E for 

all (C , d)E H. Thus , dcfining thc nct x lH -• F by lctting X( , . d )프a"’(d )-am(，) for 

a ll (c , d)εH. we obtain 

(15) 1 ( x" ",) 1 > E for all eεH. 

From (ii) , (iii) , and the Hahn-Banach Thcorc01 follows that thcrc cxists a 

lincar functiona l f l W• Z such that 

(16) f(k) = I = sup f!f (b) 1 : bE[[YJJJ. 

Lct Y' be thc absolutc polar of Y rclativc to thc dual pair consisting of F and 
W. Then Y ' is a lso thc polar of [[YJ J and thcrc cxists a sequcncc ω I N→Y。

such that 

(1 7) 1 (ω， k>-M1 <÷ [OI all E N 
n 

([8J 1. 5). From (16) , (17) , and the fact that Y' = [[YJ J' , (18) (ωH' k)> l-

-상 and I(ωn' c)1 든 1 for all εN， Cε [[Y ]] 
η 

Let ε bc thc fa01ily of all functions g l.1(g)-. [0, IJ such that thc do01ain .1( g) 

is a finite subsct of S and ε~ . g(y) = 1. For gE~ “ c shall “ rite g' for thc 
〉르'(g) 

clcment ε g(y) .y of [YJ. Fro01 (iv) follo\\'s that for each d E H , thcrc 
yEJ(g) ~- --

cxists a net g"1 G(d)• C such that (go)' cOIl\'crgcs to "d‘ hcncc by (15) therc 

cxists r(d) E G(d) such that 
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(“뼈19) 1 <X싸x 

Lc야t G be the Cartesian product 0이fH 、w씨v씨l“띠th t야thc prod uct X_ G(“d) ,’ and dc아f“mc lC c 
‘ d E H 

g lG• e by letting g (d, r)르 (g")r(d ) for all (d , r)EG. By [4] 2.9, it follows that 

(20) g ' convergcs to k in W. 

Lct 1tE N satisfy 

(21) n> 6s/ t. 

From (18) and (20) follows that there cxists e(n)E G such that 

(22) 1 <ωn' g/)I> I- →상 for all I르 e(n) 
t 

Let c드H bc arbitrary and lct rEX.G (d) be as in (19) . Thc sct M드 [(ι v)E 
d응D 

N x G:n> 6s/ t , v르 (c， r) , and v르e(n) ) is cofinal in thc product directed 5ct 

N x G and so is a directed set. For ~=(n， v)EM， define B(ν)르 [yELI(g，) : 1 <10" ’ 

Y)I <1-+). r(야LI(g)/B(~) ， and r (ν)드 ε g ,,( y) . Wc have, from (22) 
)'E B(‘) 

and (18), 

1 --누 < r: 1<ω”’ g ..cy )y) l+ r; . 1 <ω" ， g ..(y)y)l< 
n" YεB(ν) “ ι )'Er(ν) ‘ 

(1 -土) ε g,( y) + ε g,( y) 
)'EB(ν)-. ，er(ν) 

= ( 1-+) ' r(~)+ (1 -r(~)) = I -완으 ’ 
conscqucntly 

(23) T(lJ) < i for aII νEM， ~=(μ). 

From (v) we sec that, for all (d, c)εH and yES , 

(24) I<X(d.<) ' y) 1 르 I <a"이d)' y) + 1 <αm(<) ' y ) 든2s. 

l'‘or ~= (n ， v)εM “ ith v= (1U , r)EG, we have 

L; g ,,(y) ' 1 <x"" y) 1 르 1 I;; _ g ,( y)<x .. , y) 1 르 
jεr(ν) - . … jεr(ν) “ 

1 <x" , g ,,') I- L; _g ,,( y) 1 <x"" y) 1 르 
‘ ye B( I.I) ~ 

(by (19) and (24)) 
2t 
「5- 2s • r(u)르 

( by (23) and (21)) 
2~ E E 
3 3 3 ’ 

consequently , thcre cxists ιεr(ν) such that 

(25) I<xι， ι) 1 > ./3 
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By the delinition 01 r(u) , wc havc 

(26) 1 <ωn ' Yν) 1 르 1 -+ for all v =(n, v)εM 
From (iv) lollows that there cχists a f unction p 1 P-애1 such Lhat yop is a 

subnet of y with a Jimit b르 [Y J. From (26) follows that, for cach n> 6s/ <, 

1 <w.' yψ) 1 르1-숭 eventually; hcnce 

(27) 1 <ωu ' b) 1 르 1-소. 
AS5umc b<;l'Y. By (i ii) therc cxi5ts tE J 0, 1 [ and cεY such that b= tc. Then , lor 
n> 6s/<+ (1 _t) -1. (27) yieJd5 

..l..( , __ I_ \ _1 1 <띠n' c) 1 =十 1<띠”’ b) 1 르 t (1 ” )> t ( l -(t-l))=l 

wh ich vioJatc5 (18). lt follows that b is in Y , and so yop beJong5 to the 

T -cJa5s .3. 
Since a 。 ’11 bclongs to α。(A) ， the nct sending each (d.p)드DxP to am(d)φ'yp(P) 

=<a m(d)' yp(p)) is Cauchy in Z. ConscqucntJy the net scnding cach (e.p)EH X P 

to <x, . yp(이) convcrgcs to 0 in Z. ln particu]ar. there exists e。εH and PoEP 

5uch that 

(28) 1 <x,. Yp(P) ) 1 < ê/3 lor all e르 eo and p르Po 

Choosing p르Po such that 10르 eo whcrc p( p) = ( n.v) and v=(1U.r). (28) bccomcs 

(29) 1 <xw' Yp(P)) 1 <</3. 
But (29) and (25) arc inconsisten t. Conscq uentJy A1> is cquicontinuou5 on Y. 

Q.E.D. 

EXAMPLE 3. 2. Lct B. B' , B" , Q , Z , and Z be as in ExampJc 2.4. Lct P bc thc 

fami ly 01 purc statcs on B , and K th c fami Jy of states. 

COROLLARY 3. 3. Lct AζQ be norm- bounded. Tlze followi ng are equivalent 

(i) A is rclatively compact in the qιasi-strict lopology; 

(ii) for each nel f in P wlzich u(B’ . B )-conver ges 10 SOIl’ef'εK. a(f) conver ges 

10 a(f) unifor ll1ly for aεA. 

PROOF. Lct W르B’. endowed 、\' ith the 、‘ eak topoJogy u(B' , Q) . Let S프P. 

Y = K. and Jet F프Q. Kote that [KJ is thc set of all ]lositivc f unctionaJs in 

the unit baJJ 01 B ’ and that [[K JJ i5 a sub5et of thc cJ05cd unit ban of B’ . 

That conditions ( i) . (i i). (i ii). and (v) of Theorem 3. 1 hoJd is cvident. Jt 

lollows from AJaogJu’5 Thcorem that [K J is u( B' , B)-compact. Since S U [OJ 

is the 5ct 01 extrcmc point5 for [K J. Lhc Krein-M iJman Theorem implie5 that 
thc conveχ hull 01 S U 떼 is dcn5c in [K J reJative to the topoJogy u( B'. B) . 
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Thus, condition (iv) of Theorem 3. 1 holds. 

[t foIIo \Vs from Theorem 3.1 that ( ii) is cquivalent to (30) A is cquicontinuous 
on K rclativc to a(B' , B ). That (30) is cquivalcnt to (i) , fo lIo\Vs from CorolIary 

2. 6. Q.E. D. 

EXA~IPLE 3.4. Lct B , B기 B" , E , Z , and K bc as in Examplc 2.4. [n gcncraI 

Q may not bc an aIgcbra , but thc sct M三 {xE B" : xB U Bxc B} of aII 1111,ltiþliers 

of B constitutcs a sub C*-aIgcbra of B". For cach aE B , Ict ’ZQ bc lhe scminorm 

on M ’ . 

n.(x) =ila치 H xa ll for aII xE M. 

Thc slricl “nilormily is that induccd by thc fam iIy {na : aεB} of seminorms­

、\'c ‘vrite K for thc corresponding topology. 

Wc notc that, on the unit baII "끼 of M , 

(31) K is metriziblc if B is scparablc; 
(32) K is the compact-opcn topology if B is thc family Co(X) of aII con. 

tinuous. complex- \"alued functions vanishing at ∞ on a Hausdorff locaIIy 

compact spacc X. 

LE~I~IA 3.5. Let F三K and let Y be a s“bsel 01 M conlaining a 11Iultiþle 01 

an aþþroxllllale idenlily x lor B sucll IIIat II x ll•1. Lel Y be IIIe T -class on Y 

indttced by K. Lel ØIF X Y • Z be deli’ted by ø(f, x)르x(f) lor all I E F and xE 
Y . Tllen qtφ(F) is IIze T -c/ass R indttced by Ihe relativization 01 a(B ’ , B) 10 F. 

PROOF. That .91ζqtø(F) fo lIows from (6J Thcorem 3. 5. That qtø(F)ζg 

follows from thc proof of [5J Thcorcm 8. Q. E. D. 

LE~1MA 3. 6. T he grottþ U 01 unilary el ellle씨s 01 M is c/osed relalive 10 Ihe 

10þology K. 

PROOF. Lct μ be a net in U K-convergent to some αεM， and Iet xEB bc 
arbitrary. Thc l1 

11 μ÷41tx- x1| 르" (“*"μ4ι)1tx ll+lIμ*(u-μ)x ll +llμ*μx-xll 득 

* "‘ II x"'u=(u-μ) 11 +!I (u-μ)xll+O→0 

and, analogously ““* x-x= O as 、\'cl l. Thus tt *μ = 'lw* is thc idcn t ity and 50 “ 
E U Q.E. D. 

COROLLARY. 3.7. Let B be a seþarable C* -algebra. Lel U be Ihc gro1fþ 01 

1tIlilary elemenls 01 M. The lo!lowing are eqttivalenl: 

(i) A is a relalively comþacl subsel 01 K relalive 10 IIIe relativization 01 a(B' , 
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B) 10 K 

(ii) [ or cach nel μ in U C01tver gent 10 somc uεU relaliνe 10 Ilze slricl lopology 

κ μC!) cOIlVerges 10 U C!) uni[orlllly [or [ E A 

PRoor. Since B i5 5cparablc. thcrc Cxi5t5 a commutativc 5ub C* -algcbra C 

of B and a seq uence X of positive unit ‘ cctOl’5 in C 5uch that x i5 an approxi­

malc idcmity for B: that i5. X convcrgc5 to thc idcntity d of B rclativc to K. 

Lel N~ (xE:l1 : xC U CxεC) and let N1 = M1 n N. Lct X bc lhe 5et of non-zero 

algcbra homomorphi5m5 of C into Z and ^ IN • C(X) thc cxtcndcd Gclfand 

Transform: .l얘)""Ø(x) f or all xεc. øεx 

Claim: thc rcstrict ion of ^ to N] is a homo l11orphism whcn N] bcars Ii and 

lhc image bear5 the compact open lopology. ln fact , lhe continuily of ^ i5 a 

5implc con5cq ucncc of lhe Gelfond Theory. Supp05e a is a net in N 1 5uch that 

â convcrgc5 to â in thc compact opcn lopology (for aεN1 ). Lct bE B and E> O 

be arbitrary. Ch005C nE N 5uch that II b-bx" I:+ll b- x"b ,, <E/8. Thcn 

n.(a - a)= lI b(α - a) lI (a - a)b ll 흐 lI (b- bx，， ) (a - a) 1I 

+II bx，，(α a) II +11 (α a)(b- x"b) lI+lI (α - a)xn에 등 
Il b- bx. II ' lI a - all +llbl' . ll x.(a - a) II +11 (a-a) 1I μ- x"b ll 

+11 (a - a)x ,, 1I . lI b ll 든E/4 +11 b:: . Il i.(â-â)1I 

+ E/ 4+!: (â-â).t. 1I • :I bll 
‘νhich is ]ess that e cvcntually. Hcncc a K-convcrgcs to a. 50 이 N 1 is a 

homomorph ism. 

Thc 5Ct L-z (x" : nE N ) U (d ) i5 the range of a con vcrgcnt 5equence, and 50 i5 

K-compact. Thu5 L i5 compact in C(X) rclativc to the compact- opcn topology. 

By corollary 2.3, L i5 equicontinuou5. Lct ð be thc unit circJe of thc complex 

planc. Sincc the map ð x (0, 1/2J 글(z ， 1)-(Z+ I)(1 +21) - 1 i5 continuou5, it 
- 1 . r _ 1 ; follo‘1'5 that the family ((2+[ )(1 + Z[) - ': [EτL. zεLI} is equicontinuous. and 

hcncc relativcly compact in the compact-open topology. Thu5 the 5et 

s녁(2+융Xn)(l + ~ ZXn) - l : nE N. zE LI} is a K-rc띠c이la빠ti센lV‘V잉e리ly com뼈1 

1 t i잉5 k‘no\‘Wf‘m that thc rπC5야tr띠nκc야tion 0아f K to M agrec5 thc \lackcy Topology .(M, 

B’) ([9J Thcorcm II and Corollary 2.3). It follo\\'5 from Krein’5 Theorem 

([8J 11. 5) that the cJ05ed colnvex hull [S] of S U (0) i5 K-compac l. Let F드K. 

Let TV bc thc lincar 5pan in M of thc cJ05cd balanccd hull of [S) , cnd。、、 cd 

with the relativization of κ . Lct Y bc thc 5Ct of all xε [SJ 5uch that rxfE [S1 

for all r > O. Thcn thc cJ05ed balanced hull [[Y ] J of Y i5 a 5ub5Ct of M l ' 
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That conditions (i) , (i i) , (iii) , (iv) and (v) of T hcorem 3. 1 hold is cvidcnt. 

lt follo \Vs from T heorem 3.1 and Lemma 3. 6 that (3.7, ii) implies that A is 

equicontinuous on Y. 

For each nE N , μt rnE[웅， 1J bc r찌mal s빼 that η%‘ 
r..l.... ,1 a convergcnt subsequence of r with limit r티 2 .. 1 1. Thcn r mX m K-CQn verges 

to rd and r ’IlXm is a sequence in Y. 
Consequcntly 

(33) Y contains a multiple of an approximate identity 

r _. 
- "-' x_. for B. 

r ’ 
lt follows from (33) , Lemma 3.5, and Theorem 2. 1 lhat (3.7, i) is equiva 

lenl to 

(34) A is cquicontinuous on Y. 

lt foll。、\'s from Theorcm 3. 1 and Lemma 3. 6 that (34) is eq uivalcnt to (3.7. 

ii). Q.E. D. 
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