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Introduction

As a complex analogue to the Weyl conformal curvature tensor, Bochner and
Yano [3], [13] (see also Tachibana [11]) introduced a Bochner curvature tensor
in a Kaehlerian manifold. The study of vanishing Bochner curvature tensor with
constant scalar curvature were made by Kubo [4], Matsumoto [5], Tachibana
and Liu [12], Yano and Ishihara [14] and so on. One of which done by Mat-
sumoto and Tanno [6] obtained the following interesting result:

THEOREM M.-T. Let M be a Kaehlerian manifold with constent scalar
curvature whose Bochner curvature lensor vanishes. Then M is a space of
constant holomorphic sectional curvature or a locally product of two spaces of
constant holomorphic sectional curvatures c¢(=0) and -c. Thus, M is locally sym-
metric.

On the other hand, a systematic study of indefinite Kaehlerian manifolds has
been made by Aiyama, lkawa, Kwon and Nakagawa [1], Barros and Romero
[2], Montiel and Romero (7] and Romero [9], [10].

The main purpose of the present paper is to study above theorem in an inde-
finite Kaehlerian manifold. Our main result is appeared in section 3.

1. The Bochner curvature tensor in an indefinite Kaehlerian manifold

We begin by recalling fundamental properties on indefinite Kaehlerian mani-
fold. Let M be a connected indefinite Kaehlerian manifold of complex dimension
n. Then M is equipped with a parallel almost complex structure J and an inde-
finite Riemannian metric g which is J-Hermitian. For the indefinite Kaehlerian
structure (g, J), it follows that J is integrable and the index of g is even, say

2s (0=s=n). A local unitary frame field (E)=(E _,E_} can be chosen, where

* Partially supported by KOSEF.
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Ea_:]Ea. Here and in the sequel the indices @, &, ---run over the range {1, -,
n}, and ¢, j, ---the range {1, -, n, l*. n%}. This is a complex linear frame
which is orthogonal with respect to the Kaehlerian metric, namely, g(E., E j)
=g0, j Where e,=*L Its dual frame field {w]}=(w, w,.} on M such that w,
(E ) j are lmearl}, independent. Thus, the Kaehlcnan metric g of M can
bc C\prcssed locally by g=2¥esw Qw,. Associated with the frame field (E],
there exist linear 1-forms Wi which are usually connection forms on M, such
that they satisfy the sturcture equation of M:
(1. 1D dzvi"%Z'sjfuijij:O, w...+w.‘.=0.

L2 dw, A+ Few, A, =0Q, ., @, =— L Fee R who,,
J 1 1]

R m  ijkm k
where .Q (resp R;;m) denotes the curvature forms (resp. components of the

Rlemanman curvature tensor B) on M.

For the almost complex sturcture J, we let J= Zs,e}f’]E'f“»w Then the

equation ] =—1, I being the identity tensor, is equivalent to

(1..3) Zek]‘.k]kj E,()‘” ]‘.j+fﬁ=0.

Let S be the Ricci tensor of M and let S be components of S with respect
to the frame {E] It is given by S Z‘sksz . The scalar curvature r on M
is given by r=X¢.S..

In an indefinite Kachlerian manifold M, we put

-1 PR
(1.4) Li==%m+ Sit 8- H)(n+~2)
A e _
(1.5 M;=—%elL,J, = ~ B+ Hit 8(n+1)(n+2) Jje
1.6) H =—ZeS. J..

r jrdirt
The Bochner curvature tensor B with components Bkﬁh relative to a real
coordinate system in an indefinite Kachlerian manifold has been given by
(Tachibana [13])

(LD Byy=Ryte,0,L

i L)+e,@ Ly—0,LD

kh _n kt jh Ji kh ;h ki
+]khMji fktM;h-l—M J;: Mklfjh 2(Mkjjt'h+fij )
When the Bochner curvature tensor vanishes identically, by means of (1.4)

and (1.5) the following equation is dervied from (1.7) :

B 1
kjih 2(n+2) (e (Jkksﬂ krSJh)+€ (OJIS.HI _.vhslu)

]kh j! ];h ln+HM:f ij]kz 2(Hk}jrh ]i.; Jk
(48,0040 ;=0 500 + ]khj ]jhfkr‘—"]kj]fh}'

(1.8) R

__—4(n+l)_(n+2_)
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A holomorphic plane spanned by # and J# which is the tangent vector at any
point in an indefinite Kaehlerian manifold M is non-degenerate if and only if
it contains some z such that g(v, #)=0. The manifold M is said to be of constant
holomorphic sectional curvature c, if all nondegenerate holomorphic planes have
the same constant sectional curvature ¢, A.complete, simply connected and
connected indefinite Kaehlerian manifold M is called an irndefinite complex space
form, which is denoted by M: (c), provided that it is of complex dimension =,
of index 2s and of constant holomorphic sectional curvature ¢. There are three
kinds of types about indefinite complex space forms [2], [7]: an indefinite com-
plex projective space, an indefinite complex Euclidean space or an indefinite
hyperbolic space, according as ¢ is positive, zero or negative. The indefinite
Riemannian manifold is said to be Einstein, if the Ricci tensor S is expressed
by S —255 In this case, (1.6) is reduced to H}.izljﬁ. Substituting these
into thc r1ght hand side of (1.8), the Riemannian curvature tensor of M is
given by

Rkiik:T{ k ;(akh ji rh k;) Jk!-] 'J'J-ijfki'_zjk;']ik]
for some constant ¢. Therefore M is of constant holomorphic sectional curvature
e(ef. [2]). This fact is well known in the definite case (see [11])

2. Vanishing Bochner curvature tensor

Let M be an indefinite Kaehlerian manifold of complex dimension # and of
index 2s, and (g, /) its Kaehlerian structure. For the almost complex sturcture
J. components f”.k and ]”m of the covariant differentials VJ of J and sz of
VJare respectively defined by

@n Xe fmb N =dJ, —Sek(fkj ,“+]kaj)

Zsm"r;km ru-—dfzﬂe Eam(fm;k mi ]mz»( mj ]t'jmwmk)'

Since [ is parallel, f” and ]'ﬂ vanish identically. Thus, by making usc of

the last two equations the Ricci formula for J i gives rise to
Zchmkjrjn ZErRmku] ;i
which imples

2.2 Zereer}zsfrs Zcr n
Thus, the tensor Hﬁ defined by (1.6) is skc“ vsymmetric and hence
@3 S =Xe¢eS J.I.

r=s rs’ Jr¥is
because of (1.3). By taking account of (2.2) and the first Bianchi formula it

is seen that
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2.4 Sji_ —Tz“ser‘:.!Rj.'sr]sr]i.e'

For the Ricci tensor S, the Riemannian curvature tensor R, component S.—‘_i.t
(resp. RUM";) of the covariant differential VS(resp. VR) of S(resp. R) are
defined by

(2.5) Z‘skS'.jkwk=dS,.j-Eek(S 2w, .+S..w,.),

ki ki ik kj
(2.6) Z‘emRh.hmjwm=dRH,.k—£'sm(R w  +R v . +R W .+R..ow ).

mjih mk kivm'kz mj kjmh i Riim™ mh
Substituting (2.4) for the Ricci tensor in the right hand side of (2.5) and
making use of (2.1), we find

T |
S:’jk_ —TEErESE{Rjrsrk]sr]ir’
which together with the second Bianchi formula yield
2.7 Sikj—si'kj = E'Eresskrs]jr]is'

Components of the covariant differential VB of the Bochner curvature tensor
B can be defined by a similar to (2.6). Then by a straight forward computa-
tion, we can prove (cf. [4], [11])

_ nt+2

2.8 zEerjirr oo Akji'
where we have put
- d 5
(2.9) Akji—sfj'k_sikj+m [ci(a‘“?’j—aﬂ.f&)

+Zer,(Jyd i =T jid w20 100
r, being components of the covariant differential Vr of the scalar curvauture r.
In the sequel we suppose that the indefinite Kachlerian manifold M has vanis-

hing Bochner curvature tensor. Then, by means of (2,7) and (2.8), the equation
(2,9 turns out to be

ZErEsskrsjjr]is
= 1 .
T Am+D [Ei(aijfk—(jkr‘fj)+£Eirt(1jn']kr—]ki]ji_ljkjjil)}'
Accordingly, by properties of the Kaehlerian structure, it follows that

’ = 1 5 5
(2,10 Sijk_gi(,;—+]_){Ejojkrk+Eio;‘hrj+2€;5ijrk_2£1(]kj]itr1+]§:‘fj:r.r)}'

For the sake of brevity, a tensor S?J. and a function S, on M are introduced
as follows:

(21D S,;=%¢,S,S,. S;=ZeS,;.

ot o

Components S, of the covariant differetial V’S of VS are defined by
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(2.12) Fe S... w =dS,.jk-—£'£m(S w .+S

m i fkmT m mjk™ mi a'mkwmj+Sijmwmk)'
Differentiating (2.5) exteriorly and ulitirizing (2,12), we get

a2 — g
...ZEkE msijkmwm/wk zsrekr'm (srerr'km + s:'rRrjkm + SirRrjknr) wk’/wm’

which is equivalent to the formula of Ricci,
~Xe (R .. S +R ,.8.),

a'jkm— sijmk T mbkir = rj mkjr-ir

From this and (2.10), it is easy to see that

(2.13) . ZEr (Rmkr'rsrj i Rmkjrsir)

jkrim - ijrt'k)
—Ze, (il it s —ijjizrrk+1kz']jtrrn:—] it i)

mit

_ 1
—m {51'(5kirjm—§mirjk) +EI'(6

where 7 denotes components of the covariant differential of Vzr.
Multiplying sksJ” to this and summing for % and j and making use of (2,2),
(2.3) and (2.5), we can easily verify that

; - 1 .
Es!Hm,S“fz'e,esRmmH,s—mfe'{] r,.—2m-1)].r “"ruffm}'

mt i it mt
where HJ.'.‘-'-‘—-EE’Sﬂ]“. Since the tensor H,-,- is skew-symmetric, it follows that
e, (J .yt i? i) =0. By summing up (2.13) with respect to indices m and j
and taking account of the last equations, we see that
2 1
Sr‘j—zekethﬁhskh_ zm(eiJUAr—Qnr”).

where Ar=Zer,. Because of (1.3), (1,8) and (2,3), the last relationship redu-
ces to

(2.14) (n+2)(Ared, .~ 2nr, ) =4n(n+1 )sr.'";.— 2nrS, + (r'—2(n+ DS} e,

7

3. Results
First of all we prove

LEMMA 1. Let M be an indefinite Kaehlerian manifold with vanishing Bohner
curvature tensor. Then S2 is constant if and only if r is.

PROOF. “If" part is evident because of (2.10). Thus, we are going to prove
only if part. Transvecting (2.10) with al.ejSl.j and using (1.3), we find
G.1) 2XeS, r +rr,=0.

s ks’ s
By differentiating this exteriorly and making use of (2,5) and (2.10), we
have
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(3.2 (2n-5)r ¢ 8 —eﬁ (e, )'—e 5 (] FIdr

+2(n 1)({225‘, W rjk]

On the other hand, applying ¢z, to (2.14) and taking account of (3.1), we
obtain

7 Q
=0.

(n+2)(r Ar—2nZerr, )= (n+l) ((n+1)7"—28 ALS

which together with (3.1) gives

4(n+2){—7ﬂ Ar—2nZee S rr ] —r{(n']'l)flz—?sg]”j-

Therefore, the last two equations yleld

ijessﬂrsr“—% 5 r}."c .y =0,

Combining this with (3.2), we can easily venfy that r is constant every-
where. This completes the proof of the lemma.

Under the same assumptions as those stated in Lemma 1, the relationship
(2.10) means that M has parallel Ricci tensor and hence so is for H,'_,- because
J is parallel. Thus, the equation (1.8) tells us that M is locally symmetric.
Thus we have

THEOREM 2. Let M be an indefinite Kaehlerian manifold with vanishing Boch-
ner curvature tensor. The following statements are equivalent:

(1) M has the constant scalar curvature, (2) S2 is constant, where Sg=£'e’.S_,f.
(3) M has the parallel Ricci tensor, (4) M is locally symmetric,

REMARK. It is easily checked that a deinite Kaehlerian manifold with vani-
shing Bochner curvature tensor and with constant semi-definite Ricci curvatures
is Einstein.
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