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INDEFINITE KAEHLERIAN MANIFOLDS WITH V ANISHING 

BOCHNER CURV A TURE TENSOR‘ 

By U-Hang Ki and Jung-Hwan Kwon 

Int rodu ction 

A5 a complex analoguc to the Weyl conformal curvature tcn50r, Bochncr and 

Yano [3], [13J (5ee al50 Tachibana [ll]) introduced a Bochncr curvature ten50r 

in a Kaehlerian manifold. The 5tudy of vani5hing Bochncr curvaturc ten50r 、\'ith

con5tant 5calar curvaturc wcrc madc by Kubo [4J , Mat5umoto [5J, Tachibana 
and Liu [12], Yano and I5hihara [14J and 50 on. One of which done by Mat-

5umoto and Tanno [6J obtained the following intere5ting rC5ult : 

T HEORnl :\1. -’l‘ . Let M be a Kaehlerian 1I1anzjold wilh constanl scalar 

curvature w/z ose Boclzner curvatuTe tensor Vant's /tes. Tlzen M "5 a space 01 

conslant lzolomorþ1zic sectional curvatκre or a locally prodftct 01 two spaces 01 

constant holomorphic seclional CtlrvatzeTes c(트0) and -c. ThftS, M is locally sym­

metrìc. 

On thc othcr hand , a 5Y5tcmatic 5tudy of indcfinitc Kachlcrian manifold5 ha5 

bcen made by Aiyama, lkawa, Kwon and Nakagawa [1], Barr05 and Romero 

[2J , .\10nticl and Romcro [7J and Romero [9J , [ 1이 • 

The main purp05e of thc pre5cnt paper i5 to 5tudy abo\'e thcorcm in an indc­
finite Kachlerian manifold. Our main re5ult i5 appcarcd in 5cction 3. 

1. The Bochncr curvature (en5or in an indefinite Kaehlcr ian manifold 

Wc bcgin by rccalling fundamcntal propcrtic5 on indefinitc Kaehlerian mani 

f이d. Let M bc a conncctcd indefinite Kachlcrian manifold of complcx dimcn5ion 

n. Then M i5 equ ipped with a parallel alm05t complex 5tructurc J and an indc­
finite Riemannian metric g which is J-Hermitian. F'or the indcfinite Kaehlcrian 

5tructurc (g , J), it fo lIows that J i5 integrable and the indcx of g is even , 5ay 
2s (0든S든η) . A local unltal y Iran1C fleI(1 {E ,l r {Ea, Ea.} can bc chosen, 1vhere 
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Ea' = IEa' Herc and in thc scquel the indiccs a. b. ' .. run ovcr the range (J. 기 

* 훌 n). and i.; .... the rangc {l. ... . n. 1^ . .. .. n ^) . This is a complex lincar framc 

which is orthogonal 、vlth respect to the Kachknar1 mctrlc, namely, g (El, El) 

=Erδ， 1’ 、vhel e E,= ± 1. Its dual Iranlc f lCld {tU,} = {1%, iUaJ 。n Mr such that 1U 

(El) =딘이j are linearly indepcnden t. Thus. the Kachlcrian mctric g of M can 

bc expressed locally by g=2Zs，ω，@w，· Assoclated wllh thc framc [icld {E,l , 
thClc exist llnear l forms 1Ull ’ ,vhich arc usua l1y connection forms on M , 5uch 

that they sa lisfy thc s lurcturc cquation of M 

( 1. 1) dw .+E , ω Aw.= O. w .• + w , .=O. 
J IJ J lJ J’ 

( 1. 2) dw .. +ε￡ ω AlU = Q , Q = -」→ε'" R ω Aw . Jt'-;I( O.Ok; ’ j' -- i; 2 - -k- I1I~';jkm-k 

、vhere Qtl (resl] Rllbl1) denotes thc curvature [O! rns (rcsp. componcrus of the 

Riemannian curvaturc tcnsor R) on M. 

For thc a lmos t complcx slurcturc 1. wc Ict 1=ε';' J ; ß ;@w; , Then lhc r IJ 

equa lmn I 2= - r , I belng the idcntlty tcnsor, lS Cq ulvalent to 

(1. 3) εEkJikJkj = - E ，.δ'j' I 'j + I j,= O. 
Lcl S bc lhc Ricci tcnsor of M and Icl S;; bc componcn ls of S with rcspcct 

'1 
to the frame {E,l. l t ls glVCn by Stl =ε야Rkijko 'T'hc scalar curvatu rc r on M 

is given by r = EejSj;" 

Jn an indcfinilc Kachlcrian manifold M. ιc pu t 

(“(1. 4)μ찌4) L쑤ji 값늄늪)S옥jj+벼8(n 타닙랴}Efn주균파걷강)'띤/J'δ 

0“삐5잉) 111끼낀짜f까ι「l”ft〔=-ε감작짝Eζ얀r까Lj/까ι，Ji， =ιL섣ir - 값노닐넓걷잔)Hκji + 8짧깜命후늄굉5잉) 1ιι 
’ l' 

( 1. 6잉) H jj = - 1:e,S j,/'-T' 
Thc Bochncr curvat urc tensor B with componenls B kjih rclative to a rcal 

coordinate systcm in an indefinitc Kachlcrian manifold has been givcn by 

(Tachibana [13)) 

(1. 7) B .;;. = R .... + '. (δ L .. - ö.L .. ) +' .(δ L .. -ö .. L • .l kjih .okjih ' .. k ...... kh-jj "'Jli~j/r" .. j ...... ji "".-lkh "jh~ki 

+ I khMj,- I k,Mj ,, + M k/,! j,- M ,,!jh -2(M '/'h + l .jM ,h)' 

When the ßochner curvaturc tensor vanishcs idcntically. by mcans of ( 1. 4) 

and ( 1. 5) thc folloπing eq uation is dcrvicd from ( 1. 7) : 

( 1. 8) =τ관τ， [e.(δ S .. -δ S;.) + ,;(ö ;,s .. -δ S • .) kjìh 2(n +2) \-k \.~ kh~ji ~ki~jh/' -j \.~j;~kh ~jh~ ki 

+ IkhHj,- I jhH,,+ H .. l j,-H jhl ki-2(H ' / ' h + l ,jH 'h)) 

- τrπζ~ ε•，/ô.ij， -öjhδ.) + I k.!j'- I j.!.,-2/ '/'h) ' 
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A holomorphic planc spanncd by " and f " which is thc tangent vcctor at any 

point in an indefini te Kachlcrian man ifo ld M is non-degcneratc if and only if 

it contains some ν such that g(v. v) =0. Thc manifold M is said to be of conslanl 

IlOlomorPlu'c sectional c“r val tlre c. if all nondegenerate holomorphic plancs havc 

thc samc constant scct ional curvature c. A. complctc. simply connccted and 

conncctcd indcfinitc Kaehlerian manifold M is callcd an indefinile cOlllþlex sþace 

form, whlCh lS denoted by JM”:낀(c이) .’ p’)1'0\-、v때r 
o이r ’1D<때1끼띠dcx 2s and of constant ho이lomo아r이rp끼)끼hic scc야t디lona따1 curvaturc c. T끼herc arc thrcc 

kinc때1η띠ds of types about in’n떠def“m띠1니i“te complex spacc forms [2]. [7] : an indefinite com. 

p]ex projective space. an indefinite complcx Euclidean spacc or an indefinitc 

hypcrbo1ic space. according as c is positivc. zero or negati \'e. Thc indcfinite 

Ricmannian manifold is said to bc E inslein. if the Ricci tcnsor S is cxprcsscd 

by Sij= ì. e;δ，1. In thlS case, (1. 6) is reduced to H” = 2I lt. Substltllung these 

into thc right hand side of (1. 8). the Riemannian curvaturc tensor of M is 

givcn by 

R kjih = 숭 ['.ε/0 khOj'- δ'hO ,j) + f •• f j,-fjhf.， -2f.ιh] 
for somc constant c. Thcrcfore M is of constant holomorphic sectional curvaturc 

c(cf. [2]) . This fact is \\'c ll known in thc dcfinite case (see [11]) . 

2. Vanishing Bochner cur\rature tensor 

Let M be an indcf initc Kaeh lerian manifold of complex dimension n and of 

indcx 2s. and (g. j) its Kaehlerian structurc. 100r thc almost complex sturcture 

l , components f，μ and fij찌 Of the covarlant differcntials ? l of I and V2I of 

'V f arc rcspcctivel y defincd by 

(2. 1) εê'/ljk1tJ k = dJ1j -ε，.(f，j'".， + f 'k'"k) ' 

J:ell/ijkmUJ’“ = df'jk- :E E

’
,/ l mjkWm; + 1, 씨1tJmj + Ji jm1tJmk) ' 

Slncc f ls parallel, jtlι and f ,'jk’" van ish idcnt ica lly. Thus. by making usc of 

thc last two cq uat ions the Ricci fo rm ula for J ij givcs risc to 

εε，Rmkj，J'i =εê，Rmkh1，j’ 
which imples 

(2. 2) Ee/-sR,j;S' ,S = J:e,S j,J ;r' 
Thus, the tensor HlI dcUrled by ( l. 6) IS Skc‘v-symmetric and hencc 

(2. 3) S j' = εe，êsS'SJ j,J j$ 

because of ( 1. 3) . By taking account of (2.2) and the first Bianchi formula it 

is sccn that 



\ 
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(2. 4) SJ,= -울E딴，Rj꾀 
For the RlCCI tensor S, the Rlemanman curvature tensor R, componcnt SIlk 

(resp. Rklthm) of the covarlanI dlfferential ?S(resp. ?R) of S(resp. R> arc 

ùefined by 

(2. 5) εe .S, ,.w ,. = dS,, - J:e. ( S. ,w. , + S ω ), k~;jk'Yk 1) --k ' - kï-ki' - ik--kj 

(2.6) J:e .. .R ." .... ,w ... =dR . , .• - J:e ... (R ... ,,,.," .... + R .... ,,'" ... , + R ., .... '" ... , + R ω ) ki n. mr- 1II -~~kjth -"m"~' "’”“ mk ' ~'kmjh'- mj , ~'kj1/’h ’'11; , .. ' kji ’” ’nh 

Substituting (2.4) for thc Ricci tcnsor in thc right hanù side of (2. 5) and 

making u5C of (2.1) , we find 

Sijk=-+J:앙Er￡뛰l판E딘，R뮤lμ…t 
which togc야t디thcr with the 5econd Bianchi formu!a yie!d 

(2. 7) S싸-Sjkj= J:ë，êSS krsJ j,J ,. s' 

Component5 of thc covariant differential V' B of thc Bochncr curvature ten50r 

B can bc defined by a 5imi!ar to (2.6) . Thcn by a 5traight forward computa 

tion , wc can provc (cf. [4] , [11]) 

(2.8) 

whcrc wc havc put 

(2.9) A.ji = S ij. - Si,j + 4(，ι"" It， (δ r .-δ rJ ijk ""ikj I 4(n+ 1) "";\.'" ki' j V ji ' k 

+ J:e,r. C!.J" - 1 j. , + 21 .I)) t', '-"ki"'jt "' j’ kt ' -'" kjJ Îi 

μ bcing component5 of thc covariant differentia! V'r of the 5ca!ar curvauturc r. 
ln the 5eque! WC 5Uppo5C that thc indefinitc Kach!crian manifo!d M ha5 vani5' 

bing Bochncr curvature ten50r. Then. by mcan5 of (2, 7) and (2.8) , thc cqua“on 

(2, 9) turn5 out to be 

IerEsS Itrl jt J j5 

=τ온ττ {ε (ð"r. -δ r )+J:e.r. C! j •. - I .J ,,-’:1.I)}' 4 (n+ 1) I"Z\.'" i j' k V 10' r ' ...... [' 1\ ,.1 ji .l k/ .1 ki.l jt .... .1 kj ’t 

According!y, by pro야rtic5 of thc Kachlerian 5tructurc, it follo\\'s that 

(2, l0) S =--L--{Eδ r. + e δ r .+ 2εδ r. -J:e. C! .I.r. + I.J ,.r,)), ’ jk 4 (n + I) I"',V jll ' k ' '.,V ik' j ' ...... ,"';j' k 4J"' t \J kj.l it' t I J ki .l jt' t 
2 

For thc sakc of brevity, a ten50r s; , and a function So on M arc introduccd 
t J ~ 

a5 follow5 
<') ') 

(2.11) S，~= J:e .. S ,..s .. " So= J:e ,s τ r j' -2 

Compments SIlkm Of the covariant diffeI etlal V2s of PS arc denned by 
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(2.12) EE"’StlkmtV!Jl = dS,lk- εE’n(SmjkWllli+ SjmkW"’j + Sjjm101'iI k) ' 

Diffcrcntiating (2.5) cxtcriorJy and ulitirizing (2.12) . we get 

2Et. kE.II/ SjjluiU’”/lUk=εt.，E.kεm (S，jR'ilt까which is equivaJent to the formuJa of Ricci. 

S jjk
’1' - S ijmk = - E t., (R lllki,S ,j + R mkjrSir) ' 

From this and (2. 10) . it is casy to sec that 

(2.13) - Ety (R mkiySyj+ RmkjrSir ) 

=τ슨τ， (ê .. (ô , .. r .. _-δ r .. J+E .. (δ r . δ r ik) 4(n + l ) 

- EE,(f./ it r m'- J m/ i,r,. + J.,.! jt,
’
/1- J，II/.]，ïr，ι)). 

where rji denotes components of the covariant differentiaJ of 'lr. 
끼uJtiplying E,e/jj to this and summing for k and j and making usc of (2.2) . 

(2.3) and (2.5). we can easiJy verify that 

Lt.，Hm，S까E띄RnltSlHts= 값노늄Iπr규싹싼E강작E딘싸t시씨(Jιι'"…싸’.nl까，t까ιtιιfηιrt i -(2깐”’”써’ 
、w‘v’hhcrmc H l

”
t = - εεt피Sj，Ji’“;/ ' Since the tensor H ji i싸S sk

‘
k‘c\‘w-symmetriκcι’ lπtfo이110\‘w‘v‘'s t내ha따 t 

εE딘，uιitrlll…， + J ",tit ) = 0. By summing up (2.13) with respcct to indiccs 111 and j 

잉ld taking account of thc Jast equations. we see that 

S 2-EE E R S = 7÷τ，(E，ð"D.r - 2nr.). 4(n + I J 

wherc D.r = EE,rll' Becausc of ( 1. 3) . (1 .8) and (2. 3) . thc last relationship rcd u-

ces to 
(2. 14) (n + 2)(D.꺼ôij - 2nrij) = 4n (n + I ) S ij- 2nrS까 lr2-2(n+야2l sXtl 

3. ResuJts 

First of all wc provc 

LE~I~IA 1. Lel 1vf be an indefinile Kaehlerian lIlanifold with vanishing Bolmer 

c“rvalure lensor. Then S? is constant 11 and only if r is. 

PROOF. ’ If'’ part is evident because of (2. 10) . Thus. we are going to provc 

only If part. Transvectlng (2.l0) ” lth stE S and using (1. 3) , we flnd 
J 'J 

(3. 1) 2εt. SSksrS + rμ=0. 

By differentiating this cxtcriorly and making usc of (2.5) and (2.10) . wc 

have 
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。

(3. 2) (2”+5)flμ+ ， / j,(Z',r ,)- - 'l,(J j,r,)(J k,r ,) 
+ 2(n + 1)( (2Z"S j,r,. + r jk) = 0. 

On thc othcr hand. applying ',r, to (2.14) and taking account of (3. 1). \\'e 

obtain 

(t +2) (fJAr-2RZEtf/1l) = (lt + l ) {(1l + i ) 72-2S2l rl ’ 

“ hich togcthcr 、vith (3. 1) givcs 

4(n + 2)!- -Ji..rr ,ð.r -2nZ,.,.s..r 사=-7 {(”+ l)r2 2S l r . 2 . _.-- -rs- j( s. st) 

Thcrcforc. thc la5t t\\'o equations yicld 

ε'.， S .. rr. +上rEê . r . r .. = 0 ,- jr s. 1$ . 2 . - -r r jl 

Combining this ‘\'ith (3. 2). wc can casily verify that r is constant cvcry 

wherc. This complctes the proof of the lcmma. 

Under thc same assumptions as those stated in Lemma 1. the rclationship 

(2.10) mcans that M has parallel Ricci ten50r and hencc so is for H ij bccausc 

J is parallcl. Thus. thc equation (1.8) tclls us that M is locally symmctric 

Thus wc havc 

THEOREM 2. Let M be an indefinite Kaeillerian lIlanifold lVith vanisJzitlg BocJz­

ner curvature te’‘50r. The following statements arc equivalent 

(1) M has the constant scalar ctlrvattlre. (2) S2 is constant , lV띠‘U띠/시J/zcr 

(3) M has t“띠Ite þara/lel Riκcκcαi tensor. (4) M is locally symmetric, 

REMARK. lt is casi ly checkcd that a dcinitc Kaehlerian manifold with vani­

shing Bochner curvature tensor and with constant scm i-definitc Ricci curvalures 

is Einslcin. 
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