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Abstract
Let C[C,D] and S*C,D] denote the clagses of functions g, £(0)=1-g"(0)0=0,

. ic i it di 2g7(2)" 4 28(8) 1+C
analytic in the unit disc £ such that FdO) nd e are subordinate to - 7 Dz

z¢=F, respectively. In this paper, the classes K[ 4, B;C,D] and C*[A,B:C, D], ~1<
B<CA<1; —1<D<C<1, are defined. The functions in these classes are close-to-
convex. Using the properties of convolution operators, we deal with some problems

for our classes.

1. Introduction

Let S,K,S8* and C denote the classes of analytic functions f: f(2) :»::z+n2"23 a,2"

which are respectively univalent, close-to-convex, starlike (with respect to origin)
and convex in the unit disc £. In [38], a new subclass €* of univalent functions was
introduced and studied. A function f belongs to C* if there exists a convex function
& such that, for zc=F,

(zf’(z))'
Re - 4O -2>0.

The functions in C* are called quasi-convex functions and CC*KS. For more details
of C*, see Noor [4].
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In [2], Janowski introduced the class P[4,B]. For A and B, —1<B<A<], a

function p, analytic in E with p(0)=1 Dbelongs to the class P[A,B] if p(r) is

111‘3: . Also, given'C and D, --1<D<«C<I, C[C,D] and S*[C,D]

subordinate to

denote the classes of functions, analytic in £ with f(2) =z+;ﬁ? a,z” such thati%l;:(%ll

&PIC, D] and ~~3§~é%LEP[C, D] respectively. For C=1, and D=-], we note that
C[1,—1]=C and S* 1, —1]=8*.
Silvia [8] defines the classes K[ A,B:C,D] as follows:

Definition 1.1
A function f: f (z)=z+§2 a.2", analytic in E, is said to be in the class K[ A, B;
C, D}, ~1<B<AS1, —1<D<C<I, if there exists a g&CLC, D] such that -8 <p
[A,B). It is clear that
K{1, —1; 1, —1]1=K.
and
K[A,B; C,DIC”KCS.
We now define the following:
Definition 1.2
A function f: f (z)-:z+§::’ a.2", analytic in E, is said to be in the class C*[A4,B;

C,D), ~1<B<ASL; ~1<D<C<L, if there exists a g=C[C, D] such that ~2L{)
EPLA,B].

Clearly C*(1, —1; 1, —1]=C*. We also note that fe=C*[A,B; C,D] if, and only
if 2f'K[A,B; C,D].

Let f and g be analytic in £ with f (z):: a.z" and ,g‘(z)=,:"‘:“0 n,2". Then the

convolution (or the Hadamard product) of f and g is defined by
(f48) () =32 anbua™.

Given f analytic in K, we define the convolution operator I': A~ A: by I'(g)=f+*g,
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where A is the class of functions analytic in E. By the Hadamard product, we also

define
D*f @ =gy @) (a=D)

for f&=A. D*f(z) is called the Ruscheweyh derivative and was introduced by Rusche~
weyh in [6].
Let I";, 0<{<{4 be the linear operators defined on A by the following:

Iof (@ =2f"(2), I'\f(2)= _,L(,az.zgif_:(_zz_ ,
Iaf (2) :J’}L(f).;:ﬁ(@)__ i,
rsr@=-=2[% 7@ ae,
and
1 @=[LOZLED ge, a1, wrr,
We note that each of these operators can be written as a convolution operator given
by

Pif::hi*f’ Ogig‘l’

where

ol ] » 22 2
kl(z):% ”;1 2" = iljz/‘)‘g’;
hz(z)=§:“;1;z"=-—log(1—~z),
2, 2 . —2[z+log(1—2)]
k@@= 7 7= z ’
R St AN S I—xz !
h‘(z)wm T Ll w log[l__z], lx]<1, a1

We also observe that the radius of convexity of each of the functions A, 0<{i<4 is

relhe) =2—43, ro(s)=—1 and ro(hs) =r.Chs) =re(h) =1.
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2. Preliminary Results

We shall need the following lemmas.

Lemma 2.1 [5]

Let ¢ be convex and f be close-to-convex. Then ¢*f is close-to-convex in E.

Lemma 2.2 [7]
Let ge=S*[C,D]. Then, for ¢ convex, ¢*gc=S*C,D7.

Lemma 2.3 [8]
If ¢ is convex and fe=K[A,B; C,D], then ¢.f<=K[A,B; C,D].

Lemma 2.4 [1]

for each 7(|7]=1) and o(|o]=1), we have

[#*(5E22%)g ) () 20

1—oz

on 0« |z|<I"<<1.
Then, for each F' analytic in E, the image of |z|<r under (P*Fg)/(¢*g) is a
subset of the convex hull of F(E).

3. Main Results

Theorem 3.1
Let ¢c=S* and fezC*. Then ¢*f is close-to-convex.

Proof

(@*f) () =(2¢™*f) (&), J=C*
=(g*2f") (2)

and the result follows by using Lemma 2. 1.

Theorem 3.2
Let ¢ be convex and f&=C* A4,B; C,D]. Then ¢*f=C* A,B; C,D].
[ 2 6 -
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Proof

Since fe=C* A,B; C,D1, it follows that F=z2f"<K[ A,B; C,D]. Also

by Lemma 2.3, Hence ¢*f<=C* A, B; C,D].
From the definitions of 4;,0<7<(4, and theorem 3.2, we have:

Theorem 3.3

Let f&=C*[A,B; C,D]. Then I'\f=h*fe=C* A, B; C,D] upto r,(k;) for each i,
0<i<d.

We now prove the folloiwng result for the class C*[A,B; CDJ], and give its appl-

ication to the generalized hypergeometric functions.
Theorem 3.4
Let fe&=C*(A,B; C,D]. Then

L @) =F.@ =3 [0 r1 ryat, Re >0

is also in C* A, B:C, D].
Proof:

Let

3 (Z)“‘"L-? '—’;“‘F(:—Z . Re ¢»0

The function 4.(z) is convex, see [§1. Now
F.(2)=(h*r) (2)
and the result follows immediately from theorem 32.2.

Corollary

Let the generalized hypergeometric function z ,F (ay, -, a,; By, -, B¢ 2) with
$<q+1 be in the class C*[ A,B; C,D]. Then the function

2 puFelay - ans ey s+ 15 By o B 1 F L e ca b2 2)

is also in the class C*[ A, B; C,D], where ¢;=<0 (J=1,, k)
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Proof:

The generalized hypergeometric function ,F,(z) is defined by

"F‘q(z):’F‘I(a“'“’aﬁ; ﬁh"'vﬂq; 2)
e Laylan, 2
-5 3l £ <orn
wlehere

al(jzly"'yﬁ) and ﬁj(]zl, fry {I)

are complx numbers with B;%0, —1, —~2, -, j=1, 2, ', g, and (1), is the Pochh~
ammer symbol defined by

@ {1 if #n=0
= AA+D - (A+n—1), if ne=N=1{1,2, --}.

Now

c

Lz jFe(2))= t‘l‘ jotc_' {t sFolay, s, ap; By, Bel) di}

4

= (@) (ap), | e+l 2
w0 (Boa(B)n #tc+l nf

=2 ppFaprlay, - apy ¢+1; Biyoos By €425 3)

which, in view of thorem 3.4, belongs to the class C*[ A, B; C,D]. Using this method
along with theorem 3.4 repeatedly we obtain the required result.
We shall now prove some results related with Ruscheweyyh derivatives.

Theorem 3.5
Let fe=8*[ A, B] and let D*f(2)+#0 (0<|z|<1) for az=—1. Then D*f<=S*4,B].

Proof

2(D°f(2)) _ D(z2f'(2))
Df(z)y — DS

= [yl @) |/ e @

We take 7=~1, $(@)=—q—yms £(2)=S(2) and F(z)m%{f-(';()ﬂ in Lemma 2.4

and obtain the required result.
The relationship between the classes C[ A, B] and S*[ A, B] gives us immediately
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the following:

Theorem 3.6

Let fe=C[ A, B] and satisfy the condition D*(zf’(z))+0 O<lz]<71D) for a>>~1.
Then D*fe=Cl A, B).

We shall now prove the similar results for the classes K[ 4, B; ¢, ] and C*[ A, B;
<, D]
Theorem 3.7

Let feK[A,B; C,D] with respect to a function ge=S*[C,D]. Let Deg(z)=£0
{0<]z]<1) for ¢z>~1. Then D*f&=K[A,B; C,D].

Proof

2(Df(2)) _ D*(ef(2)
Dig(z) = D°g(@)

[ 2 s @ ]/ [y s )]

Now applying Lemma 2.4 with 7=—1, $(2)=({—5jive» £(2)=£(2) and F(z)r:fé%;(;l»

‘we obtain the required result.

Using theorem 3.7 along with the fact that fe=C*[A,B; C,D] if and only if zf’
€=K[A,B; C,D[, we have the following.

Theorem 3.8

Let fe=C*[ A, B; C,D] with respect to geC[C, D] with the condition D*(zg’(2)) =0
{0<|z]<1) for a>>—~1. Then D*fe=C* A, B; C,D].
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