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ON COMPLEX AND CONTACT CONFORMAL FLATNESS

Un Kyu Kin

0. Introduction

K. Yano([5],[6]) defined complex conformal connections and contact
conformal connections in Kaehler manifolds and Sasakian manifolds
respectively and obtained the following theorems.

THEOREM A. If, in a real n-dimensional Kaehlerian manifold (n>>4),
there exists a scalar function p such that the complex conformal connection

Iit={#} +6/p:+ 8 p;—g;ip" + Fi*q:+ Fiq;— F:q,

where p; is the gradient of p and ;= —p.Fi, is of zero curvature, then
the Bochner curvature tensor of the manifold wvanishes.

THEOREM B. If, in a (2m+1)-dimensional Sasakian manifold(m>1),
there exists a scalar function p such that the contact conformal connection
L= {4} + @t —n7") pi+ G — ) p;— (g5:—nim:) p*
+F#(qi—n) +F#(gi—;) —Fu(d"—7"),
where p; is the gradient of p and q;= —pFy, is of zero curvature, then

the contact Bochner curvature tensor of the manifold vanishes.
In this paper we consider the notion of complex and contact conformal

flatness respectively and obtain some results related to the converses of
the above theorems.

I. Complex conformal flatness
1. Complex conformal connections

Let M be an n-dimensional Kaehler manifold covered by a system of
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coordinate neighborhoods {U;z*} and denote by g; and F;* the com-
ponents of the Hermitian metric tensor and those of the complex
structure tensor of M respectively. Then we have

(1.1 FJjFf=—34, guFfFi=g;, p.F#=0,

where p, is the operator of covariant differentiation with respect to the
Christoffel symbols {*;] formed with g;;. We denote by K,;* the
curvature tensor in M, It is well known that K,;* and Kiju=Ki;i'gu
satisfy

(1.2) VKt =PiK;i— VK, Kijin— KajurFi'Fi'=0,
K;F{+K,F=0, K;—K,F{Fs=0, 27.Ki/=p;K,

where K;; and K are the Ricci tensor and the scalar curvature of M
respectively.

We now consider the so-called Bochner curvature tensor (Bochner[1],
Tachibana[4]) defined by

(1.3) Bu*=Kiji*+8:"Lji—8;*Las+ Li*g ji— Li*gui+ Fi* M — F* My
-+ MkhFji —"M'thki - 2 (MkjFih +FkiMh) ’

where

(1.4) Ly=——L_K,+

ni4 Mi:“_thFi‘.

1
Ko ..
2(nt2) (ntd) &

In a previous paper (Kim[2]), we proved that p;K in a Kaehler
manifold M with vanishing Bochner curvature tensor is contravariant
analytic.

Let us consider a conformal change of Hermitian metric

.o o2 h_ E.—p2
gi=eg, Fr=Fp F;=e*Fy,

where p is a scalar function(n>>4).
The affine connection I';* which satisfies

Dk,?;i=0, DkFih=0 and Fjih_‘Fijh=—‘2Fjiqh,

where ¢* is a vector field and D, is the operator of covariant differen-
tiation with respect to I';* is given by

(1.5) Iit={} +o/*p:+orp;—gip* + Fi'q: + Fi*qi— F g,
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K. Yano([5]) called such an affine connection a complex conformal
connection. The curvature tensor R;;* of I';* is given by

where p;= ?, P=pg"™ q=—pF!, ¢=qg".

(1. 6) Rui'=Ku;*—08*P;i+6,"Pr— Pi'g i+ Pitgyi— Fi'Qji+ Fi*Qu:
— Q' Fji+Q/ Fuit (7agi—Viqe) Fi* — 2F3i(p:g" — qip"),

where
(1.7) Pu=r;pi—pipitqigi+ ’%‘Pt?'gﬁ, Q;i=V;q:i—piqi—q;p:+ %“PtPtFji
and consequently

(1.8) Q;i=—P;F¢, P;=Q;F!

If there exists in M a scalar function p such that the curvature tensor
R;;* vanishes, then the Kaehler manifold M with the metric tensor g;;
is said to be complex conformally flat.

In a previous paper([2]), the present author proved the following
theorems.

TurorReM C. Let M be an n—dimensional Kaehler manifold(n>4). Then
a necessary and sufficient condition that the curvature tensor of a complex
conformal connection (1.5) coincides with the Bochner curvature tensor of
M is that there exists a scalar function p such that

(1.9) Kip=—(n+4) (pp'gin+pitst+a;q0),
(1.10) Vibs=—pp'gjr—24iqs.

TuEOREM D. If M is complex conformally flat, then there exists a
scalar function p which satisfies (1.9) and (1.10).
We can see easily that (1.10) is equivalent to

(1.11) Vigw= —p:p'gis+2q;Ps.

Now, suppose that there exists a scalar function p which satisfies
(1.9) and (1.10). Differentiating (1.9) covariantly along M, we have

ViKjn=— (n+4) Qgiup'Vipe+ bl ip i+ piVipr+aul i+ q:7:q4).
Calculating (7:K;:—F;Kiz)g™* and taking account of p,g'=0, we can
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find
(1.12)  7;K=2(n+4){— Qa+1)p7ipst o'+ 4745}
From (1.9), (1.10) and (1.11) we have

(1.13) rpt=— (n+2)pp', ¢Vg;=3p:d'bi,
Ptlef= —Ptptpi, K= - (ﬂ+2) (n+4)Pi?ta

which and (1.12) imply
(1.14) VK= —2Kp;.

From (1.13) we can see that K<), Moreover, we assume that the
scalar curvature K is constant. Then we have K=0 by the help of
(1.13) and (1.14). In this case we have p;=0. Thus we have the
following, by the help of (1.6),

THEOREM 1.1. Let M be an n-dimensional Kaehler manifold (n=4)

with constant scalar curvature. If M is complex conformally flat, then M
is flat.

2. Kaehler manifolds with nonconstant negative scalar curvature

Let M be a Kaehler manifold with nonconstant negative scalar

curvature. For the scalar function p=—-§—log(~K), we consider the
complex conformal connection (1.5). In this case, we have
2.1) pi= —Z—]j(‘VjK’ ViV i K=4Kpip;—2K7:p;.

In this section, we assume that the Ricci tensor of M satisfies
(2.2) Kji=— (n-+4) (Ag;i +pipi+ a;9:),

where we have put 1=p,#. Then we have the following equations:
(2.3) K=—(a+2)(n+4)2, K;p'=—2(n+4)2p;,

A= — s— 2K e irr . 2 __ pths
V,l 21?, (71"{'2) (7l+4) P! ZPVpr 2 pstPt.

Now we suppose that p;K is a contravariant analytic vector field. Then
we have
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2.9 Vigi+Viqi=2(gipi+q;pi).
Differentiating (2.2) covariantly, we have
(2.5) ViKji=— (n+4) (g;iV ik +DPilip;+ iV abi+qilsq; + iV 4q:) .

Contracting (2.5) with g* and by the help of (2.1), (2.3) and (2.4),
we have

K
P == "
2.6) v (n+2)2 aid
From (2.3) and (2.6), we can find
2.7 V'ria=2(n+4) ¥=20"0'V s+ 27 p7°L".

Contracting the Ricci identity p.7;p,=p;Fipi—Kuji'ps with g*, we have
v'vpi=viwe') +K'py
which, by the help of (2.3) and (2.6), implies
(2.8) (P'rpi)p=—42%
From (2.7) and (2.8), we find

2.9 Vpdpt=(n+8) 2%

Transvecting (2.4) with ¢’p’ and using (2.3) and pg*=0, we have
(2.10) (7ip1)g'g’=—32.
Since

W7ipst+Agint2q:allP= (7:22) (P'p") +227 ' +4(Pipi) §'¢* + (n+8) 22,
we have, by the help of (2.6), (2.9) and (2.10),
Vipet+Agint29:q:=0.
Thus we have, by the help of the theorem C, the following

THEOREM 2.1. Let M be a Kaehler manifold with nonconstant negative
scalar curvature and let p= —--é—log(—K). If the Ricci tensor of M

satisfies (1.9) and p;K is contravariant analytic, then the curvature tensor



236 Un Kyu Kim

of the complex conformal connection (1.5) coincides with the Bochner
curvature tensor of M.

If M is a Kaehler manifold with vanishing Bochner curvature tensor,
then p;K is a contravariant analytic vector. Hence we have, by the help
of theorem 2.1, the following

THEOREM 2.2. Let M be a Kaehler manifold with nonconstant negative
scalar curvature and with vanishing Bochner curvature tensor. If the Ricci
tensor of M satisfies

(1.9) Kj=—(n+4) (pp'gsi+pipi+FiFpip,),
where p;=8,p and p= ——é—log(—K), then M is complezx conformally flat.

II. Contact conformal flatness
3. Contact conformal connections

Let M be a (2m+1)-dimensional dimensional differentiable manifold
of class C~ covered by a system of coordinate neighborhoods {U;z*} in
which there are given a tensor field F* of type (1,1), a vector field &
and a ]1-form y; satisfying

G FiFf= —§f+7;6%, Frei=0, pFi=0, nE=1,

where here and in the sequel the indices 4,i, 7, --- run over the range
{1,2, ---,2m+1}. Such a set of a tensor field F of type (1,1), a vector
field £ and a 1-form 7 is called an almost contact structure and a
manifold with an almost contact structure an almost contact manifold.
(Yano[6]).

If the set (F, &, 7) satisfies

N;*+ (@i —dm;) =0,

where N;* is the Nijenhuis tensor formed with F;* then the almost
contact structure is said to be normal and the manifold is called a
normal almost contact manifold. If, in an almost contact manifold, there
is given a Riemannian metric g;; such that

(3.2 g FiF=gi—nmi, ni=gu",

then the almost contact structure is said to be metric and the manifold
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is called an almost contact metric manifold. We shall write 7* instead
of & in the sequel. If an almost contact metric manifold satisfies F;;=

—12—(64'77.-—3,-77,-), then the almost contact metric structure is called a con-

tact structure. A manifold with a normal contact structure is called a

Sasakian manifold. It is well known that in a Sasakian manifold, we
have

(3.3 vift=Ft, p;Ft=—g;m*+8i'p, Fj=—Fy,
(3.4) Kui'ni=mgii—nigu, Kij=2my;, 7'7.K;=0, 7'7.K=0,
(3. 5) K ch it + KitF jt = 0,

where K;;#* K;; and K are the curvature tensor, the Ricci tensor and
the scalar curvature of M respectively.

The contact Bochner curvature tensor (Yano[6]) is defined by
(3.6) Buji*=K;"+ (0* —9") L+ L* (g5 —nm:) — L (gai—7ami)
+F M — Fi*My+ M F;; — M Fy;
—2(My;F#+ Fy;M¥) + (FrF;; — Fi*Fy; — 2F;FiF),

where
(3.7) L= — 5o (Kt (L+3)gu— L= Daynd, Li=Lug™
(3.8) Mj=—L;F!, My!=M,g", L=giLj=— K_Zés?rl_‘)_m )
From (3.7) and (3.8), using (3.4), we find
3.9 Liof=—9;, M;n'=0, MjF{=Lj+nm.

In a Sasakian manifold with structure tensor (F?* x;, g;;), the affine
connection D which satisfies

Dy (e*g;:) =2e*pspinmi, DiF*=0, Djf=0
and whose torsion tensor satisfies
it —TIif= —2F;u,
where p is a scalar function and #* a vector field, is given by

(3.10) I'jit= {4} + @t~ pi+ (0F — ) p;— (g1 —nim:) P
+F#(q:i—n:) +F#(q;—1;) — Fu(g"—7),



238 Un Kyu Kim

where

(3.11) pi=0p, p'=pg", q=-—pF!, ¢=qg"
and p satisfies p;7'=0.

K. Yano([6]) called such an affine connection a contact conformal
connection. From (3.11) and p;7’=0 we see that

(B.12) o Ff=p, Fip'=q, Fiq'=—p", py'=0,
g'=0, pg'=0, p'p.—¢q.

The curvature tensor R,;* of I';* is given by

(3.13) R;;t= Kt — (6:F— mﬂh)l’ii + (5jh — Ujﬁh)Pki —pit (gji— 771'77:')
+p/(gu— 7}k77i) —Fkhq_ii + thQIzi —qi'Fji+q*Fu
+ (7agi— Vigs) Fi*+2F4; (q:p* — pig")
+ (Fi*F;;— F*Fy;— 2F 4 FF),

where

(8.14)  pji=vipi—piti+ (gi—1n;) (qi—mn:) + %P:P' (gii—nm),
(3.15) g;:=0iq:i—p;(qi—71:) —pi(g;— ;) + —é—PtPtF e
From (3.12), (3.14), (3.15) and pi'=0, we find

(3.16)  pji=pi 7Pii=n:; qu=—0iF{, 77¢;:=0, ¢;n'=0,
pi=qiFi a9, @ FiFi=—qij.

If, in a (2m+1)-dimensional Sasakian manifold (2m+1>>3), there
exists a scalar function p such that the contact conformal connection
(3.10) is of zero curvature, then we call such a manifold contact
conformally flat one. From theorem B, we can see that if M is contact
conformally flat, then it is a manifold with vanishing contact Bochner
curvature tensor.

4, Contact Bochner curvature tensor and curvature tensor of
contact conformal connection

We now assume that there exists a scalar function p such that R,;*
=By;*. Then we have
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4.1 (gen—7mamn) (Pji+ Ljs) — (gin—1mm) (Pri+ Lus)
+ (Ppant Lin) (g5:—7m) — (Pint Lin) (g —747:)
+Fulq;i+M;) —Fu(gu+ M) + (qun+ M) Fj;
— (g + M) i+ (A —2M,;) Fu,
+ Fyj(Bin—2M;:) =0,

where
4.2) Avi=—(Tag;—Viqs),
(4.3) Bi=2(psgi—qst;),

and consequently,
(4.4) A=F"A,;=—2pp', B=F"B,=4pp', 7*4:;=0, 7*Bi;=0.

Interchanging % with ¢ and & with 7 in (4.1) respectively, subtrac-
ting the resulting equation from (4.1) and taking account of p;=p;,
Lj,'=L,'j and Mjiz—Mj, we obtain

(4.5)  Fu(gjitai) —Fpguitga) + (@t gn) Fii— (@in+as;) Fus
+ (A — By)) Fin— Fi;(Ai— Bi) =0.

Transvecting (4.5) with F*  we find, by the help of (4.4),
(4.6) gij+¢;=0,
which and (3.16) imply
4.7 9;i=quFF?.
Substituting (4. 6) into (4.5), we find
(4.8) (As;i—Bi) Fin— Fij(Ain—Bi) =0,

from which, by transvection with F*

A:'h— Bih= 2:;1 (A_‘B> Fih
and consequently, using (4. 4),
(4.9) Aip—Biy=— TnL(VtPt"’_Zptpt)Fih.

On the other hand, from the definitions of ¢;; and A;;, we find
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(4.10) A= —2q;:+pp'Fji.
Since

Friguj=F*(—puF{)=pi—1,

we have
(4.11) =—2(p!—1) +2mpp'.
From (4.4) and (4.11), we obtain
(4.12) pi=ppt+mpp'+1.

Equations (4.9) and (4.10) give
Bj;= —ZQii+—7}L— 7'+ (m+2)p:p'} F,
which and (4.12) imply
(4.13) Bji=—2q;i+—1 {p!+2pp'—1)

By the cyclic sum of (4.1) with respect to the indices %, j and i and
using p;;=p:j, M;=—M;; and q:;;= —gq;;, we have

(4. 14) Fu.(2q;:+ Aji) +Fy (2q;‘k + Au) + Fi (quj + Akj)
+ F;;(2gu+ Buw) + Fi(2g;1+ Bjn) + F1j (2gin+ Bin) =0.

Substituting (4. 10) and (4. 13) into (4. 14), we find
(4. 15) P+ (m+2)ppt—1=0.
Thus equation (4. 13) can be written as

(4.16) Bji=—2q;i—p:p'Fii.
Transvecting (4.1) with g* and using (4.10) and (4.13), we find
(4.17) (2m+5) (pii+Lj) + (pf+ L) gsi=0.

Transvecting (4.17) with g’* and using (3.8), we have

K+2@3m+2)

t:—Lt=< —
(4- 18) Pt t 4(m+l) )
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and consequently, using (4. 17),
(4.19) Lji=—pji,
which and (4.15) imply

2m+K
4(m+1) (m+2) ~

(4. 20) pipt=—

Since ¢;;=—p;F! and p;;=—1L;, we obtain
(4.21) gii=—M;

Substituting (4.19) and (4.21) into (4.1) and taking account of
(4.2) and (4.3), we have

(4. 22) (7xq;—Viqu+2Mj) Fir=2F;(pign—qipn— Mis).
Since [iq;—Viqi=2q:;—pp'F:;, we have
— b FaiFin=2F4; (pigr—qion— Mir),
and consequently
gin=—piqrtqipr— %PtP'F ihe
Comparing the last equation with (3.15), we have

(4.23) Vign+pd ' Firn—2qipr+pipn~+pryi=0.

Conversely, we now assume that there exists a scalar function p in
M which satisfies (4.19) and (4.23). Then we have

(4.24) Ryji*= B+ Wit
where

(4.25) Wiit=2(M,;F#+Fi;M*) + (Fiq;—Viqs) Fi*+ 2F; (qip" — pig"),
Since Ji.q;—Vigi=2q:;— p:p'Fs;, (4.25) can be rewritten as

4.26)  Wut=2F(—a'—LpaFi+rar'—pa’).

Substituting (3.15) into (4.26) and taking account of (4.23), we
find W;;*=0, which and (4.24) give Ri;*=B,;*. Thus we have the
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following

THEOREM 4.1, Let M be a (2m+1)-dimensional Sasakian manifold
(m>1). Then a necessary and sufficient condition that the curvature tensor
of a contact conformal connection (3.10) coincides with the contact Bochner
curvature tensor of M is that there exists a scalar function p which

satisfies (4,19) and (4.23).
We can easily see that (4.23) is equivalent to

(4.27) Vipi=—pd' (€ii— 1) —2q:q;+ qn: + qim;.

Now, we assume that there exists a scalar fuuction p which satisfies
L;j;=—p;; and (4.27). Then we have

Kji= - (L+3)gji + (L— 1)7/i77i
+2(m+2) { -~ 171":?' (gii—nm:) —qiqi—bibi +7/i77i} )
which and (4.20) imply
_ - e 1 _
(4.28) Kji—2mympi=—2(m+2) {(P:P +797) +2(gji—nm:) +<1i4i+?j1>i} ,

or equivalently

(4. 29) Kj,’ — 2m7;,~m

- 2m+2—K ) Dbt
= 2(m+2)[ A(m+1) (m+2) (gn 77177!) +P1Pt+Qqu]-

Conversely, suppose that there exists a scalar function p which
satisfies (4.27) and (4.28). Then we have

pii=— %Pt?t (gii—nim:) —qigi—pibi+ 9.

From the assumption (4,28), we have

- 4(m+1) (m+2) m+2 "’

which gives p;i=—L;;. Thus we have

THEOREM 4.2, Let M be a (2m—+1)-dimensional Sasakian manifold
(m>1). Then a necessary and sufficient condition that the curvature tensor
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of a contact conformal connection (3.10) coincides with the contact Bochner
curvature tensor of M is that there exists a scalar function p which

satisfies (4.27) and (4.28).
Combining theorem 4,2 and theorem B, we have the following

COROLLARY 4.3. If, in a (2m-+1)-dimensional Sasakian manifold
(m>1), there exists a scalar function p such that the contact conformal
connection (3.10) is of zero curvature, then p satisfies (4.27) and (4.28).

Now suppose that there exists a scalar function p such that (4.27)
(or equivalently (4.23)) and (4.28) hold. Differentiating (4.28)
covariantly along M, we have

(4.30) p:K;z—2mF;m—2my;Fy

= —2(n+2) {2@u—r0p 70+ (o' + —2) (~Fum—nF)

+aqwiq;+qilViqe+ piVid; +PjViPk} .

Transvecting (4.30) with g* and taking account of (4.23), (4.27)
and

P K+ 2m
we obtain
(4.32) ViK=—2(K+2m)p;.

Moreover we assume that K-+2m never vanishes. Then we can see,
by the help of (4.31), that K+2m is negative nonconstant. In this
case we have

1

(4.33) pi= —WV;'K,
which implies
(4.34) p=——é—log(—K——2m)+c,

where ¢ is a constant.
Thus we have the following

THEOREM 4.4. Let M be a (2m+1)-dimensional Sasakian manifold
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(m>1). If there exists a scalar function p such that the curvature tensor
of a contact conformal connection (3.10) coincides with the contact Bochner
curvature tensor of M, then p satisfies (4.32). Moreover, if K+2m never
vanishes, then p satisfies (4.34).

COROLLARY 4.5. Let M be a (2m+1)-dimensional Sasakian manifold
(m>1). If there exists a scalar function p such that the curvature tensor
of a contact conformal connection (3.10) is of zero curvature, that is, M
is contact conformally flat, then p satisfies (4.32). DMoreover, if K-+2m
never vanishes, then p satisfies (4.34).

5. Sasakian manifolds with constant scalar curvatures

In this section we characterize contact conformally flat manifolds with
constant scalar curvatures. Suppose that there exists a scalar function p
such that the curvature tensor of contact conformal connection (3.10)
is zero, that is, M is contact conformally flat. Moreover, we assume
that the scalar curvature of the manifold is constant. Then we have,
by the help of corollary 4.5,

(5. l) (K+2m)p,~=0.

Transvecting (5.1) with p/ and taking account of (4.31), we obtain
K=—2m, Consequently, we have p,=0 and hence p is constant. In this
case we have the following.

(6.2) I'j*={} —Fi'pi—F9;+Fipt, Dug;i=0, D;F#=0, Dy*=0.
Substituting ;=0 into (4.28), we have
(5.3) Kji=—2g;i+2(m+ 1)y,

that is, the manifold M is C-Einstein.
Here we refer the following theorem

TaEOREM E(M. Matsumoto and G. Chaman[3]). The contact Bochner
curvature tensor coincides with Uyl if and only if M is a C-Einstein
space, where

Uabcd == abcd - (P + 1) (gbcaad —'“gacabd) —p (gacvbvd + 77a7]c5bd —gbﬂ?avd
- 77b7765ad + Fchad - Fachd - zFachd)
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k p— K+2m

and ptl=— - k=—0 71y

Thus we have, by the help of corollary 4.3, theorem B, theorem E
and (5.3), the following theorem.

THEOREM 5.1. Let M be a (2m+1)-dimensional Sasakian manifold
(m>1) with constant scalar curvature. If M is contact conformally flat,
then M is a Sasakian space form M(—3).

Now, we suppose that M is a Sasakian space form M(—3). Then
M is a manifold of vanishing contact Bochner curvature tensor and the
scalar curvature of M is constant. The Ricci tensor of M is given by

(5.4) K;=—2g;:+ (2m+2) nin;i.

We choose arbitrary constant p and consider a contact conformal connec-
tion (3.10). In this case, since p;=0, the contact conformal connection
is given by (5.2) and the equations (4.27) and (4.28) are satisfied.
Hence B,;*=R,;" by the help of theorem 4.2. Since B,;*=0, we have
R:i;i*=0. Thus we have

THEOREM 5.2. If M is a 2m+1)-dimensional Sasakian space form
M(—3), then M is contact conformally flat (m>1).

6. A sufficient condition for M to be contact conformally flat
In this section, we assume that the contact Bochner curvature tensor

of M vanishes and K+2m is negative nonconstant. Let p= ———é—log

(—K—2m)+c. Then, since 7'p;=0, we can consider the contact con-
formal connection (3.10). In this case, we have

—_ 1
(6.1) ?i (K +om) riK,
(6.2) FiK=—2(K+2m)p;.

Differentiating (6.2) covariantly along M, we have

(6.3) ViV i K=2(K+2m) (2pip;—Vibi).

TueorEM F(M. Matsumoto and G. Chuman[3]). Iz a Sasakian space
M(dim M >5) with vanishing contact Bochner curvature tensor, ;K is
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C-analytic.
By theorem F, we have
(6.4) Vil iK=FyFp K+ (7 K) (Foani+ Fojms).
Substituting (6.2) and (6.3) into (6.4), we obtain
(6.5) 20— Vi =244, — Fy F7.p.— (qan;i+qims),

from which we find

(6.6) 7V ps=0
and
6.7) 2bib;—Vibi=2q:q; + Fi'V.q;— 2q:m; — q 7.

Now, suppose that the Ricci tensor of M satisfies
(6.8) K;i—2mpm:

- _ 2m+2—K . T
= 2(”14—2)[ Am+1) (m+2) (gii 771771)"*'?:?:4‘41%}'
Then we have
(6.9) pipt=———Bam

4(m+1)(m+2) °

which and (6.2) imply

K+2m »
4m+ 1D (m+2) ¥*

(6.10) PVipe=
If we put S;;=F;K,;, then we have

2m+2—K e .
4(m+1) (m+2) Fy; q‘j””‘q’]'

6.11) S;;j=—2(m+2) [

Differentiating (6. 11) covariantly along M, we get
2(K+2m)

©.12) Vksif:_z(m+2)[ 4(m+1) (m+2)—PkF;j
2m+2—K o
+ 4(m+1) (m—l—z)#(’?’g"l 7ig#i)

—~ T pi—aqWipi+ Pipi)q;+ o7 kij] .
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Transvecting (6.7) with ¢’ and taking account of (6.10), we have

(6.13) (Zipe)g' = m%‘)— (3ge—7).

In a Sasakian manifold with vanishing contact Bochner curvature
tensor, we can obtain the following (See[3])

(6.14) 7iSij=n:K;i—n;Kiu+ T(;l—i_-_lT {Fid — Fjudi" +2F ;60
+(gi—nm) Fi — (gue—nm) Fi7} 7K.

‘From (6.12), (6.14) and (6.2), we find
2(K+2m) 2m+2—K

4(m+1)(m+2) 4(m+1)(m+2)
— (Pag)pi—qiVspi+qiVidi + PV

N KoK (K+2m) e
T gy TG gy T

—Fupi+2F;pa— (@i —nme) @i+ (€ — 1) q;) «

(77,-g k= 8 ki)

(6.15) puF;+

Transvecting (6. 15) with ¢/ and taking account of (6.13), we have

(6.16) Fipi= K+2m ) (gei—nem:) —2q1q: +70q: +7:qs.

4(m+1) (m+2
Thus we have the following

THEOREM 6.1. Let M be a (2m+1)-dimensional Sasakian manifold
with wvanishing contact Bochner curvature tensor and let K+2m be
nonconstant negative (m >1). If the Ricci tensor of M satisfies (6.8),
then M. is contact conformally flat.
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