Comm. Korean Math. Soc. 3(1988), No. 2, pp. 179~187

THE REPRODUCING KERNEL OF HILBERT SPACE OF
YEH-WIENER PROCESS

Hone-Tarx Hwane ano Hee-Soox Parx

1. Introduction

Let Q=[0,7]x%[0,¢], where p and q are some fixed positive real
numbers. Let C,[Q], called Yeh-Wiener space, denote the function space
{z(+, ) ]|z(s,0)=2(0,£) =0, z(s¢t) is a real valued continuous function
on Q} with the uniform norm Hxl|=(1’nta)1éelx(s, t)|. Let J be the algebra

of all subsets of C,[Q] of the form
I={z&C,[Q]| (x(s1, 21), **+, T (S, tn) ) EE}

where m and n are any positive integers, Q==s,<5;<--<sn=p, 0=£,<
t,<-+<t,=q and E is an arbitrary Lebesgue measurable set in the
mn-dimensional Euclidean space R™. Let (C,[Q], &, m,), called the
Yeh- Wiener measure space, denote the complete probability space where
Z is the o-algebra of Caratheodory measurable subsets of C,[Q] with
respect to the outer measure induced by the probability measure m, on

the algebra _# defined for I=_g by

my (D) =T1 T1{2a(s;—5-0) (ts—t2-)) 7%

j=1

13 & Wie—uig,— w1 T4 0,0-0)°
J‘Eexp[__z_z s j i i ]

=1 k=1 (Sj‘—S,'_l) (tk—t/,_l)
duu"-du,,,,,

where 4y y=u;0=0,0=0 (j=1,2,-,m, k=1,2,, 7). (see [3]).
Let Y be a real valued function on QxC,[Q] defined by

Y((s,8), x)=x(s, 1) for ((5,8), z)EQxC,[Q].
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Then Y is a measurable stochastic process in the probability space
(C.[Q],#,m,) and the domain Q in which the space of sample functions
Y(-,z), z=C,[Q], coincides with the sample space C,[Q]. This
stochastic process will be referred to as the Yeh-Wiener process on the
domain Q. It is shown from the definition of (C,[Q], %, m,) that
Y((s, 2), ) ~N(0Q, st) (i.e. normally distributed with mean ( and variance
st) and covariance of Yeh-Wiener process, E*(Y((s,2),+) - Y((u,v), +))
=min{s, «} -min{¢, v} for every (s,¢), (u,v)=Q.
In this paper, we shall show that the function I” defined on Q by

r'((s,0), (#,v))=E(Y(s1),)Y((%,v),-)
=min{s, #}min{¢, v}

for every (s,t), (u,v)EQ, is a covariance kernel on Q and then find
a reproducing kerne! Hilbert spae (i.e. Yeh-Wiener process) of the
covariance kernel I" on Q. We next study some linear operator and the
reproducing kernel of Hilbert space.

2. The reproducing kernel of Hilbert space of Yeh-Wiener process

In this section we find the reproducing kernel of Hilbert space of a
covariance kernel defined on a rectangula [0, p]x [0, ¢] and then study
some linear operators in the reproducing kernel of Hilbert space.

DEFINITION 2. 1. Let 7 be a set and I" : TX T—R be a real valued
mapping satisfying

(1) given s,t<T, I'(s,t)=1I( s), and

(2) I' is nonnegative definite i.e., for given {;=7T, a;=C

j=1: 2’ "ty ﬂ, 'Zk['(tj, tlz)ajakzo.
Iy

Then I'(-, +) is called a covariance kernel on T X T.

Let T be a separable metric space, and let I'(-, -) be a covariance
kernel on T'X T. Define

V= {,Zn:laip(ti’ ') : ajER, tjET, j=L2, -, n}
i=
and the inner product (-, :) : VX V—>R by

(@l (t )y bl (s )) =3 Siabal’ (8, 50).
i=1 k=1 j=1 k=1
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Then it is easy to see that (-, -) is an inner product on V. If {f.} is
a sequence in V, then

|fa(8) —fu(®) P=\(fa—Ffm T, )|
g(fn_fm, fn“fm)(r(t) ')v F(ta '))
=|fa—Fall?T' (¢, 1),

where (f, f)=If?, fEV. It follows that if {f,} is a Cauchy sequence
with respect to the induced norm ||-]|, then it is a pointwise Cauchy
sequence. Let H(I') denote the completion of (V,||-ll). This space
H(I') will be called the reproducing kernel Hilbert space of the
covariance kernel I'(-,+) on T xT.

THEOREM 2.2, [1] Let I'(-,+) be a covariance kernel on TX T, Let
H={f:f:T—>R is a function} be a Hilbert space with the inner product
(+, *)u. Suppose

(1) I',)eH, t=T and

@) (fC), T Nu=r@), t=T, feH.

Then H is equal to H(I') as Hilbert spaces.

THEOREM 2, 3. For (s,t), (u,v)<[0,p]1x[0,q], let I'((s,8), (u,v))
=min {s, «} -min {¢,v}. Then
(1) I' is a covariance kernel on [0,p] %[0, q].

2) HIM={f:f(s,t)= f;j;DZf(u, v) dudv and

2| iprrs 037 asar<oo)
where D*(s, £) =T?;t—f(s, ).

Proof. (1) For (s,t), (u,v)E[0,]1x[0,q], we have I'((s,t), (%,7v))
=min{s, «} +min{{, v} =I((x,v), (5¢)). Let (s, ¢t:)e[0,2]%[0,q],
¢;=C, i=1,2,---,n. Then

Sl (s t)s (53 )) = Loeiei(s:/\s) (/)

afp a
ZJ‘OJ‘O _Z:_Cicjx £0,5;1 (S)X £0,5;1 (9)x 0,83 O £0,¢;3 (t)dsdt
i,j

(ot & - P ((sit), (5,8) L ((558), (s5,8))
f oj‘ 0 gc,c, 0sot 0sot dsdt
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-1,

o 0J 0

Hence 7I"(-, -) is a covariance kernel on T'x T.
(2) For any (s,2)<[0, p1x [0, ¢],

n 2 .
v LG t), (50) 1250 > o
; dsot

LI (50, @M =EANwn (@), o35
and
-%P«s, 5, (2,3))=(6AD) L0 (3), ¥5L

It follows that

r'((s, 0, (z,3))=(A\z)(E\y)
= IZIZDZF((s, 1), (u,v)) dudv.
W (s, 8), (@, yDIP=C((s,8), (s5,8))=st
=f‘;f:[1)2r((s,z), (2, ) ]2 dudv.

F@ )=l ((snt), (z,9)).
Then we have
s ||2=§cjck(sjA5k) (£:/\te)
=[] Bl DT (G5 ), (@ MILDT (s ), (2 9))] dsdy
= [ [ ot @7 daay.
Let
H=(f:f @)= [ [ Df(@,5) dzdy, [ [ [Df(z, 9] dady<oo).

Now, for f,g=H, define
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o[’ D (5,5) Dig(a.5) dod.

Then it is easy to see that (-, -) is an inner product on H and that H
is a Hilbert space with respect to (-, +); for(s, £)&[0, p]1 X [0, g1, clearly
r'((s,2), (z,5))EH and

(£ ), T80, )
= [ '@ H DT (0, (,9)) dady

- fi.[:sz(x’ y)xtoasl ()X 10,3 (y) dzdy

= [ [ i@, 0] dzay
0 0
=f (53 t)-
Therefore by Theorem 2.2, H(I")=H.

The following well-known fact is a version of integration by parts
formula for functions of two variables.

LEMMA 2.4. Let f and g be real wvalued functions on [0, p]x[0,q].
If f and g are in H(I"), then

[ ['10f10dsas=1 (5, 0)— (20,01 (b, et
— [1% (g5, s+ [ [ "D fasa.

THEOREM 2.5. Let I' and H(I") be as in Theorem 2.3. Define an
operator S:H(I")—H(I") by

SF(s, ) = J 0 f 0 f(w,v) dudv.

Then S is a bounded linear operator and the adjoint operator S* of S
given by

S*f (s, D =stf (5, 0) = [ F(p, v)dv—t [ F(w, q)du
+ j;f;f(u, v) dudv.

Proof. For f&H(I"), then
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j j D2Sf (s, t)dsdt_f jo X sat f f F(=,y)dzdy dsde
- f . f £ (s, 0)dsat

Then S is well-defined. For a, B=R and f,g=H(I"), we have

Staf+) (50 = [ [ (@f+fe) (w, v)dudto

e f 0 f f(w, v)dudv+§ f f "¢ (u, v)dudv
—a(SF) (s, ) +5(S2) (5, 1).

Now we note that
4 4
isrie= [ ['toess(s, o1asae= [ [5G, 0 Fasae.
Hence by Holder inequality,

iA1= [ [ "D, vydudo [ [asae
S
Hence S is a bounded linear operator on H(I'). By Lemma 2. 4,
S0 = ["Dor-gasa.
—f @) [ Dgdsar— [ B LD 5,170
— [[[ 22D ] £ gyas+ [ f Dg - fdsdt.

Note that

[[BLD 56, na= [ [ "D (s, 015, s

and

[12E$ s e [ ] 22001 s graas

=[S 550 e o
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[ pofgasae [ [ "Dl 1 (0, ) —F (8,0 = F (5 0) =15, D 1did.
0J 0 0J 0
From the relation (f,S;)=(S*f,g), we obtain
[* [ Deetf (o, 00 —£(0, )~ F(5,0) +£ s, DY Vst
= J" j *D2(S*f) DPgdsds
0J 0
so that we have

D (S*f)=f(p,q) —f(p,8) —f(s,0) +f(s,8).

Hence the adjoint operator S* of S is given by
S*f(u, v) = f 0 f :Dz (S*f)dsdt
= [ [l = £, )= F (5,0 +£(5, ) dsds
—uf (9, q)—u | f (o, 0yd—0 [ F (s, 0)ds + [ [ (s, ydsa.

THEOREM 2.6. Let A =S*S. Then A is a self-adjoint operator on
H(I") defined by

Af(s, )= [ [ "min{s, u}min {5, 0} £, v) dudo.
Proof. For any fEH(I"), we have
Af (s, ) =S*S(5,1)
[ [ i
TS v I
— ! @ vautor [ [ f,v)dudo]dzdy
L v [
-1 ' | f @ v)dudvazay.
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Now put

glx,y)= jquf(u, v)dudv and h(x,y)=xy.
yJ =
Then by Lemma 2.4, we have

AfGs,0= | [ g, 9)dzdy
=stg (s, t) — fi[—ag—(;’y’i]h(p, ¥)dy
— [ 259 bz, do+ [ [ Dig-hizdy

=stf:fjf(u, v)dudo— IZ[% fjf:f(u, v)dudv]pydy

T o s

+f :J o[ aﬁzy ” PI :f @, ”)d“dv]xydxdy
=Stj if jf @, ”)d“d”+f:f;$yf (z, y)dzdy

- f Z j : min {5, z} min (¢, ) F (z, y) dzdy.

COROLLARY 2.7, Let A be the operator as in Theorem 2.6, Then for
f,e€HI),

549 = [ | £, 01w, v) dudo.
0J 0
Consequently, A is positive definite; i.e. (Af, f)=0 for fEH().
Proof. Since A=S*S, we have

(f, Ag)=(Sf, Sg)
- f ' j "D?(Sf) P (Sg)dsdt

= f ZJ :f (s, )g (s, £)dsdt.
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