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NONLINEAR ERGODIC THEOREMS FOR
LIPSCHITZIAN MAPPINGS IN HILBERT SPACES

K1 Six Ha, Jone Kvu Kim anpo Kux Hveon Son

1. Introduction

Let H be a real Hilbert space with norm ||-|| and inner product
{+,+) and C a nonempty closed convex subset of H. A mapping T :
C—C is called Lipschitzian on C([2]) if for each n>>1 there exists a
positive real number %, such that

Tz — Tyl|<kallz—yll

for all x, y=C. A Lipschitzian mapping is nonexpansive if k,=1 for
all n>>1 and asymptotically nonexpansive if lim k,=1 respectively.

n—oo

The fixed point set of T is defined by
F(T)={zeC: Tx=z}.

The first nonlinear ergodic theorem for nonexpansive mappings was
established by Baillon ([1]): Let C be a bounded closed convex subset
of a Hilbert space H and 7T a nonexpansive mapping of C into itself.
If the set F(T) is nonempty, then for each z&C, the Cesiro mean

S,,x=l-ni:lTkx
="
converges weakly as n—oo to a fixed point y of T,
A corresponding result for an asymptotically nonexpansive mapping
T on C was given by Hirano and Takahashi ([4]). In this case,
putting y=Pzx for each x&=C, P is a nonexpansive retraction of C onto

Received July 2, 1988, in revised form September 7, 1988.
The present studies were supported by the Basic Science Research Institute Program,
Ministry of Education, 1987~1988.

— 169 —



170 Ki Sik Ha, Jong Kyu Kim and Kuk Hyeon Son

F(T) such that PT=TP=P and PzCconv {T"z:n=0,1,2-} for
each z&C,

In this paper, we prove the existence of a nonexpansive retraction
(ergodic retraction) for a Lipschitzian mapping.

Some rudimental definitions and notations in the Hilbert spaces are
necessary for the proof of the main theorem of this paper. Let DCH,
We denote by D the closure of D, by conv D the convex hull of D,
Let {z,} be a bounded sequence in C. Then we define

A(y)::h?_.sup “xn_y”29 yEC.

It is well known there exists a unique element ¢ in C with

A(a)=inf AG),

called the asymptotic center of {z,} in C. We denote by AC({z,}) the
asymptotic center of {r,}. This definition is due to Lim and Pazy
([6], [7]). We also know that if {z,}CC and {z,} converges weakly
to y=C then y=AC({x,}) ([3]). Let T be a Lipschitzian mapping.
Then Q is said to be a metric projection of H onto F(T) if for every
z=H

{x—Qz, Qr—u)>0

for all u=F(T). The metric projection Q is nonexpansive ([8]).
2. Nolinenar ergodic theorem

Before proving the nonlinear ergodic theorem we prove the following
crucial propositions and lemma.

PROPOSITION 1. Let C be a closed convex subset of a real Hilbert space
H, T a Lipschitzian mapping on C into itself with lim sup k,<1 and

n—

{T*x} a bounded set for each x=C. Then F(T) is a nonempty, closed
convex subset of C.

Proof. By [3] and [5], F(T) is nonempty. Closedness of F(T) is
obvious. To show convexity, it is sufficient to prove that z=(z+y)/2
&F(T) for all x, y=F(T). Since
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T 2~zl|=WT"2— T z||<kullz — zl|

=Lgiz—
5 Lz — il
and
T "z~ =T "2— T y||<Eallz— i
= Shllz =51,
we have
", __ Z_____l_ Ry 2 _1_ [P Z____]; — 2
HT"2— =l 2||Tz z|| +2NT2 3l 4||3—‘ Y2,
<4 (k2= Dllz -
and hence

i{mllT“z—zllz=O.

Therefore we obtain
z=lim Trz=lim T*"z=T(lim T*"z)

n-0 n—w n—

=Tz.

The proof is completed.
LEMMA 2. Let C and T satisfy the assumptions as in Proposition 1.
If a=AC{T"z}, then we have
A(a) +lla—yIP<A(Y)

for every y=C.
Proof. Since for all y=C, 0<2<1,

1Tz — Qy+ (1- D) IP=A—-DIT "z —all>+ AN Tz — 5|
— (1= lla—51%,

A(a)<AQy+(1—2)a)
=linnl_ws°uP||T"x— -+ (1—-a)l?
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=1i13‘1~3up{(1—-1)llT"x—q]lz+2l|T"x—y||2—2(l—Z)Ha—yllz}
<(A-DA(@) +24() —2(1—Dlla—sl?

and hence
A(@) <A — A —)lla—ylP.
Letting 2—0", we have
A(a) +lla—3IIP<A®).

LEMMA 3. Let C and T satisfy the same assumptions as in Proposition
1. Then we have

AC({T z}YF(T)
Jor all z=C,

Proof. Let a=AC({T"x}) for all z&C and Q the metric projection
on F(T). Then we have

{T"z—Qa, Qa—ay=>0.
Since o
1" —alf =1 T*— QalP+IQa —alF + 2< T"z —Qa, Qa—a,
lim_supl| 7"z —all*lim_supl| Tz Qalf*+ | Qa—alf.

Therefore we héve
A(a) > A(Qa) +|Qa—all.
Combining this and Lemma 2, we obtain a=Qa<=F(T).

PROPOSITION 4. Let C and T satisfy the same assumptions as in
Propositions 1. If Q is the metric projection of C onto F(T). Then for
each x=C, {QTr"xz} converges to the asymptotic center of [{T™x} in
F(T).

Proof. Since {T"z} is bounded for all z&=C, there exists a unique
asymptotic center @ of {T"z} in F(T). Then we have
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AQT ) 3.,5;‘,2,." T=z—QT"z|l?
=igl:" Trtag QT gl
=supl| T T*x— T"Q T z|’
<(sup b7 Trz—Q T z|f*
<(swp kYU T z—alf
for all m, p=0,1,2, .
Hence
AQTz)<(lim sup k,)*l| T"z—all*
<HTz—all?
for all =0, 1, 2, ---. Therefore we have
lin'a;_.iup AQTrx)<lim supl|T"x—all®
=A(a),
On the other hand, from Lemma 2, we have
A(e) +IQT "z —alP<A(QT"x)
and hence ‘
A(a) +lim supllQ T "z —al’<Ilim sup A(QT"z)
<A(a). |

Therefore we have

lin:_'supIIQ T z—al>=0

and this implies {QT "z} converges to a in F(T).

Now, we prove a key proposition which play a crucial role in the
proof of our main theorem in this paper.

PROPOSITION 5. Let C and T satisfy the same assumptions as in Pro-
position 1. Then the set
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Neonv{T "z : n>m} F(T)

contains at most one point.
If morecver

Neonv { Tz : n>m} N F(T)#9,

then its element is the asymptotic center of {1 "z}.
Proof. Let x&=C and z<=F(T). Then for each m, =0, 1,2-,
lim supl| T"x—zllzémszligpll Tz —z||?
<sup|| T™*z —z|]?

m==n

=sup|| T™*2x — Tme|?

m=n

<(sup k)l T?z 2.

Hence we have
lim supl| Tz —z|P<(lim sup &.)*|7T*z—z|l®
<N T*z—z|?

for all p=0, 1,2, -+ and so

lin;_.zupll T’x——zllzglin:_mianﬂ] T x—2||2
Therefore, there exists the limit of {|| T"z—z]|l} as n—oco. Let a be the
unique asymptotic center of {7z} in F(T) and a= ("].conv{T"x tn
>m} NF(T).

Since
la—aul*+2 lim{a—u, T"x—a)
—liml{ 77— ulf limal| T —alf

=A(u)— A(a)
=0,
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2 liméa—u, T*z—a) > —|la—ull?—e,

n—oo

for all 0. Therefore there exists 7,>0 such that
Wa—u, Trz—ay > —lla—ul|l?—e
for all 2>n, Since u=conv {T"z : n>n,}, we have
2€a—u, u—ay > —|la—ul*—e

and hence |la—u|?<e. Since ¢ is arbitrary, we have w=a, ‘From the
uniqueness of the asymptotic center of {7z},

Neonv{ Tz : n>m} N F(T)

contains at most one point and its element is the asymptotic center of
{T*z}.

THEOREM 6, Let C be a closed conver subset of a real Hilbert space
H and T a Lipschitzian mapping on C into itself with lim sup k,<1.

n—o

If F(T) is nonempty, then the following statements are equivalent:
(1) Neonv{T*x : n>m}NF(T)#¢ for each z=C,

(2) There exists a nonexpansive retraction P of C onto F(T) such
that PT=TP=P and Pz=conv{T"x : n=0,1,2,} for every
x=C,

Proof. (2)=>(1). Let z&C, Then Pxz=F(T). Furthermore, since
for all m=0, 1,2, -,

Px=PTx=PTTx= - =PT" 'z
=PT"x
Econv{ Tz : n=0, 1,2, -}
Ceonv{T*z : n>>m),

Pze=(\conv{ Tz : n>>m}. Hence we have
Neonv{ T*z : n>m} (\F(T)F4.

(1)=(2). Let Q be a metric projection of C onte F(T). Then by
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Proposition 4, {Q7T "z} converges to the asymptotic center of { Tz} in
F(T). Let Pxr=lim QT"z for each z&C. Then we have

TPz=T(lim QT*x) =l'£n( TQT"z)

—1lim(QT*z) =Pz

n—*co

and

PTz=lim QT"*'x=lim QT "x=Px.

Since {Px}=9m{ T*x : n>m} (\F(T) by Proposition 5, it is true
that
Pzcconv{T"z : n=0,1, 2, -}
for all x&C. Since Q is nonexpansive, we have
Pz~ Py||=lim|lQT*z—Q Tyl
~lim supllQT"z—Q Tl
<lim supl|T"z— Tyl
<(lim sup E)llz—5l
<llz—ll.
Hence P is nonexpansive. Furthermore,

P2z=lim QT"Px=lim T"Px

n—o n-—s*00

=lim 7T"(lim QT™x)

n—o m—co

=1i_1.n( T"QT™x)

=1lim(QT"x)

m—o

=Pz,

This completes the proof.
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REMARK. In Theorem 6, we know that the Cesdro mean
1 n—1
S,x=="T*¢
=

converges weakly to Px in F(T).
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