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TUBE FORMULAS IN PRODUCT RIEMANNIAN MANIFOLDS 11
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1. Introduction

Let PCM denote that P is a compact p-dimensional embedded
submanifold of an m-dimensional Riemannian manifold M. Denote by
Ve¥(r) the m-dimensional volume of the tube T(P,r) of radius r
about P and by Ap¥(r) the (m—1)-dimensional volume of the boundary
of T(P,r). It is well-known that for small >0

f ;AP“ () dr=VM ().

Throughout this paper we assume that all manifolds are of class C» In
[3], the first author proved the following theorem.

THEOREM 1. Let PCM and QCN so that PxQCMXN, where
X denotes the Riemannian product. Then we have

AR () =AM () A (5), €))
where

AM(s) = f :e"""'Ap" () dt. )]

In this article, applying this theorem and Weyl’s tube formula [5],
we derive a product formula in Euclidean space. We also give a new
derivation of the Nijenhuis formula [4]. To be more specific let

N (nr?) =—p72 o ‘ o
VP (r)"' F((’””‘P"“Z)/Z) 1§0( PathP)r (3)

for sufficiently small >0 (see Remark (1)). Here (zr2)*/I'((k+2)/2)
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is the volume of a ball of radius r in R% and dP is the volume element

of P, Similarly expand V,¥(r) and V¥3:{(r) as power series in r:

N N (m.z) (a—q@) /2

V)= T s T ([ pua)r, 4)
Mx . (n.r?.) (mtn—p—q) /2 o
VI ()= '((m+n—p—q+2)/2) = o(f C”J(PXQ)r ®)

Then we have the following product formulas for coefficients.

THEOREM 2. For k>0, we have

1 —p— gt D) e
m¥n—p—g mta—p—9 (mta—p—q+2)-(mtn—p—qg+2k)

Xfpxafzkd(PxQ)=§ mip (m—p) (m—p+2) -+ (m—p+2i)

X nlq (n—q) (n—q+2) - (n—q-+2k—2i)
x ([ asdP) ([ (n-2dD). ©)
If PCR® then Weyl’s tube formula [5] says that
e/ (zr?) =11 /2
VO =727

X[%ZJ (m—p) ko (P)r*
= (m—p)(m—p+2)--(m—p+2c) ’ @

where k,.(P) is the integral over P of the curvature invariant H, which
is given by

1 a) np . R?
Hzc—_ Wza ( ﬁ ) R«;“zﬂxﬂa R"z:-—lah‘!a—lﬁﬂs.

Here RE,., is the component of the curvature tensor R of P, 0< 2:<p,

5(;) is equal to 1 or —1 according as a, *-+, a5 are distinct and an
even or odd permutation of By, -+, B, and otherwise 5(;) is zero. The

summation is taken over all a’s and §’s running from 1 to p.
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Combining the formulas (6) and (7) we obtain the following Nijenhuis
formula.

THEOREM 3([4]). Let PCM and QCN so that PXQCMXN. Then
we have for 0<2c<p+gq

ke (P X Q) = Lk (P a2 (Q). ®
The Nijenhuis formula (8) and Weyl’'s formula (7), then, give the

following product formula in Euclidean space.

THEOREM 4. Let PCR™ and QCR* so that PXQCR™X R", Then we
have

AFEE ()

I A gt 12h (P ks (Q) (mtn—p—gt2i+2j—1)
2 go 2 ((m+n—p—qg+2i+25)/2) r ’ ’ ©)

i=0 i
and
VEs® (r)
=tﬁ/2:| £/ 21 ”(m+”—p_q”2kzi(P)k2j(Q) (mtnepg 20420
& & T (min—p—qrht2i v P (10

Remarks. (1) The first two terms in the power series for V¥(r) are
given by ([2])

ay= 1, and

- 1 2 P DM
as 2 (m—P+ 2) (a,;:l(Rabab Rabab)
» [ m
- Z-.i __E R:ll'ai_ . ; Rgi‘iij)s
a=1 i=p+1 ij=ptl

where R? and RM are the curvature tensors of P and Q respectively.
(2) Since qy=by=c, in (6), the case k=0 implies the trivial relation

volume of PXQ=volume of P X volume of Q,

(3) Theorem [2] is a generalization of a result by Gray (the formula
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(8 in [1, p.661).
2. Proofs of Theorems

Proof of Theorem 2, From (2) and (3) we find

n(n—p) /2

I'((m—p+2)/2)
X Z(leazidP) (m—p+2i) f:e-s’r’rm—p+2i—ldr'

ZPM ()=

Since f :tz"“le"'dt=[' (x)/2 we have

n.(u—p)/Z

I'((m—p+2)/2)
X S0 ((m—p+2i+2) /2) s~ @2 Ipag,-dP. an

}L,M (s) =

Similarly

n(u—q) /2

Ir'((n—gq+2)/2)
X ST (n—g-+2j+2) /2) s~ @at2D f JsdQ  (12)

za” (=

and

pmtn—p-a) /2

I((m+n—p—q+2)/2)
X s—(m+u~—ﬁ"q+2&) fPXQCZ*d(P pre Q) . (13)

Zl’((m+n p—q+2k+2)/2)

A ()=

Therefore from (1) we obtain

> (m+n-1p—q)/2 (gL ) (gt +1)

( m+n—p—~q +k) s—(m+n—p—q+2k)jpx002kd(Px Q)

2
e ey e | R R

o 5y 550 [250)
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( _121+j)5—<n—q+zi)foszdg}_

By equating powers of s we get (6).

Proof of Theorem 3. From (3) and Weyl’'s tube formula (7) it is
easy to see that

D (m—p) ksi (P)
f audP (m—p) (m—p+2) - (m—p+2i) *

Similarly we also have

_ (n—q) £,;(Q)
fobz,dQ— (n—g) (n—q+2) -i"(n-—q+2j)

and

fochd(P x Q)

_(mtn—p—q)ku(PXQ)
T (mtn—p—q)(mtn—p—gq+t2)--(mtn—p—g+k) °

Putting these equations to (6) we obtain (8).

Proof of Theorem 4, It suffices to prove (10) since (9) is obtained
by differentiating (10) with respect to r, According to PXQCR»x R*
=R"** we have from (7)

4 (p+q) /2 (m-tn—p—g) /2
R‘xl" z kﬂt(PXQ) @ ta-p-gt2e
Ve D= % rimra—p—qraCr/n

Now by the Nijenhuis formula (8), we get (10).
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