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PROBABILISTIC PROPERTIES ABOUT PERMANENT OF
RANDOM (0, 1)-MATRICES

Wi Cuone Aun, Bone Dae Cuot ano Kyune Hyune Lee

Let C(n,m, N) be the set of all nXm Boolean matrices among the
components of which there are exactly N components are equal to 1,
all the other components are equal to 0, The total number of matrices

w&EC(n, m, N) is given by (’X?) Let P be a uniform distribution on
C(n,m, N), ie., P(w)=(7x7n)_l, In other words, each of the (7}:772) ele-

ments of the set C(m,m, N) has the same probability (7%1)—1 to be

selected.

The permanent of nXm matrix o= (w;;), written by per(w), is defined
by

per (@) = 2014 (15W20 (1) *** Wre (n)
L2

where the summation extends over all 1—1 maps from {},2,--- 2} to
1,2, -, m}, (n<<m). If n=m, then the terms in per(w) are, apart
from the sign, just terms in the expansion of det(w).

P. Erdos and A. Renyi[3, 4] have investigated the limiting probability
of the event that random matrix o has a positive permanent when n=
m. This paper is concerned with the limiting probability of the event
as above in the case of 2<lm.

A row or a column all elements of which are equal to 0 is called a
0-row or a 0-column for the sake of brevity.

Let

R(n, m, N) = {w=C(n, m, N) |0 does not have 0-rows}.
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Lemma 1. |RGnm, N) =5 D7) #3P™).

If N= 7227n , then Ilg((:, n”:: 21:7_7;; -1 as n<<m—co,

Proof. Let P be the uniform distribution on C(n,m,N). Define a
random variable X on C(n, m, N) by

X(w)=the number of 0-rows of matrix o,
Then X can be written as

X=._Z”18;

where

o {1 if i-th row is all of zeros,
10 otherwise

Let B,=E(J§) be the binomial moments of X, It is known |5| that
o yyeif?
P(X=1)=3(~D*(5)B.

Now let us show how to calculate B,

nes()-2(., 2, ()E)-(©)

:=0,1

Ia

= Z E(Sj,éj,' : 'eit)

110y <ot

= 2 P(‘sh:l, 6j2=1, "ty Sj‘=‘-1)

Jy<ig<eend

~(7)ACa-tm )|
k)~ 1C(n,m,N)|

Since P(X=0) is the probability of the event of matrices without
0-rows, we have

PX=0=5C(m, V)]
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Thus we have
|[R(n,m,N)|=|C(n,m, N)|P(X=0)
=1C(n,m, N) | 5(~1)'B;

-G

——] as m_>n—oo0,

_|R(n,m,N)|

TO Show that | C (ml

We calculate

|R(@,m,N)| _ g(“l)i(?)((n_ﬁ)m)
|C(71, m, N) l (nm)
N
@) =("F") A7)
(%) (%)

() i)

nm

=

~1=7 exp(—2)=1+0(0).

Here we used the Bonferroni's inequality[5] and

(%)~-%—

LEMMA 2. Leéi 7a,m be the number of matrices in R(n,m, N) without
0-columns. Then

o= 352 (~DI(7) 1R, m—1, ) .

Proof. The proof is similar to that of lemma 1 and is omitted.

LEMMA 3. If N= ngz and m(n)=o0(exp n/2), then

|R(n7nﬂ,1mN)| —]1 as n<m—00,
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Proof. By lemma 2 and Bonferroni’s inequality, we have

Trym R, m~1,N)|
RGa,m, N[ 21~ RGN |

By lemma 1, we have

m |R(7l, m—_—l) N)l
|R(n, m,N) |

(3 m) (=D @=D ) 1 (2) (=2 n=D)

<m (nm)_n(m(n—l))
N N
() AR ) () (R
l—n(——("“l)m)lv
nm
(n—1) _
. exp(—%)(l_!_ n nz exp( M) )
1—n exp(———’é—')

=o0(l).

Thus lemma is proved.

LEMMA 4. Let 8, . be the number of matrices in R(n,m,N) without
0-columns and per(w)=0. Then

sws2( 20 ) (" HP T for m>s,
If N=21m_ zhen_—T"—"———— 0 as m>n—co,

Proof. By the Konig-Frobenius theorem, we have

oum 2 (1) (=) (TP

(5]l o) ()

Y Sy Ty —
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E ()T ()

Since nm~—3(m—2) >nm—k(m—k+1) for all 2 with 3<k<m—2 and
m>5, we have

5n’mgms(nm—2]\(rm—l) ) " (nm—:?z\(fm—Z) ) "'2(”‘) (m——r;:-l—l)

k=3

<o ("D ) (3D B (1) ()
2m

gms(nm——ZA(Im-l)) (nm 2(m— 1))( l)

The last inequality is obtained from the facts that zm—2(m—1)>nm—
3(m—2) for all m>4 and

§( )(m k-l—l) (7311)

Since msg( ) for m>b, we have

+1
b 2,) (3D o s,

Next we prove that

6” wm
[R(n, m, N)] 0 8 m=2n—co

Since

Baym Z(nffl) (m_zz\(rm”l))

TR, m, M) = () —a[@DP]

it is enough to show that

()=

( 2m )(nm 2(m—-1))

300,

m+]1
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It can be shown by stirling’s formula that

%)

(a) (nm-——Z(m—l)) ~ATP
N
1 ~ Jm

® (wra)

© A B

(nm——Z(m—-l) )
N
Hence by (a) and (b), we have

(%) Jm

m
( om )(nm—z(m—-l)) ~Ta
m+1] N

—00 as m_>n—>00,

By (b) and (c), we have

n( (H—A}-)m) n‘\/_n;
) -0~ o
m

Thus lemma is proved.

THEOREM 5, Let P be the uniform distribution on R(n,m, N).

N= ”gz and m=o0(exp n/2), then

P{w&R(n, m, N) : per(0) >0} 1.

IF

Proof. Let Cpp’= {w=R(n,m, N) : © has exactly j O-columns} and

Apm={wER(n, m, N) : per(w)=0}.
Then

Anm =.‘Q:(Amu ﬂ Cnm h ) .

Hence
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P(A.) ="§P (Aun1Con?)

~1

=Y P(Am(1Ca®) + 5 . P(Aua(1Cun?).
=0 i=m—n
For m—n+1<j<m-—1, it follows from Konig-Frobenius theorem that
we have C,.’CA,..
Thus P(AwNCon?)=P(C,n'?) for m—n+1<j<m—1. It can be
written that

(Z)rae

PC ) =R, m, )T

where 7,,, is the number of all Boolean «’sin R(n,7, N) which do not
have 0-columns. Note that

T (7] romei= 1R, m, W),

For 0<j<m-n, we have

(7)o

P(AmNCom?) = [R(n,m, N)|

where 4, , is the number of all Boolean w’s in R(z, r, N) with per(w)=0
which do vot have (-columns.
Thus we have

P(A)=EPAmCa?) + B P(4n1C)

j=m—=n

(Mo B (1o

=0\ J j=m—at1\ J

~{R(n, m, NY| T [RGa, m, NY|

Therefore we obtain

P(Amlt) =] '“P(Anw)
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b3 L VA N (A [ S L L

i=0 i=m—m+1\ J =o\J
T Ra,m NY|  RmmN)Y| R, mN)|
H(7) Ganr=tue
[R(z,m,N)|

Tn,m""an,m
Z TR (n,m, N L

Here we used lemma 3 and 4,

THEOREM 6. Let P be the uniform distribution on C(n,m, N ),

— B = 3
If N= 2 and m o(exp 2), then

P{w=C(n, m, N) | per(w) >0} —1.

Proof. Clearly if the permanent of a matrix is positive then, by
Konig-Frobenius theorem, the matrix does not have 0-rows. Hence we
have

P{we=C(n, m, N) | per (@) >0)
_ | {oER(n, m, N) |per(0) >0} |

|C(n,m, N) |
_ | {«cR(n, m, N) |per(w)>0}| . [R(n,m N)|
|R(n,m, N) | |C(n,m, N) |

-1,

Here we used theorem 5 and lemma 1.
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