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A NOTE ON THE QUOTIENT RING R ((X))
OF THE POWER SERIES RING R[[X]]

Joone-Ho Kmm

In this paper all rings are assumed to be commutative and contain
identities. Let R[X] be the polynomial ring in an indeterminate X
over a ring R. Let S be the set of all elements
ap+ayz+...+az of R[X] such that R=(ay ay, -+, a,). Denote the
quotient ring §71R[X] by R(X). Then we have the following well
known results, (see [3][4]).

() If {Mg} sep is the set of maximal ideals of R then S=R[X]—

UM[X].

)

(b) S is a multiplicative system in R[X] consisting entirely of
regular elements in R[X].

(¢) If @ is a P-primary ideal of R then QR(X) isa PR(X)-prim-
ary ideal of R(X) and QR(X) NR=0Q.

(d) If {Mg scp is the set of maximal ideals of R then {MpR(X)} sep
is the set of maximal ideals of R(X).

To get the analogous results in the formal power series ring R[[X ],

we choose T be the set of all f=i‘,a,-X"€R[[X]] such that A;=R

where A; is the ideal of R generated by the coefliients of f: A;=
(ag, a1, as, +--). Then T is a multiplicative system in R[[X]]. Denote
the quotient ring T7!R[[X]] by R((X)). But the following example
in [2] indicates that there may exist an element f of R[[X]] such
that f has a unit coefficient but f is a zero divisor in R[[X]].

Exampie. Let A be a commutative ring with identity; let {Y, X,
X1, Xo, oy X5 -} be a set of indeterminates over A; and let R=A[Y,
{X3 %] [ (XoY, {X;—X;1Y}20).

Let y=Y and f=y—XeR[[X]]. Then f has a unit coefficient
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so f&€T. However, letting 2;=X; and g=i}ox,~X", we see that f-g=0
while g+#0. ) . .
In the following theorem we will show that if R is a Noetherian

ring then T consists entirely of regular elements in R[[X]] and the
properties (a)-(d) mentioned above can be extended to R((X)).

TueoreMm 1. Let R be a Noetherian ring with an identity and R[[X]]
the power series ring in an indeterminate X over R and T the set of all
SER[[X]] such that A;=R, then

(@) T is a maultiplicative system in R[[X]] consisting entirely of

regular elements in R[[X]] and T=R[[X]] —ﬁéJB M[[X]] where

{Mg} sep is the set of mazimal ideals of R.

() If Q is a P-primary ideal of R then QR((X)) isa PR((X))-
primary ideal of R((X)) and QR((X)) NR=Q.

(c) If {Mg}pep is the set of mazimal ideals of R then
{MgR((X))} sep is the set of mazimal ideals of R((X)).

Proof. (a) If feR[[X]], then A;=R if and only if A& M, for
each f=B. Consequently, T=R[[X]]~—(UBM,3[[X 1D. Since R is a
. o=

Noetherian ring, an element f of R[[X]] is a zero divisor if and
only if there is a nonzero element ¢ of R such that ¢-f=0, [2].
Therefore, no element of T is a zero divisor in R[[X]]. Clearly T
is a multiplicative system in R[[X]] since T=R[[X]] —‘ﬁleJBMp[[X]]-

In order to prove (b) we shall need the following lemma.

Lemma. If R is a Noetherian ring and Q is a P—primary ideal of
R, then QR[[X1] is a PR[[X]]-primary ideal of R[[X]].

Proof. To prove that QR[[X]] is PR[[X]]-primary, it suffices,
by ‘passage to R[[X]1/Q[[X]], to prove for the case Where'Q= 0).
So suppose that (0) is P-primary. Let f, g&R[[X]] such that f-g=
0 and f#0. Then there exists a nonzero element ¢ in R such that
cg=0. Then ¢A,=(0). Therefore, since (0) is P-primary, it follows
that A,<P; that is, g&P[[X]]. Note that P[[X]1]=PR[[X]] since
R is a Noetherian ring. Clearly P[[X]] is a prime ideal of R[[X]].
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Let >a;X’eP[[X]], then a; is nilpotent for each i=0, 1, 2, ---, since
i=0

(0) is P-primary. Since R is Noetherian, Y;2;X? is a nilpotent element
i=0

in R[[X]]; therefore, Rad (R[[X]]=P[[X]].
Thus (0) is a P[[X]]-primary ideal of R[[X]].

Proof of (b). Suppose that @ is P—primary, then QR[[X]] is PR
[[X]]-Primary by Lemma. Then QR((X)) is PR((X))-primary since
R((X)) is a quotient ring of R[[X]].

Clearly, QR[[X]1I1NR=Q and QR[[XJ]SQR((X)) NR[[X]]. Let fc
QR{(X)) NR[[X]], then there exists g in 7T such that fecQR[[X]].
Then A,=R and A, is a cancillation ideal of R.

Therefore, Ar=A; A,=A;,SQ; that is, f€QR[[X]] and QR((X))
NR[[X]]<QR[[X]]. It follows that QR((X)) NRI[X1]1=QR[[X]]
and QR((X)) NR=QR[[X]]1NR=Q.

Proof of (¢). Let C be an ideal of R[[X]] which is contained in
U Mp[[X]]. Let E be the set of all elements of R which appear as
s€B

coefficients of some member of C. It is easy to check that E is an
ideal of R. Since CC< UB M,[[X]], we see that 1¢E and so E is a
pe

proper ideal of R ; therefore, ECM; for some f. Then it turned out
that CCM,[[X1] and {MR((X))} sep is the set of maximal ideals of
R((X)) (By proposition (4.8) in [3]).

Recently Al-Ezeh [1] discovered the following theorem.

TueoreM 2. Let R[X] be the polynomial ring in X over a ring R.
Then R[X] is a P.F. ring (a P. P. ring) if and only if R is a P. F
ring (a. P.P.ring).

DermviTiON. A ring R is called a P.F. ring if every principal ideal
of R is a flat R-module. A ring R is called a P.P. ring if every
principal ideal of R is a projective R-module.

DermirioN. An ideal I of a ring R is called pure if for each element
z in I, there exists an element y in I such that zy=uz.
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To prove Theorem 2, Al-Ezeh introduced the following several
propositions as lemmas and theorems in [1].

ProrosiTion 1. A ring R is a P. F. ring if and only if for each aER,
ann(a) is a pure ideal. _

Prorostrion 2. If I, Do, ..., I, are pure ideals in R, then ﬂl Ij is a

5=

pure ideal of R.
- ProposiTioN 3. I f R is a P.F. ring, then R has no nonzefo nilpotent
element. ,

ProrosiTioN 4. Let R be a ring without nilpotent elements and let

WX)=ERX'SRIX]. If FaX€am®(X)), then ah=0 for
each i_——ls e, m and j=17 ce 22

Prorosttion 5. Let R be-a ring and a<R. Then aR is a . projective
R-module if and only if the annihilator, agn(a), is generated by an

idempotent element.
" Using proposition 1 and 5, ‘we can easily show that if R is a P.F.

(P.P.) ring then R(X) is a P.F. (P.P.) ring. We can extend - thlS
result to the ring R((X)) if R is a Noetherian ring.

Tueorem 3. Let R be a Noetherian ring. Then R is a P F. rmg if
and only if R[[X]] is a P.F. ring.

Proof. Suppose R is a P.F. ring, Let h=f}h-X" eR[[XT]] aﬁd flet

f= Za,X’Eann (h). Smce R has no nonzero mlpotent element ash;=

0 for each z—O, 1,2 - and j=0,1,2,---. Note that proposmon 4 holds
when R[X] is replaced by R[[X]]. Consider the ideals 4y and 4 of
R. Since R is Noetherian, Ay and 4; are finitely generated, say As

= (ay, @+ a,) and A,= (kg by, -~ k,). Then a,EJ—— ﬂ ann(h,) for
each i=0,1, -, m. Since'R is a P.F.ring, ann(hl) is a pure ideal

of R; therefore, by Proposition 2, J is a pure ideal of R. “Hence there
exist by, by, -+, by, in_J such that ab;=a; for each i=0,1, ---,m. Now,

we find an e‘lement‘ ¢’in J such that ‘c(ZmE)a,-X"):f}a“,-X"’; Al;Ezeh con-
) § = =0
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structed this element ¢ in the proof of theorem 2.
First, agbo=a,. Consider (gy+a,;X) (bo+b,—b1bg)
=aobo+a061 - aobobl +dlboX+alle— albgle
=aqg +aobl —dobl+alboX+a1X —a1b0X=ao +01X.
Let ¢;=58p+b6;—b¢p;. Then (ag+a;X+a,X2) (e;+by—bocy)
= (ap+a1X)er+ (ao+a1X) (1 —e1) bp+az X 2(c;+ by—bocy)
=gy+a1 X +asc; X2+ ash X2 —axboc; X2
=agp+a; X +axe; X2+ a,X2—apc1 X 2=ag+a; X +a. X2
Let 02261+b2—62€1, Tty cm=c,,,_1+b,,,——c,,,_lbm.
Suppose (a0+a1X+ e +dek) Cp= (ao—l—alX-}- oo +£1ka) . Then
(@p+a; X+ -+ +apX*+ ak+1Xk+1) Ch+l
=(ap+a; X+ +ap X +ap 1 X¥Y) (4t bpyr—cabper)
= (aqpt+a; X+ -+ arX¥ep+ (ap+a X+ +apX¥)
o (bpe1—Cbrs1) T apa X1 (cp+bpiy—Cibpe)
=(apt+ar X+t X?) +ap, 16X 1t ap1bp o X4
—apnbpnaXtl=apt+a X+ +a X*+ a5, X!
Therefore, (ay+ a1 X+ -+ apX)e,=aytayX+---+a,X* for each =

]
0,1, «--,m. Let ¢=c,, then clearly ceJ=n ann (h;)and agc=ag, arc=asc
7=0

=ay, **, Ae=a,. Since Ay= (ag, a1, >, ay), it follows that ac=a for
any ecAy. Hence ¢f =f; therefore, ann (&) is a pure ideal of R[[X]]
RILXT]

and R[[X]] is a P.F. ring.
Conversely, assume R[[X]] is a P.F. ring. Let a€R and be
ann(a). Then bERa}&I]l] (a). Since R[[X]] is a P.F. ring, there exists g=
R

icix" in ann(a) such that bg=b. Then b&bcy=>b and c¢ySann(a).
= RILXT) R

Hence ann(a) is a pure ideal of R and R is a P.F. ring.
R

Tueorem 4. Let R be a Noctherian ring then R is a P.P. ring if
and only if R[[X]] is a.P. P. ring.
Proof. Suppose that R is a P.P. ring. Let h=§h,-x"ER[[X]] and
i=0

f= aa,-x"e g[rtlgj(h). Since R has no nonzero nilpotent element, a:hj=
0 for each =0, 1,2, --- and j=0, 1,2, ---. Since R is Noetherian, A, is
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finitely generated, say A,= (kg by, - k,). Let N =ann (hos b1y *+*5 By)s
then ¢;€N for each i=0,1, 2, ---. Therefore, f&N[[X]] and éi[&l]l](k)

CNI[XT]. If g=_§})b,—x"€N[[X]] then A,CN—ann(4y); therefore, g

€ann (k). Hence ann (&) =N[[X]] and N=ann (kq, Ay, ***, h,) = Nann (R;).
RIIXT] RILXT R j=0 R

Since R is a P.P. ring, ann(%)=¢R for each ;j=0,1,--,n
R

where ¢; is an idempotent element. Then N =j503jR: (e1657+-€,) R=eR
where e=eje;+ve, is an idempotent element. Therefore, 1?[%;111](}') =
eR[[X]], i.e 1:{1{&1}1}(11) is generated by an idempotent element ¢, hence
R[[X1]] is a P.P. ring.

Conversely, suppose that R[[X]] is a P.P. ring. Let acR. Then
g{r{lﬁj(a) =gR[[X]] for some g&R[[X]] such that g?=g. If g=§b,~X"

then 6y2=5; and aby=0. Let 4<ann(a), then ba=0. Then, b€ %gg{l] ](a)
R

so b&gR[[X]] and b6=b4, for some c¢=R. Hence al}zn(a) CHyR.

To show the opposite inclusion, let d€#,R. Then d=bd, for some
dycR. Since b ann (@), dcann(a); therefore, ann (@) 2bR  so
R .

ann(a) =boR. Thus R is a P.P. ring.

CoroLLARY 5. Let R be a Noetherian ring. Then R is a P.F. ring
(a P.P. ring) if and only if R((X)) is a P.F. ring (a P.P. ring).
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