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FUBINI PRODUCTS OF LIMINAL C*-ALGEBRAS
WITH HAUSDORFF SPECTRA

Seunc-Hyeox Kye

1. Introduction.

Let A and B be C*-algebras and A®B denote the minimal tensor
product of A and B. After Tomiyama [11] introduced the notion of
Fubini product AQzB of A and B, it has been proved to be useful to
study some pathological properties of minimal tensor products [1, 4, 8,
12,13]. Tomiyama [11] also proved that if A is subhomogeneous, that
is, every irreducible representation of A is finite dimensional with bound-
ed dimension, then A isa C*-algebra with trivial Fubini products,
ie., ARQzB=AQ®B for all C*-algebra B.

By using the techniques of Wassermann [12,13], Huruya [5] gave
an example of C*-algebra whose irreducible representations are all finite-
dimensional but which has a nontrivial Fubini product. So, it is only
natural to consider the converse of Tomiyama’s result. In this vein, the
author [9] showed that the converse is true for AF C*-algebras. The
purpose of this note is to prove the converse of the Tomiyama’s result
for the class of liminal C*-algebras with Hausdorff spectra.

The structures of liminal C*-algebras with Hausdorff spectra are well
understood through the theory of continuous fields of C*-algebras, and
we follow Dixmier’s book [3] for the related notations and terminologies.
Also, R(&) (respectively X (&))denotes the C*—algebra of all bounded
linear (respectively compact) operators on the seperable Hilbert space
&, throughout this note.

In Section 2, we review definitions and some basic properties of Fu-
bini products. Section 3 is devoted to an extension of Kirchberg’s result
[7] on exact C*-algebras, which will be useful for the proof of the
main theorem in the last section.
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2. Preliminaries.

To begin with, let us recall the definition of Fubini product. Let
A, B,C and D be C*-algebras with ACC and B& D. For ¢=C* (respec-
tively ¢=D*), there exists a unique bounded linear map (called the
slice map) R;:C®D—D (respectively L,: CQD—C) such that
Ry (c®d)=¢(c)d (respectively Ly(c®d)=¢(d)c) for ¢cC and deD.
The Fubini product F(A, B,CQD) of A and B with respect to CQD is
defined by

F(A,B,CQRD)={zcCQD ; Ry(2) €EB, Ly(z) €A
for all $=C*, p=D*}.
Let A and B be fixed C*-algebras. Although the Fubini products
F(A, B,C®D) of A and B depend on CQD, they are all isomorphic
and constitute the largest among them if C*-algebras C and D are in-
jective [5]. We denote by AQrB any one of these isomorphic Fubini
products of A and B.

Let M, denote the C*-algebra of all nX2 matrices over complex field,
and M (respectively M,;) be the I°-sum (respectively cy—sum) of the
family {M,} of C*-algebras. That is,

M= {(xn) = n:‘; M, ; Sl1pl|xx”<°°}
My= {(1'11) el M, ; hm”xnnzo} .
Then M, is just the example of Huruya [5] mentioned in the introduc-
tion:
B(X) QM, < F(B(H), M, B(H) QM) .

The following two lemmas deal with C*-subalgebras and C*—quotients
for Fubini products in some special cases, which are useful for our main
theorem.

Lemva 2.1. Leat A and C be nuclear C*—algebras with ACC. If Cis
a C*—qlgebra with trivial Fubini products, then so is A.

Proof. See [9, Lemma 3.1].

Lemma 2.2. Let a : D—E be a surjective *—homomorphism between C*-
algebras and B be a C*—subalgebra of D. If A is a C*-algebra then we
have

@21 (14®a) (F(A, B, AQD)) CF(4, a(B), AQE).
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Furthermore, if Ker a S B then the equality holds in (2.1).

Proof. If 2€F(A, B, AQD) then R;((14Qa) (2)) =a(R4(2)) Ea(B)
for all g€ A*. So, we have (1,Qa) (z) €F(A, a(B), AQE). For the
converse, let weF(A, a(B), AQE). Then we can find 2 AQD such
that (1,Qa) (z) =w. Now,

a (R4(2)) =R;((1,Qa) (2)) =Ry (w) €Ea(B)
for all = A*. So, Ry(z) eB+Kera=B for all g A*, and z€F(4,
B, AQD). Hence, w=1,Qa) () € 1,Qa) (F(A, B, AQD)).

3. Exact C*-algebras.

Now, we recall that a C*-algebra A is C*-ezxact if
ARJ=F(A, J, AQB)
for every C*-algebra B and its two-sided norm-closed ideal J. Note
that the Fubini product F(A, J, AQB) of the right side is just the kernel
of the *-homomorphism AQB—AQR (B/J) in general. In the literature
[2,7], one can find several conditions which are equivalent to C*-
exactness in terms of Fubini product. Especially, Kirchberg [7, Theorem
1.1] showed that if
AQK () =F (A, (%), AQE(ZX))
then A is C*-exact.

Let E, be a fixed C*-algebra which admits a finite-dimensional irre-
ducible representation with dimension larger than or equal to n, for n=
1,2, ..., and denote by E (respectively E;) the I*-sum (respectively cy-
sum) of {E,; n=1,2, ...}, throughout this section. We show that £ (&%)
(respectively K (&)) can be replaced by E (respectively E;) in the
above mentioned Kirchberg’s result.

Lemma 3.1. Let A be a C*-algebra and x=AQM,. Then for any
e>0, there exist a completely positive contraction W : M,—E, such that
AR W) (@) 1> |zl —e.

Proof. By [6, Lemma 2] (see also [10, Lemma 2.71), there exist
completely positive contractions W : M,—E, and V ; E,—M, such that

nVW—z'dud,<W;—”.

Then, we have
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1(1aQV) QaQW) (z) —z||<e
and it follows that
lzll —e<ll(1a® V) Q@ W) () | <N Q4@ W) (2) I
Lemma 3.2. Let A and B be C*-algebras and s AQB. Then, we have
B.1)  lsll=sup {l QaRV) ()|l 5 V is a completely positive
contraction from B to E,, n=1,2,...}.
Proof. Let €>0 be given. For a completely positive contraction V :
B—M, we can choose, by Lemma 3.1, a completely positive contrac-
tion W: M —E, such that
11 QW) 1R V) D 211 (1B V) ()] —e.
Now, WV : B—E, is a completely positive contraction and we have
HAQWV) D)= AaQV) ()| —e.
Hence, the right side of (3.1) is larger than or equal to
Hsll==sup {ll (1.®V) ()|l ; V is a completely positive contraction
from B to M, »n=1,2,...},
which is the equality proved in [7, Lemma 2. 3].

In order to follow the proof of [7, Theorem 1.1], we adopt all
notations in [7] such as m(B), ¢,(6) and p,. Let S be the set of all
completely positive contractions V from m(B) into E such that
V(e(B)) SE,.

Tueorem 3.3. Let A be a C*-algebra. Then, A is C*-ezact if and
only if
F(A, Ey, AQE) =AQE,.

Proof. The arguments of [7] go well except that of [7, Lemma
2.3], for which we will give the following subsitute:

Lemva 3.4. Let t€ AQm(B). Thern we have

1) t€AQco(B) if and only if (1,QV) (&) € ARE, for every VES.

ii) t€F(A, co(B), AQm(B)) if and only if (1aQV) () €F(A, Ey,
ARE) for every VES.

Proof. Assume that S AQm(B)\AQco(B). Then, there exists a
strictly increasing sequence {¥(») ; =1, 2, ...} such that || 1 4Qp,wm) @l

>, for all n=1,2,... So, by Lemma 3.2, there exists completely
positive contractions V, : B—E,, such that
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(1@ V2 (1a®byaw) @) 1>
for all n=1,2,... If we define V:m(B)—E by
V(by, bs, ...) =10, ..., 0, Vi(b,13), 0>..., 0, V2 (by2)), -0
where each V,(b,,) is in the y(n)-th position, then VE&S.

Let z, ; E—E, denote the projection onto the z—th component. Then,
every s€ A®E, satisfies lim, ol (1,®x,) (s)||=0. But, we have

1 1a®7, ) La® V) @) =1l (1a® V) 1aB2um) @) |12
for all n=1,2, ..., which shows that (1,QV) (¢t) €cAQE\ARQE,. The
remaining statements are easy.

4. Main Resnlt.

Throughout the remainder of this note, let A denote a liminal C*-
algebra with Hausdorff spectrum 7, and @= ((A(@®).cr, I) be the conti-
nuous field of C*-algebras defined by A. Then, by [3, Theorem
10. 5. 4], we have '

Az el ; limlla @) |=0}.

Tueorem 4.1. Let A be a liminal C*~algebra with Hausdorff spectrum.
Then, A is a C*-algebra with trivial Fubini products if and only if A
is subhomogencous.

Proof. It suffices to prove the necessity. To do this, we assume that
A is not subhomogeneous and show that A has a nontrival Fubini
product. We consider the following two cases:

Case 1: A has an infinite-dimensional irreducible representation.

In this case, we have A(z) =X (%) for some t,&T. Define A(z)=
A(t) for t#¢t, and A(ty) =R(X). Let A4 be the set of y& [[.e2A () such
that ¢i—]|ly(®) || is continuous on T and y coincides to some z&1" on the
set T\ {to}. Then, there exists a unique subset 77 of [[.rA(¢) contain-

ing A such that 4= (A(), ") is a continuous field of C*-algebras on
T. Put

A= el ; limllz() |=0}.

Then, A is naturally embedded in A. We define a : A—&(%) by a(y)
=y(t,) for yeA. Then a is surjective and a(A) =X (%) SAR(X).
Furthermore Ker e € A. So, we have
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(1aQa) (F(B(), A, B(F) QA) =F(B(%), a(A), B(H) RB(X)).
by Lemma 2.2. But, we know that the Fubini product of the right side
is nontrivial [13, Theorem 8], which implies that A also has a non-
trivial Fubini product in the left side.

Case II: Every irreducible representation of A is finite-dimensional.

We can write T=U2=,T(n), where T(n) is the set of all irreducible
representations whose dimensions are less than or equal to . Then T'(n)
is closed [3, Proposition 3.6.3] and T is of second category because T
is locally compact [3, Corollary 3.3.8]. Now, it is easy to see that
there exist a strictly increasing sequence }»;} of natural numbers and
sequences {V;} of open subsets in T such that V;C T(»)\T(n;—1).

Put S=U,V;, and let 4y, = ((A@®) ey, I'y) and Al 5= (A @) scs I's)
be the continuous fields induced on V;(;=1,2,...) and S, respectively.
Define

E;={zely,; ltim]lx(t) =0
Ey={zel; ltifgllx(t)l[=0}.

Then, since each E; is n;-homogeneous and E, is the ¢y-sum of {E;;
i=1,2,...}, it follows that E, has a nontrivial Fubini product by The-
orem 3.3. Also, there exists an embedding E,~— A defined by zI—z,
where

o @), for te8
x(t)—{ 0, for :&S.

Now, both A and E, are nuclear C*-algebras and we see that A is
a C*-algebra with a nontrivial Fubini product by Lemma 2.1. This
completes the proof.

Added in proof: Professor Huruya and the author showed that
Theorem 4.1 holds for general C*-algebras in their paper “Fubini
products of C*-algebras and applications to C*—exactness”.
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