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Geometrically Nonlinear Analysis of Higher Order Plate
Bending Finite Element
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Shin, Young Shik

Abstract

A higher order plate bending finite element using cubic in-plane displacement pro-
files is proposed for geometrically nonlinear analysis of thin and thick plates. The
higher order plate bending element has been derived from the three dimensional plate-
like continuum by discretization of the equations of motion by Galerkin weighted
residual method, togeth‘er;with enforcing higher order plate assamptions. Total Lagr-
angian formulation has been used for geometrically nonlinear analysis of plates and
consistent linearization by Newton-Raphson method has been performed to solve the
nonlinear equations. The element characteristics have been computed by selective red-
uced integration technique using Gauss quadrature to avoid shear locking phenomenon
in case of extremely thin plates. Several numerical examples were solved with FEAP
macro program to demonstrate versatility and accuracy of the present higher order
plate bending element.
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28] 8. Configuration of Proposed Plate Pending
Element

Lo G2 90 AT YHUFEA B8

3 2et,
N;=ilé(2+3r°r—~r“r”)(2+33°s~—s“ss)
(a=1,4) (18)
Ne= ?f‘z’ (=r—r+rritr®)
(2+3s%s—5%)(e=1,4) (19
Ni= 3{‘2’ (—5%—s+35%s2+s%)

@+3r"r—rr)(a=1,4)  (20)
Ni=Latrn ey

(rr+s's—1)+

FLA=rD A+ (1= (D +

A=sDA+rr{1-(s)}(a=1,8)

¢49)

G7A Ly Lye X, XoB¥o29] 949 Ao
ojeh. fol Ad C°A54E AFeHA 1 =
€ A48 AR=2 HAAAF 3o o] AT ¥
Adde QDA 2ol 23%FE vepd et
Aza 2947 229 o A% CA%

& AEHAR 0, Go— % GohuA A

A Af=z HAAk 3 F4PFE 34
Pz e of o Fot.

an4-€ ae)Ad Hg3a
U
(R
g=]
Lux J '
SXINE, $(XONE, $(XINS,
HXINEZ $(XINZ, (XN y2

N Ng N3
-Sb(Xa)N': 0
0 H(XHNF
0 0
'’ :
J do®/dX,
do’ldX, (22)
]
0%,

A7 x)=—"EK jx)=-2Xi _x.0)

® N, Ny, Ny el 4] a=5~8 & Dummy o]
ok,
2.3 UjzwE{e] M
Fod el A A% ¥4y WwANE
a5AY AAGE AAs st o]
Bhd 4 gleh
KW)—R=0 (23)
Vo &4e K& TaylordFz #Astd o
g F4 3
EWad =KW+ WD @1 )
(24)

q7lA A4%E HELE TK:.-.@%(UUJ)_,

BAFEE Wa=Una—Taols 83 moilsl
FARNA S BAF R N Ao A &

TEWDAY =R~ KWUD (25)
@5AE 44z ey
oK} (26)

TK??(U:)::WH“QZ
(34 & 26)Ad A4 s

TR wD=| [ B pNe,

aF;is 1
SuggE N AV by
@0

- KL AP R



' Br- KU

il IR Displacgment.
U ioEn o] replasy

228} 4. Consistent Linearization by Newton-Raphson
Technique
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E 1. Normalized central displacemants(x 1/h) and their percentage errors to the analytical solutions of a
simply supported square plate under uniformly distributed loads

Load Analytical i Serendipity Lagrangian Heterosis Present
(x a‘/Eh*) solution(11) | element &) element(5) element(5) element
9.16 0.335 ! 0.3478 0.3480 0. 3478 0. 3462

| (3.82) (3.84) (3.82) (3.30)

36.6 } 0.818 |  0.8184 0.8185 0.8184 0.8183
(0.05) (0.06) 0.05) (0.05)

146.5 1.47 1. 4655 1. 4657 1. 4655 1. 4656
(—0.31) (—0.29) . (~0.3D (—0.30)

586.0 2.40 2.3927 2. 3932 2.3928 2. 3931
(-0.30) (—0.28) (—0.30) (—0.29)

2344.0 3.83 3.8124 3.8134 3.8128 3.8135
(—0.46) (—0.43) (—0.45) (—0.43)

9377.0 6.07 6. 0521 6. 0539 6. 0530 6. 0536
(—0.29) (—0.26) (—0.28) (—0.27)

F 2. Normalized centre stresses(x a?/Eh*) and their percentage errors to the analytical solutions of a
simply supported square plate under unifermly distributed loads

Load Analytical I Serendipity Lagrangian Heterosis Present
(x a*/Eh%) solution(11) | element(5) element (5) element(5) element
9.16 2.46 2.6214 2.6029 2.6016 2.6028
(6.56) (5.81) (5.76) (5.80)
36.6 6.90 7. 0026 6. 9826 6.9787 6. 9826
(1.49) (1.20) 1.14) (1.20)
146.5 I 14.5 14. 644 14. 635 14.615 14.614
| (1.0 0.93) 0.79) (0.78)
586.0 ‘[ 30.0 30.183 30.188 30.130 30.172
| (0.61) (0.63) (0.43) (0.57)
2344.0 65.2 65. 673 65. 756 65. 661 65. 570
(0.73) (0. 85) (.71 (0.57)

9377.0 148.3 149. 66 149. 99 149.87 149. 56
| (0.92) (1.14) (1.06) (0. 85)
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# 3. Normalized central displacements(x 1/h) .and their percentage errors to the analytical solutions of a

clamped square plate under uniformly distributed loads

Load An a{;\wﬁt‘im’aj ‘ Serendipity Lagrangian Heterosis Pregent
(x a*/Eh") solution(12) .| element(5) element(5) element(5) element
17.79 0.237 0.2351 0.2368 0. 2361 0. 2365
(—0.78) (—0.08) (~0.38) (0.2
38.30 0.471 0. 4673 0. 4699 0. 4687 0. 4690
(~0.79) (—0.28) {—0.49) (—0.42)
63.40 0.695 0.6887 0.6915 0. 6902 0.6915
(—0.90) (—0.50) (—0.69) (—0.50)
95. 00 0.912 0.9003 0. 9029 0.9015 0. 9042
(—1.29) (—1.00) (—-1.1%) (—0.86)
134.9 1.121 1. 1041 1.1063 1. 1050 1. 1076
(—1.51) (—1.3D (—1.43) (—1.21)
184.0 | 1.328 1.2990 1.3009 1.2997 1.3064
: (—1.81) (—1.67) (—1.98) (—1.25)
245.0 1.521 1.4913 1.4928 1.4916 1.4938
(~1.95) (~1.85) (—1.93) —1.79
318.0 1.714 1.6774 1.6786 1.6775 1.6844
(—2.18) (—2.08) (—2.13) (—1.78)
402.0 1.802 1. 8682 1.8555 1.8545 1.8554
(—~1.77) (—2.44) (—2.50) (—2.40)

# 4. Normalized centre stressés(x a*/Eh*®) and their percentage errors to the analytical solutions of a
clamped square plate under uniformiy distributed loads

Lagrangian

Load Analytical |  Serendlipity Heterosis Present
(x a‘/Eh*) solution(i2) element(5) element(5) element(5) element’
17.79 2. 60 2.6571 2.6319 2.6144 2.6158
(2.19) 2.13 (0. 55) 0.61)
38.30 5.20 ! 5.5137 © 5.4816 5. 4520 5. 4025
(6.03) (5. 41) (4.85) (3.89)
63.40 8.00 8.3528 8.3258 8. 2908 8.1236
| (4.41) 4.0 (3.63) (1.55)

95.00 11.10 11.115 11.103 11. 066 11. 024
0.14) 0.0 (—0.30) (—0.68)

134.9 13.80 13817 18.827 15.789 13.612
‘ (3.88) (8.96) (3.67) (2.35)

184.0 15.90 16. 461 16.497 16. 456 16. 429
(3.53) (8.75) (3.49) (3.33)

145.0 19. 20 19.160 19:-225 19.178 19. 088
(-+0.21) (0.13) (—0.12) (—0.58)
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318.0 21.90 21.902 21.994 21.938 21,926
€0.00) . (0.43) 0.1 .12

402.0 25.10 | 24. 805 24.780 24.713 24.784
(—1.18) (-1.2D (—1.54) (—1.26)

X 5. Normalized central displacements(x I/h) and their percentage errors to the analytical solutions of a
clamped circular plate under central point loads

Load Analytical Serendipity Lagrangian Heterosis Present
(xa*/Eh*) solution(13) element (5) element(5) element(5) element
1.0 0.2130 0. 2044 0.2149 0. 2085 0.2148
(—0.04) (0.89) (—2.1D (0.88)
2.0 0. 4052 0.3908 0. 4088 0.3977 0. 4090
(—3.56) (0.88) (—1.86) (0.94)
3.0 0.5705 0.5528 0.5754 0.5612 i 0.5764
(—3.10) (0.87) (—1.62) } (1.03)
4.0 0.7123 0.6930 0.7184 0.7021 0.7165
(—2.71) (0.86) (—1.44) 0.59)
5.0 0. 8354 0.8152 0.8427 0.8246 1 0.8436
(—2.41) (0.87) (—1.29 ' (0.98)
6.0 0.9442 0.9237 0. 9527 0.9332 ’ 0.9502
(—2.1D €0.90) (—1.16) ‘ (0.64)

¥ 6. Normalized mid-edge stresses(x a*/Eh®) and their percentage errors to the analytical solutions of a
clamped circular square plate under central point loads

Load Analytical Serendipity Lagrangian Heterosis Present
(x a‘*/Eh%) solution(13) element(5) element(5) element(5) element
1.0 0. 4858 0.5318 0.4932 0.6767 0. 5085
(9.48) (1.52) (39.3) (4.67)
2.0 0.9592 1.0478 0. 9765 1. 3268 0. 9804
(9.24) (1.80) (38.3) 2.21)
3.0 1.3974 1.5240 1.4248 1.9194 1.4196
(9.06) (1.96) (37.3) (1.59)
4.0 1.7988 1. 9583 1.8355 2.4537 1. 8406
(8.87) (2.04) (36.4) (2.32)
5.0 2.1679 2. 3553 2.2129 2.9377 2.2148
(8.64) .07 (85.5) (2.16)
6.0 2.5110 2.7221 2. 5635 3. 3816 2.5583
(8.41) (2.09) (34.7) (1.85)
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