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A Note on Hermitian Elements of a Banach Algebra

GwaNGg-Hur Kim

ABSTRACT. In this paper, the abelian property of Hermitian
elements holds not generally in Banach algebra, but in the
case that some conditions satisfy, they are abelian. By using
property of [1], [2], the Hermitian elements a and b in Banach
algebras have been shown that ab = ba.

I. Introduction

Throughout this paper, A denotes a complex unital Banach algebra.
An element h of A is Hermitian if its numerical range is real. Let H
denote the set of all Hermitian elements of A. This paper deals with
the following questions; If a, b, ab € H, does it then follow that
ab = ba?

II. Preliminaries
The following results can be found in [1] and [2].

LEMMA 2.1.

i) H is a real linear subspace of A.
i) HniH = {0}
LEMMA 2.2. Ifh, k € H, then i(hk — kh) € H.
LEMMA 2.3. (Sinclair’s theorem) If h € H, thenr(h) = ||h||, where

r denotes spectral radius.

We use the following statement, which was proved independently

by Kleinecke [4] and Shirokov [6].

Received by the editors on March 27, 1988.
1980 Mathematics subject classifications: Primary 46H.

33



e

34 GWANG-HUI KIM

LEMMA 2.4. Let A be a Banach algebra. Let z, y € A.. Let
commute with zy — yr. Then zy — yz is quasi-nilpotent, i.e., r(zy —
yz) = 0.

In general, although h belongs to H, it does not follow that h% €
H(Crabb in [1] constructed counterexample). Berkson [1] has proved
. various partial positive results; one of them is that, if a, b, ab, a? and
b? are all Hermitians, then ab = ba.

ITII. Main Results
The purpose of this paper is to prove the following positive results.

THEOREM 3.1. Let a, b, z € H.

i) If 22 = 0 and za = 0, then az = za.
ii) If z = i(ab — ba), 22 = 0 and ax = 0, then z =0, i.e., ab = ba.

PROOF. i) Let a, z € H, 22 =0 and za = 0. Then by Lemma 2.2,
i(ax — za) € H. And also z%a — 2zaz + az? = 0. And equivalently,
z(z(ta) — (ia)z) = (z(ia) — (ta)z)r. Thus by Lemmas 2.3 and 2.4

0 = r(z(ia) — (ta)z) = r(i(za — az)) = ||i(za — az)|| = |laz — zal|.

Therefore az = za.

ii) Let a, b, ¢ = i(ab — ba) € H. Suppose 22 = 0 and za =
0. Then by Theorem 3.1 i), azr = za. And equivalently, a(a(ib) —
(zb)a) = (a(ib) — (¢b)a)a. And by Lemma 2.2, i(ab — ba) € H. Thus
by Lemmas 2.3 and 2.4,

0 = r(a(sb) — (ib)a) = r(i(ab — ba)) = ||i(ab — ba)|| = ||ab — ba]|.

Therefore z = 0, i.e., ab = ba.

LEMMA 3.2. Let a, b, ab€ H.
i) a?b = ba? if and only if a®b — ba® € H.
ii) a?b = aba if and only if a®b — aba € H.
iii) ab? = bab if and only if ab? — bab € H.
iv) a%b — ba® € H if and only if a®b = aba.
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PRrOOF. Let a, b, ab € H. i) Apply Lemma 2.2 with h = a, k = ab,
so i(a(ab) — (ab)a) = i(a®b — aba) € H. Clearly, it suffices to show
that if a®b — ba? € H, then a%b = ba®. Suppose a’b — ba®? € H. And
by Lemma 2.2, i(ab — ba) € H. Hence, apply Lemma 2.2 with h = a,
k = i(ab—ba), so i(a(i(ab—ba))—i(ab—ba)a) = —(a®b—2aba+ba’) €
H,i.e., a’b — 2aba + ba? € H. Hence, 2(a?b — aba) = (a*b — ba?) +
(a?b—2aba+ba?) € H. i.e., a’b—aba € H. Thus a’b—aba € HNiH.
Hence, by Lemma 2.1 ii), a®?b = aba. And so,

aba — ba®? = —(a®b — 2aba + ba?) + (a*b — aba) € H.
And now, let £ = aba — ba®. Then z € H,

z* = (aba — ba®)(aba — ba?)
= aba’ba — ababa® — balba + ba’ba?
= aba’ba — aba’ba — ba’ba + baba
=0

and ar = a(aba —ba?) = a’ba — aba® = a’ba — a?ba = 0. Since z2 = 0
and az = 0, az = za. And equivalently,

a(a(ba) — (ba)a) = (a(ba) — (ba)a)a.
Thus by Lemmas 2.3 and 2.4,
0 = r(a(ba) — (ba)a) = ||aba — ba?||.

Therefore aba = ba%. Consequently, a®b = ba?.

ii) Clearly, it suffices to show that if a?b—aba € H, then a?b = aba.
And so, suppose a?b — aba € H. Apply Lemma 2.2 with h = a,
k = ab. So i(a®b— aba) € H. Thus a?b—aba € HNiH. Therefore by
Lemma 2.1 ii), a?b = aba.

iii) Clearly, it suffices to show that if ab®> — bab € H, then ab? =
bab. Suppose ab®> — bab € H. Apply Lemma 2.2 with h = b, k =
ab, so i(bab — ab?) € H. Thus ab® — bab € H NiH. Therefore by
Lemma 2.1 ii), ab® = bab.

iv) If a?b — ba®? € H, then we know that a?b = aba in the process
of the proof of Lemma 3.2 i). And so, it is enough to show that if
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a’b = aba, then a?b—ba? € H. Suppose a?b = aba. Apply Lemma 2.2
with h = a, k = b, so i(ab — ba) € H. Apply Lemma 2.2 with
h = b, k = i(ab — ba), so i(a(i(ab — ba)) — (i(ab — ba))a) = —(a®b —
2aba + ba?) € H, i.e., a’b— 2aba + ba® € H. Hence —aba + ba® =
—(a?b— aba) + (a%b—2aba + ba?) € H, i.e., aba — ba®? € H. Therefore
a®b — ba? = (a®b — aba) + (aba — ba?) € H.

THEOREM 3.3. Let a, b, ab € H.

i) If a’b = aba, then ab = ba.
ii) If ba® = aba, then ab = ba.

PROOF: Let a, b, ab € H. i) Suppose a?b = aba. Apply Lemma 2.2
with h = a, k = b, so i(ab— ba) € H. Apply Lemma 2.2 with h = a,
k = i(ab—ba). Soi(a(i(ab—ba))—i(ab—ba)a) = —(a®b—2aba+ba?) €
H, i.e., a’b— 2aba + ba? € H. And by assumption, a?b — aba = 0.
Thus ba? — aba € H. And now, let 2 = ba? — aba. Then = € H,

2% = (ba® — aba)(ba® — aba)
= ba’ba® — balba — ababa® + aba’ba
= ba’ba?® — ba’ba® — ababa® + ababa®

=0

and az = a(ba® — aba) = aba®? — a?ba = aba® — aba® = 0. Since

2?2 = 0 and az = 0, az = za. And equivalently a(a(ba) — (ba)a) =

(a(ba) — (ba)a)a. Therefore, by Lemmas 2,3 and 2.4,
0 = r(a(ba) — (ba)a) = ||aba — ba®|.
Thus aba = ba?. Hence a%b — 2aba + ba? = 0, and equivalently,
a(a(tb) — (zb)a) = (a(id) — (¢b)a)a.
Thus by Lemmas 2.3 and 2.4,
0 = r(a(zb) — (¢b)a) = r(i(adb — ba)) = ||i(ab — ba)|| = ||ab — ba||.

Therefore ab = ba.



HERMITIAN ELEMENTS OF A BANACH ALGEBRA 37

ii) Suppose ba? = bab. Apply Lemma 2.2 with h = a, k = b,
so i(ab — ba) € H. Apply Lemma 2.2 with b = a, k = i(ab — ba),
so (i(a(i(ab — ba)) — (i(ab — ba))a) = —(a*b — 2aba + ba®) € H. i.e.,
a’b—2aba+ba? € H. But by assumption ba? = aba. Thus a*b—aba €
H. Apply Lemma 2.2 with h = a, k = ab, so i(a(ab)—(ab)a) = i(a®b—
aba) € H. Hence a?b — aba € H N iH. Therefore by Lemma 2.1 ii),
a’b = aba. Hence a%b — 2aba + ba? = 0. And equivalently, a(a(zb) —
(ib)a) = (a(ib) — (¢b)a)a. Thus by Lemmas 2.3 and 2.4,

0 = r(a(zb) — (sb)a) = r(i(ab — ba)) = ||i(adb — ba)|| = ||ab — bal|.

Therefore ab = ba.

COROLLARY 3.4. Let a, b, ab € H.

i) If a®b, aba € H, then ab = ba.
ii) If ba?, aba € H, then ab = ba.

PRrROOF. We omit its proof, for its statements are special cases of
Theorem 3.3.

THEOREM 3.5. Let a, b, ab € H. If a?b € H and a® € H, then

ab = ba.

PROOF. Let a, b, ab, a?b, a® € H. Then by Lemma 2.2, i(ab—ba) €
H, i(a?b — aba) € H. And also, i(a(i(ab — ba)) — (i(ab — ba))a) =
—(a%b — 2aba + ba®) € H, i.e., a®b — 2aba + ba® € H. But since
a’b € H, —2aba + ba? € H. Hence,

i(—2aba + 3aba® — ba®)
=i(—2a’ba + aba® + 2aba® — ba®)
=i(a(—2aba + ba?) — (—2aba + ba®)a) € H.

And also, apply Lemma 2.2 with h = a, k = a%b — 2aba + ba®. So

i(a(a®b — 2aba + ba?) — (a®b — 2aba + ba?)a)
=i(a®b — 2a*ba + aba® — a*ba + 2aba’® — ba®)
=i(a®b — 3a®ba + 3aba® — ba®) € H.
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But since i(a%b — aba) € H, by Lemma 2.2,

i(a(i(a®b — aba)) — i(a*b — aba)a)
= — (a®b — a’ba — a*ba + aba®) € H.
ie., a®b — 2a?ba + aba® € H. Apply Lemma 2.2. with h = b, k = a®,
so 1(a3b — ba®) € H. From these results,
i(a®b — 3aba + 3aba® — ba®) — i(a®b — ba®)
=i(—3a’ba + 3aba®) € H,

i.e., i(aba? — a®ba) € H. On the other hand,

i(a®b — 3aba + 3aba® — ba®)

— i(—2a’ba + 3aba® — ba®) + i(aba® — a®ba)
=i(a®b — 3a’ba + 2a°ba + 3aba® — ba® + ba® + aba® — a’ba)
=i(a®b — 2a’ba + aba?) € H.

Thus a®b — 2a?ba + aba® € H N:H. Therefore by Lemma 2.1 ii),
a®b — 2a%ba + aba®? = 0. And equivalently

ala{a(ib)} — {a(ib)}a] — [a{a(ib)} — {a(ib)}d]a.
But since i(a2b — aba) € H, by Lemmas 2.3 and 2.4,

0 = r(a(a(id)) — a(ib)a) = r(i(a®b — aba))
= ||i(a®b — aba)|| = ||a®b — aba]|-.

Thus a?b = aba. Therefore by Theorem 3.3 i), ab = ba.

THEOREM 3.6. Let a, b, ab € H. If a®, a*, a®ba® and a®b € H,
then ab = ba.

PROOF. Let a, b, ab, a®, a*, a®ba®, a®b € H. Then by Lemma 2.2,
i(ab — ba) € H. Now, apply Lemma 2.2 with k = a, k = ab, so

i(a?b — aba) € H.
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Apply Lemma 2.2 with h = a, k = ¢(ab— ba), so
—i(a(i(ab — ba)) — i(ab — ba)a) = a*b — 2aba + ba® € H.
Apply Lemma 2.2 with h = a, k = a®b — 2aba + ba?, so

i(a(a®b — 2aba + ba®) — (a®b — 2aba + ba?)a)
=i(a®b — 3a®ba + 3aba® — ba®) € H.

Apply Lemma 2.2 with h = a3, k = b, so
i(a®b — ba®) € H.

Hence 3i(a’ba—aba?) = i(a3b—ba)—i(a®b—3a?ba+3aba’® +ba®) € H,
i.e., i(a%ba — aba?) € H. Apply Lemma 2.2 with h = a®, k = ab, so

i(a*b — aba®) € H.
Apply Lemma 2.2 with A = a*, k = b, so

i(a*b — ba*) € H.
Apply Lemma 2.2 with h = a3, k = i(ab — ba), so

—i(a3(i(ab — ba)) — i(ab — ba)a®) = a*ba — a*ba — aba® + ba* € H.

Apply Lemma 2.2 with h = a, k = i(a*b — aba®), so
—i(a(i(a*b—aba®)) —i(a*b—aba®)a) = a®b—a*ba — a’ba® + aba* € H.
Apply Lemma 2.2 with h = a, k = i(a?ba — aba?), so
—i(a(i(a’ba — aba®)) — i(aba — aba?)a) = a*ba — 2a*ba® + aba® € H.
Apply Lemma 2.2 with h = a, k = a3ba — 2aba? + aba?, so

i(a(a®ba — 2a*ba® + aba®) — (a®ba — 2a*ba® + aba®)a)
=i(a*ba — 3a*ba® + 3a’ba® — aba*) € H.
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Apply Lemma 2.2 with h = a, k = i(a%h — ba?), so

—i(a(i(a*b — ba*)) — i(a*b — ab*)a) = a®b — a*ba — aba* + b° € H.
Apply Lemma 2.2 with h = a®, k = a?b — 2aba — ba?, so

i(a®(a®b — 2aba + ba®) — (a®b — 2aba + ba?)a®)
=i(a®b — 2a*ba + a®ba® — a’ba® 4 2aba* — ba®) € H.

Hence, i(a®b — 5a*ba + 10a®ba® — 10a%ba® + 5aba* — ba®) € H. And
by the following results it holds.

2(a®b — 2a*ba — a®ba® + aba?)
=(a®b — 3a*ba — 2a%ba® + 3aba* — ba®)
+ (a®b — a*ba — a*ba® + ba®) € H,

ie., a®b — 2a*ba — a’ba® + aba* € H. Hence —a%ba® + 2aba* — ba® =
(a’b—a*ba — a?ba® + aba?) — (ab— a*ba — aba* —ba’®) € H. And also,

a*ba = (a®b— a*ba — a’ba® + aba*) — (a®b— 2a*ba — a?ba® + aba?) € H.

Hence a®b— a?ba® + aba* = (a®b— 2a*ba — a?ba® + aba*) 4 2a*ba € H.
And (3(a*ba —2a%ba? + a*ba®) = (a®b — a*ba — a*ba® + aba*) — (a®b —
4a*ba +6aba? — 4a’ba® + abat) € H. i.e., a*ba —2a%ba® + a*ba® € H.
But since a*ba € H, 2a3ba® — a?ba® € H. Besides, a®b € H, a?ba® €
H. Thus from the above results,

a®b — 5a*ba 4+ 10a*ba® — 10a*ba® + 5aba* — ba®
=(—2a*b — a*ba — a*ba® + aba*) + (—a’ba® 4 2aba* — ba®)
+ 5(2a%ba® — a’ba®) + 3(a®b — a®ba® + aba®) € H.

Therefore a®b—5a*ba+10a3ba? —10aba’ +5aba* —6a° € HNiH. Thus
by Lemma 2.1 ii), a®b — 5a*ba + 10a3ba — 10a%ba® + 5aba* — ba® = 0.
Equivalently, a(a(y) —(y)a) = (a(y) —(y)a)a, where y = a*b—3a%ba+
3aba® —ba3. Then iy € H and i(a(iy) — (1y)a) € H, i.e., ay—ya € H.
Therefore by Lemmas 2.3 and 2.4, 0 = r(ay — ya) = ||ay — ya|. Thus
ay — ya. And again, equivalently, a(a(iz) — (1z)a) = (a(iz) — (iz)a)aq,
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where z = a%b — 2aba + ba?, also z € H. Thus by Lemmas 2.3 and
2.4,0 =r(a(iz) — (1z)a) = r(i(az — za)) = ||i(az — za)|| = ||az — za]|.
Therefore az = za, i.e.,

a(a(ab — ba) — (ab — ba)a) = (a(ab — ba) — (ab — ba)a)a.
Hence by Lemmas 2.3 and 2.4,
0 = r(a(ab — ba) — (ab— ba)a) = ||a(ab — ba) — (ab — ba)al|.
Therefore a(ab — ba) = (ab — ba)a. And again, equivalently,
a(a(zb) — (ib)a) = (a(eb) — (ib)a)a.
Hence, by Lemmas 2.3 and 2.4,
0 = r(a(ib) — (ib)a) = |la(ib) — (ib)al| = [li(ab — ba)|| = lab — bal].

Therefore ab = ba.
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