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A Note on Hermitian Elements of a Banach Algebra

Gwang-Hui Kim

ABSTRACT. In this paper, the abelian property of Hermitian 
elements holds not generally in Banach algebra, but in the 
case that some conditions satisfy, they are abelian. By using 
property of [1], [2], the Hermitian elements a and b in Banach 
algebras have been shown that ab = ba.

I. Introduction

Throughout this paper, A denotes a complex unital Banach algebra. 

An element h of A is Hermitian if its numerical range is real. Let H 

denote the set of all Hermitian elements of A. This paper deals with 

the following questions; If a, b, ab 6 H, does it then follow that 

ab = ba2

II. Preliminaries

The following results can be found in [1] and [2].

Lemma 2.1.

i) H is a real linear subspace of A.

ii) HQiH = {0}

LEMMA 2.2. If h, k E H, then i(hk — kh) G H.

LEMMA 2.3. (Sinclairs theorem) IfhEH, then r(/z) = ||시|, where 

r denotes spectral radius.

We use the following statement, which was proved independently 

by Kleinecke [4] and Shirokov [6].
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LEMMA 2.4. Let A be a Banach algebra. Let x, y E Let x 

commute with xy — yx. Then xy — yx is quasi-nilpotent^ i.e., r(xy — 

y⑦) = 0.

In general, although h belongs to H, it does not follow that h2 G 

/『(Crabb in [1] constructed counterexample). Berkson [1] has proved 

various partial positive results; one of them is that, if a, 6, ab, a2 and 

&2 are all Hermitians5 then ab = ba.

III. Main Results

The purpose of this paper is to prove the following positive results.

Theorem 3.1. Let a, b, x e H.

i) If x2 = 0 and xa = 0, then ax = xa.

ii) If x = i(ab — ba), x2 = Q and ax = 0, then x =0, i.e., ab = ba.

PROOF, i) Let a, ⑦ G ⑦2 = 0 and xa = 0. Then by Lemma 2.2, 

i(ax xa) G H. And also x2a — 2xax + ax2 = 0. And equivalently, 

x(x(ia) — (ia)x) = (x(ia) — (ia)x)x. Thus by Lemmas 2.3 and 2.4

0 = r(하(ia) _ (ia)⑦) = r(i(xa — ax)) = ||i(⑦a — a⑦)|| = ||a⑦ 一 ⑦a||.

Therefore ax = xa.

ii) Let a, b, x = i(ab — ba) G H. Suppose ⑦2 = 0 and xa = 

0. Then by Theorem 3.1 i), ax = xa. And equivalently, a(a(z&) — 

(北)a) = (a(i&) — (z&)a)a. And by Lemma 2.2, i(ab — ba) E H. Thus 

by Lemmas 2.3 and 2.4,

0 = r(a(ib) — (ib)a) = r(i(ab — ba)) = ||z(a& — ba)\\ = \\ab — ba\\.

Therefore ⑦ = 0, i.e., ab = ba.

Lemma 3.2. Let a, b, ab e H.

i) a2b = ba2 if and only if a2b — ba2 G H.

ii) a2b = aba if and only if a2 b — aba € H•

iii) a&2 = bab if and only if ab^ — bab G H.

iv) a26 — ba2 E H if and only if a3b = aba.
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PROOF. Let a, 5, ab E H. i) Apply Lemma 2.2 with h = ajk = ab, 

so i(a(ab) — (ab)a) = i(a2b — aba) E H. Clearly, it suffices to show 

that if a2& — ba2 G H, then a2& = ba2. Suppose a2b — ba2 E H. And 

by Lemma 2.2, i(ab — ba) 6 H. Hence, apply Lemma 2.2 with h = a, 

k = i(a& —6a), so —&a)) ——&a)a) = —(a2b — 2aba + ba2) E 

H스 i.e., a?b — 2aba + ba2 G H. Hence, 2(a2& — aba) = (a2& — ba2) + 

(a2b — 2aba + ba2) € H. i.e., cPb — aba G H. Thus a^b — aba G H QiH. 

Hence, by Lemma 2.1 ii), a26 = aba. And so,

aba — ba2 = —(a26 — 2aba + ba2) + (a2& — aba) E H.

And now, let x = aba — ba2. Then x E H,

x2 = (aba — ba?)(aba — 6a2)

= abc—ba — ababa2 — ba3 ba + ba? ba2

= aba2 ba — aba2 ba — ba아)a + ba 아)a

= 0

and ax = a(aba — ba2) = a2ba — aba2 = a?ba_ cl2ba = 0. Since ⑦2 = 0 

and ax = 0, ar = xa. And equivalently,

a(a(ba) — (ba) a) == (a(ba) — (ba)a)a.

Thus by Lemmas 2.3 and 2.4,

0 = r(a(ba) — (ba)a) = ^aba — &a2||.

Therefore aba = ba2. Consequently, a2& = ba2.

ii) Clearly, it suffices to show that if a?b - aba E H, then a?b = aba. 

And so, suppose a2b — aba G H. Apply Lemma 2.2 with h = a, 

k = ab. So i(a?b — aba) G H. Thus a2& — aba 6」ff Q iH. Therefore by 

Lemma 2.1 ii), a2b = aba.

iii) Clearly, it suffices to show that if ab2 — bab E H, then ab2 = 

bab. Suppose ab2 — bab G H. Apply Lemma 2.2 with h = b, k = 

ab, so i(bab — ab2) € H. Thus 사? — bab E H Q iH. Therefore by 

Lemma 2.1 ii), al? = bab.

iv) If a2b — ba2 E H, then we know that a2b = aba in the process 

of the proof of Lemma 3.2 i). And so, it is enough to show that if 
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aPb = aba, then a싸)一 ba? € H. Suppose a26 = aba. Apply Lemma 2.2 

with h = a, k = b, so i(ab — ba) G H. Apply Lemma 2.2 with 

h = b, k = l(ab — ba), so i(a(i(ab — ba)) — (z(a& — 6a))a) = —(a26 — 

2aba + ba2) € JET, i.e., a2b — 2aba + ha2 6 H. Hence —aba + ba2 = 

—(a25 — aba) + (a2& — 2aba + ba2) G U\ i.e., aba — ba2 G H. Therefore 

a사) — ba2 = (a26 — aba) + (aba — ba2) G H.

Theorem 3.3. Let a, b, ab e H.

i) If a2b = aba, then ab = ba.

ii) If ba2 = aba, then ab = ba,

PROOF: Let a, 6, ab G H. i) Suppose o?b = aba. Apply Lemma 2.2 

with h = a, k = b, so i(ab — ba) E H. Apply Lemma 2.2 with h = a, 

k = i(ab-ba). So i(a(i(ab —ba)) —i(ab —ba)a) = ~(a2& — 2aba + ba2) E 

H, i.e., a?b — 2aba + ba2, G H. And by assumption, a?b — aba = 0. 

Thus ba2 — aba 6 H. And now, let x = ba2 — aba. Then x 三 H,

x2 = (ba2 — aba)(ba2 — aba)

= ba2 ba2 — ba3 ba — ababc? + aba2 ba

= ba2 ba2 — ba2 ba2 — ababa2 + ababa2

= 0

and ax = a(ba2 — aba) = aba2 — a2ba = aba2 — aba2 = 0. Since 

⑦2 = 0 and ax = (〕,(== xa. And equivalently a(a(&a) — (6a)a) = 

(a(&a) — (ba)a)a. Therefore, by Lemmas 2,3 and 2.4,

0 = r(a(6a) — (ba)a) = ^aba — 6a21|.

Thus aba = ba2. Hence a26 — 2aba + ba2 = 0, and equivalently,

a(a(i6) — (z&)a) = (a(i&) — (i&)a)(z.

Thus by Lemmas 2.3 and 2.4,

0 = r(a(ib) — (ib)a) = r(i(ab — ba)) = ||z(a& — &a)|| = ||a& — 6a||.

Therefore ab = ba.
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ii) Suppose ba2 = bab. Apply Lemma 2.2 with h = a, k = b, 

so i(ab — ba) E H. Apply Lemma 2.2 with h = a, k = i(ab — ba), 

so (i(a(j(ab — ba)) — (i(ab — ba))a) = —(a?b — 2aba + ba2) G H. i.e., 

a2b — 2aba + ba2 G H. But by assumption ba2 = aba. Thus a?b—aba £ 

H. Apply Lemma 2.2 with h = a, k = ab, so i(a(ab) — (ab)a) = i(a2b— 

aba) E H. Hence a26 — aba E H Q iH. Therefore by Lemma 2.1 ii), 

a26 = aba. Hence a2b — 2aba + ba2 = 0. And equivalently, a(a(ib) — 

(z&)a) = (a(ib) — (ib)a)a. Thus by Lemmas 2.3 and 2.4,

0 = r(a(ib) — (ib)a) = r(i(ab — ba)) = ||z(a& — &a)|| = ||a& — &a||.

Therefore ab = ba.

Corollary 3.4. Let a, b, ab e H.

i) If a2b, aba E H, then ab = ba.

ii) If ba2, aba G H, then ab = ba.

PROOF. We omit its proof, for its statements are special cases of 

Theorem 3.3.

Theorem 3.5. Let a, b, ab e H. If aPb e H and a3 G H, then 

ab = ba.

PROOF. Let cz, 6, ab, a26, a3 6 H. Then by Lemma 2.2, i(ab-ba) E 

H, i(c?b — aba) G H. And also, i(a(i(ab — ba)) — (i(ab — ba))a) = 

—(a25 — 2aba 十 ba2) E H》i.e., a2b — 2aba + ba2 G H. But since 

a?b E H, —2aba + ba2 € H. Hence,

i(—2c?ba + 3a6a2 — ba3)

=i(—2a25a + aba2 + 2aba2 — ba3)

=i(a(—2aba + ba2) — (—2a6a + ba?)a) E H.

And also, apply Lemma 2.2 with h = a, k = c?b — 2aba + ba?. So

i(a(a2b — 2aba + ba2) — (a2b — 2aba + 6a2 )a)

=i(a3b — 2c? ba + 사)a2 — a26a + 2aba2 — ba3) 

=i(a3b — 3a2ba + 3(%z2 — ba3) 6 H.



38 GWANG-HUI KIM

But since z(a2& — aba) G H, by Lemma 2.2,

i(a(i(a2b — aba)) — i(a2b — aba)a)

= — (a하) — a2ba — a2&a + aba2) € H.

i.e.,  a3b — 2a2ba + aba2 € H. Apply Lemma 2.2. with h = b, k = a\ 

so i(a3b — ba3) € H. From these results,

i(a3b — 3a2 ba + 3(%z2 — ba3) — i(a3b — ba3)

=z(—3a2 ba + 3abcP) G H,

i.e., i^aba2 — a2ba) G H. On the other hand,

i(a3b — 3a2 ba + 3aba2 — ba3)

— z(—2a2 ba + 3a&a2 — ba3) + i(aba? — a2 ba)

=i(tz36 — 3a2 ba + 2a2 ba + 3a6a2 — ba3 + ba3 + aba? — a? ba)

=i(cz3& — 2a2ba + aba2) € H.

Thus a아) — 2a2ba + aba2 6 H Q iH. Therefore by Lemma 2.1 ii), 

c?b — 2a2 ba + aba2 = 0. And equivalently

a[a{a(^ib)} — {a(ib)}a] — [a{a(ib)} — {a(ib)}a]a.

But since i(a?b — aba) E H•)by Lemmas 2.3 and 2.4,

0 = r(a(a(i&)) — a(zfe)a) = r(z(a2& — aba)) 

= ||i(a26 — a6a)|| = ||a2& — «6<z||.

Thus a2b = aba. Therefore by Theorem 3.3 i), ab = ba.

Theorem 3.6. Let a, b, ab e H. If a3, a4, a2ba3 and a5b G H, 

then ab = ba.

PROOF. Let a, 6, ab, a3, a4, a26a3, a5b e H. Then by Lemma 2.2, 

i(ab — ba) G H. Now, apply Lemma 2.2 with h = a, k = ab, so

i(a2b — aba) G H.
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Apply Lemma 2.2 with h = a, k = i(ab — ba), so

—— ba)) — i(ab — ba)a) = a2b — 2aba + ba2 E H.

Apply Lemma 2.2 with h = a, k = a2b — 2aba + ba2, so

i(a(a2b — 2aba + ba2) — (a2& — 2aba + &a2)a) 

=i(a36 — 3a26a + 3a6a2 — ba3) € H.

Apply Lemma 2.2 with A = a3, A = 6, so

i(a3b — ba3)eH.

Hence 3i(a2ba—aba^) = i(a3b—ba3)—i(a3b—3a2ba+3aba2+ba3) 6

i.e., i(a2ba — aba2) E Apply Lemma 2.2 with h = a3, k = ab, so

i(a4b — aba3)eH.

Apply Lemma 2.2 with h = a4, k = b, so

i(a4b — ba4) e H.

Apply Lemma 2.2 with h = c유, k = i(ab — ba), so

—i(a3(i(a5 — ba)) — i(ab — 6a)a3) = a4ba — a3ba — aba3 + ba4 G H.

Apply Lemma 2.2 with h = a, k = i(a4b — aba3)》so

—i(a(i(a4b — abc?)) ― i(a4b — abc?)a) = a5 b — a4ba — a2ba3 + aba4 6 H.

Apply Lemma 2.2 with h = a, k = i(a?ba — abaP), so

—i(a(i(a26a — aba2)) — i(a?ba — aba?)a) = cP ba — 2a2 &a2 + aba3 G H.

Apply Lemma 2.2 with h = a, k = a아)a — 2a2ba2 十 aba3, so

i(a(a3 ba — 2a2 &a2 + aba3) — (a3 ba — 2a2 ba2 + aba3)a) 

=i(a4ba — 3a3ba2 + 3a2ba3 — aba4) E H.
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Apply Lemma 2.2 with h = a, k = i(a4b — ba4), so

—i(a(i(a4b — 6a4)) — i(a4b — ab4)a) = a5b — a4ba — aba4 + b5 E H.

Apply Lemma 2.2 with h = cP, k = a사) — 2aba — ba2, so

i(a3(a2b — 2aba + ba2) — (a2b — 2aba + &a2)a3) 

=i(cF b — ‘lo의〔)cl 4" d bo? — ba^ 十 2cz5q새 一 bcF) G H.

Hence, i(a아) — 5a4ba + 10a3ba2 — 10a2ba3 + 5aba4 — ba5) E H. And 

by the following results it holds.

2(a56 — 2a4 ba — a2 ba3 + aba4) 

=(a5b — 3a4ba ― 2a2&a3 + 3aba4 — ba5)

十 (cFfe — q싸)a — c? he? 4- boF) G H,

i.e., a5b — 2a4ba — a2ba3 + aba4 € H. Hence —a2ba3 + 2aba4 — ba5 = 

(a바) — a4ba — a2ba3 +cz&a4) — (a5b — a4ba — aba4 — ba5) E H. And also,

a4ba = (a56 —a46a —a26a3+ aba4)-(a5& —2a4&a —a26a3十사)a4) G H,

Hence a56-a2ba3 +aba4 = (a마) — 2a4ba — a?ba3 + aba4) + 2a4ba 6 H. 

And (3(a46a — 2a3ba2 + a26a3) = (a5b — a씨)a — a2ba3 + aba4) — (a마) — 

4a4ba + 6a3ba2 — 4a2ba3 + aba4) G H. i.e., a4ba — 2a3ba2 + a2ba3 G H. 

But since a4ba E H, 2a3ba2 — a2ba3 G H. Besides, a5b E H, a2ba3 G 

H. Thus from the above results,

a5 6 — 5a4 ba + 10a3 6a2 — 10a2 ba3 + 5aba4 — ba5

=(—2a45 — a4 ba — a2 ba3 + aba4) + (—a2&a3 + 2aba4 — ba5)

+ 5(2a36a2 — a2ba3) + 3(a56 — a2ba3 + aba4) 으 H.

Therefore a5b—5a4ba + 10a3be? — lOaba3 + 5aba4 — 6a5 € HHiH. Thus 

by Lemma 2.1 ii), a5b — 5a4ba + 10a35a — 10a2ba3 + 5aba4 — ba5 = 0. 

Equivalently, a(a(y)—(y)a) = (a(j/)-(y)a)a, where y = a3b — 3a2ba + 

3a6a2 — ba3. Then iy E H and i(a(zy) — (iy)a) G H, i.e., ay — ya G H. 

Therefore by Lemmas 2.3 and 2.4, 0 = r(ay — ya) = \\ay — ya\\. Thus 

ay — ya. And again, equivalently, — (i之)a) = (a(z^) — (i之)a)a, 
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where 之 = a2b — 2aba 十 &a2, also z E H. Thus by Lemmas 2.3 and 

2.4, 0 = r(a(友) 一 (iz)a) = r(i(az — za)) = ||i(cw — 之a)|| = ||a之 一 za\\. 

Therefore az = za, i.e.,

a(a(ab — ba) — (사) — ba)a) = (a(ab — ba) — (ab — ba)a)a.

Hence by Lemmas 2.3 and 2.4,

0 = r(a(a& — ba) — (ab — ba) a) = ||a(a& — ba) — (ab — 6a)a||.

Therefore a(ab — ba) = (ab — ba)a. And again, equivalently,

a(a(ib) — (zfe)a) = (a(ib) — (ib)a)a.

Hence, by Lemmas 2.3 and 2.4,

0 = r(a(ib) — (ib)a) = ||a(z6) — (北)에 = \\i(ab — ba)\\ = \\ab — ba\\.

Therefore ab = ba.
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