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Stability Theory for Ordinary Differential Equations

Sung Kyu Choi, Keon-Hee Lee and Hi Jun Oh

ABSTRACT. For a given autonomous system xf = /(a?), we 
obtain some properties on the location of positive limit sets 
and investigate some stability concepts which are based upon 
the existence of Liapunov functions.

1. Introduction and Preliminaries
The classical theorem of Liapunov on stability of the origin 鉛 = 0 

for a given autonomous system xf = makes use of an auxiliary 

function V(.x) which has to be positive definite. Also, the time deriva

tive V'(⑦) of this function, as computed along the solution, has to be 

negative definite.

It is our aim to investigate some stability concepts of solutions for 

a given autonomous system which are based upon the existence of 

suitable Liapunov functions.

Let U C Rn be an open subset containing 0 G Rn. Consider the 

autonomous system x' = /(⑦), where xf is the time derivative of the 

function :r(t), defined by the continuous function f : U — Rn. When 

/ is C1, to every point t()in R and Xq in 17, there corresponds the 

unique solution xq) of xf = f(x) such that ^(to) = ⑦⑴ For

such a solution, let us denote I(xq) = (aq) the interval where it is 

defined (a, ⑵ may be infinity).

Let f : (a, &) -나 R be a continuous function. Then f is decreasing 

on (a, b) if and only if the upper right-sided Dini derivative

D+f(t) = lim sup f〔t + h(-f(t) < o

九 一>o+ h
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for every t E (a, b) [6]. Moreover, the decreasing function f : [a, b] — 

R is differentiable almost everywhere on [a, 6], the derivative ff of f 

is integrable and one has the following formula:

f(b) — f(a)^ [ f 스') ds 

J a

[7]. Since the derivative of /, when it exists, equals to the upper 

right-sided Dini derivative, the above formula can be written as

f(b)-f(a)^『 D+f(s)ds. 

J a

Let us consider an auxilary function of the type V :〔7 — R. As is 

well known [2], the Dini derivative of V estimated along the solutions 

of x1 = /(⑦), namely

刀十V(⑦ (t)) = limsup —으“으■으一—쓰----으■으쓰
h—@’ h>

may be computed without knowing these solutions, for it is equal to

r VGc + h/Gr)) —VH 
lim sup — ----- 늠으---- 느一스.
九—o+ h

Furthermore, if Z)+V(:r(i)) < 0 for every t G [a, 6] C 丁(⑦o), then 

V(:r(/)) is decreasing and we have

7(x(6)) — V(z(a)) < I>+V(z(s)) ds

J a

by the above observations. In case V(:r(f)) is (71, we can replace 

(:r(i)) be the time derivative

l지(:r(t)) = grad V(a:(i)) • f(x).

A Liapunov function for xr = f(x) is the continuous function V :〔7 — 

R which satisfies

(i) V{x) is positive definite on (7, i.e., V(x) > 0 for x E U — {0} 

and V(0) = 0,

(ii) P+K(a:(t)) < 0.
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Also, the condition (i) means that there exists a continuous strictly 

increasing function k : R十 一> R+ with fc(0) = 0 such that V(x) > 

k(\x\) for all x E where | | denotes the Euclidean norm on Rn. In 

this case, we call k the function of class K and write k E K〕.
Finally, we need the concept of limit sets. The positive semitrajec

tory starting at 文()三 is the set

7+(⑦o) = {끼X)： ' e Ko,니)}

and the positive limit set of x()E U is the set

A+ (아)

= {y E Rn : x(tn) — y for some net (tn) C I(xQ) with tn —> u?}.

A subset M C Rn is positively invariant if for every xq E M for 

all i > 0 with t G /(“)• We can easily show (as in [1]) that 

7+(^o), the orbit colsure of 7+(a：o)? is equal to 7+(a：o) U A+(a：o) and 

A+(o：o) = A{7+(?/) : y G 7+(⑦())}• Also, A+(a：o) is an nonempty 

compact positively invariant set if 7+(:z：o) is bounded. In this case, 

1(^0)= (이w) = (-00,00).

2. Main Results
THEOREM 2.1. Let V be a C1 Liapunov function for the system 

xf = f(x), defined on U = B€(0) = {⑦ € Rn : \x\ < > 0}.

Suppose that :for every x E U, — 0 as ⑦ — 0. Then for all

t > to, V(r(t)) "•누 0 as t — =

PROOF. It suffices to show that there is no M > 0 such that 

> M for all t > to because V(:r(/)) is decreasing. Assume 

that such an M exists. Then there is a 5 > 0 with 0 < 5 < 匕 such 

that |찌 < 5 implies < M by the hypothesis. From the defini

tion of V(:r), x eU implies that V(x) >》i(| 찌) and V^x) < —k2(| 찌) 

for some functions 서, 스 三 友. Then we have V(x) > A?i(6) and 

1지(⑦) < —즈2(6) < 0 whenever 5 < |끼 < €. Therefore

서(5) < V(z(<)) < V(@) +『 V'(z(s)) ds

J to

玄 — *：2(5)G — to).

This leads a contradiction as t — oo because we assumed that V(j:(f)) 

> M for all t > <()•
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COROLLARY 2.2. Under the hypotheses of Theorem 2.1, we have 

⑦(f) —> 0 as t — oo.

PROOF. Assuming the contrary, there exist an 7V > 0 and a se

quence tn — oo such that \x(tn)\ > N. By the positive definiteness of 

V, we have V(x(tn)) > M, where M = min{V(a:) : N < \x\ < e} > 0, 

which contradicts to Theorem 2.1.

LaSalle’s invariance principle [4] states that, if the positive limit sets 

have an invariance property, then Liapunov functions can be used to 

obtain information on the location of positive limit sets. We have a 

similar form of [3, Theorem 2].

THEOREM 2.3. Let V be a C1 Liapunov function on an open subset 

U of Rn. Let K C U be a compact subset and E = {x E K : V\x) = 

0} C K. If M is the union of all positive trajectories that remains 

in E and xq is any point of U with 7+(x()) C K, then —> M as

t — oo.

PROOF. Note that A+(rco) is positively invariant and V is constant 

on A+(a?o) [1]. Thus we have l지(⑦) = 0 for all x 6 A+(a；o)- Then 

A+(o?o) C M C K and so A+(a；o) is nonempty compact. Hence we 

have ⑦(Z) —> A+(^o) as Z —느 oo since A+(zo) G M.

For example, we consider the differential equation

ax” + bx + ex = Q

where a, 6, and c are positive constants, in the plane. The equivalent 

form is

x = y

f c b 
y = —⑦ —y- 

a a

If we take

四…) = iv2 + 유2, 
心 丄i

then V is a C1 Liapunov function for the above equation since

V'(:r, y) = —X1 + —yf = -by2 < 0.
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Moreover the set E is the a;-axis and M = {0}. Clearly every tra

jectory is bounded. Therefore, by Theorem 2.3, we have ⑦(t) —> 0 as 

t — oo.

A property about the location of the limit set is appeared in [2, The

orem 1] by using their three lemmas. But if we use only one lemma 

[2, Lemma 3] implying the set E contains no invariant subset, then 

we obtain Theorem 1 in [2].

THEOREM 2.4. Let V, E and M be defined, as in Theorem 2.3. 

Suppose that for any x E E there exist a neighborhood Nx of x in 

U and a C1 function Wx : 시 — R such that Wx(y) = 0 for all 

y E Nx Q E and 0 for all y e Nx. Then one has A+ =

A+(⑦(t)) C M for every solution x(t) whose positive trajectory is 

bounded.

PROOF. It suffices to show that A+ CH7 = 0. Suppose that the 

contrary holds. Since V is constant on the invariance set A+ A (7, we 

have A十 HU C E and so A+ A (7 is an invariant set in E. But the hy

potheses on Wx implies that E has no invariant subset [2, Lemma 3]. 

This is a contradiction.

Thus Theorem 2.3 is a special case of Theorem 2.4.

Now we consider some stability concepts for the given autonomous 

system xf = /(⑦), ⑦(]o) = ^o-

The trivial solution = 0 of the system x1 = is stable if 

for any s > 0 there exists a 5 = 6(e) > 0 such that |a?o| < implies 

|:r(f)| < e for all t > Also, x(t) = 0 is uniformly stable if the 6 in 

the above definition of stability is independent of to-

The well-known stability theorem is [8, Theorem 6.2] and its con

verse is [6, Theorem 4.2]. Also, the uniform stability theorem is ap

peared in [8, Theorem 6.3]. In [6] its converse is given without proof.

THEOREM 2.5. Suppose that x(t) = 0 is uniformly stable. Then 

there is a continuous function V : Bp(0) —> R satisfying

(0 W) = 0,

(ii) a(|씨) < V(a：) < 6(|찌) for some a, 6 G /C,

(iii) V(rr(t)) is decreasing for every solution x(t) with |：r(t)| < p.

Proof. We take

y(⑦) = sup |x(t + T, 鉛)|.
r>0
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V(x) is defined for t > 0 and \x\ < p = sup5(s). Clearly, V(0) = 0. 

Since we may take the inverse function e(6) of 5(6), we have \x(t + 
r,x)\ < 匕(|찌j. Thus

|이 = \x(t,x)\ < V(x) < s(|씨).

Taking ti > 하 and s = ti — we have

j:0)) = sup \x(tr + r, x0)| = sup \x(t2 + s + T,Xq)\
T>0 T>0

= sup|a:(f2 + T,^o)|
r>s

< sup|rr(/2 + t, xo)\ =
T>0

The trivial solution x(t) = 0 of ⑦' = /(⑦) is asymptotically stable if 

it is stable and if there is a 5()= 6()(t()) > 0 such that \xq\ < 60 implies 

that ⑦(i, ⑦o) — 0 as i — oo. x(t) = 0 is uniformly asymptotically 

stable if it is uniformly stable and if for any e > 0 there exists a 

6o and a T(e) > 0 such that |文()| < 6q implies |a?(t,a；o)| < 匕 for all 

' 之 'o + 끄(匕)-

The asymptotic stability theorem and a counterexample that as

ymptotic stability does not imply uniform asymptotic stability are 

appeared in [8, Theorem 7.10 and Example 7.4]. For uniform asymp

totic stability we can obtain a weak form of [8, Theorem 7.9] based 

upon the existence of C1 Liapunov functions.

THEOREM 2.6. Suppose that there exists a continuous function 

V : Bp(0) — R which satisfies the following conditions:

(i) a(\x\) < V(x) < 6(|씨) for some a, b E JC,

(ii) P+V(z(f)) < —c(|z(i)|), c 6 ?C.

Then x(t) = Q is uniformly asymptotically stable.

PROOF. Let e > Q and 6(e) < If |j：o| < 5(X), then

<1 ⑦(M：o)| < V(x(t,x0)) <V(x0)

< MJ⑦o)| < b(6) < a(g).

Thus we have a：o)| < 匕 for all t > to.
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Now we put 어 = 6(P)and T(e) = 6(6())/仁(”(으))- We 아low that 

\x(t^ 3?o)| < 匕 whenever \xQ\ < 8q and '》：'()+ T(e). Assume that 
h(하⑦o)j 之 6(匕) for io 드 어 두 加 + T(e). Then, for to < t < h +

limsup KG《버JV쓰三== < —c(야)). 
h—0 十 九

By integrating, we have V(x(t^ x())) — V(a：o) —c(^(6))(t — to). Thus

VO(t)) < V(j：o) — c(6(s))(t — to) < b(60) — c(6(s))(t — to).

For t = to + T, we get V(j:(f)) < 6(5o) — c(5(e))T = 0, which is a 

contradiction. Therefore for every f > to +T(e) we have |^(t, a?o)| < £ 

when |a?o| < 5o-
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