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ABSTRACT

For testing homogeneity of scale parameters against ordered alternatives, some
nonparametric test statistics based on pairwise ranking method are proposed. The
proposed tests are distribution-free, The asymptotic distributions of the proposed sta-
tistics are also investigated. It is shown that the Pitman efficiencies of the proposed
rank tests are the same as those of the corresponding two-sample rank tests in the
scale problem. A small-sample Monte Carlo study is also performed. The results show

that the proposed tests are robust and efficient,
1. Introduction

Statistical inferences in the presence of order conditions have been developed by
many investigators in various contexts. But most of them have been developed for the
ordered location shifts problem and only a few were concerned with the ordered scale
changes problem. The parametric or nonparametric approaches for ordered alternatives
of locations were widely investigated by, among others, Jonckheere (1954 ), Bartholomew
(1959a, 1959b, 1961), Chacko(1963) , Puri(1965a), Barlow, et al. (1972), and Fairley
and Fligner (1987). On the other hand, the ordered scale changes problem was inves-
tigated by Govindarajulu and Haller (1977), Govindarajulu and Gupta (1978), and Rao
(1982).

Let Xi, -+, Xin, be a random sample from the pupulation with a cumulative distri-
bution function (cdf) Fi(X) for i=1,2,--- k. We assume that F.(X)=F((x-6.)/ o.) for
some absolutely continuous cdf F(x) with zero median, where the parameters ¢, and
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o, are unknown, Here we may be interested only in scale parameters @, for 1=1,2,---,
k. In some experimental situations there may be scale changes with the same locations,
Moreover, if additional information is available for the crdering of o, then it will be
advantageous to make use of this extra information to obtain more powerful tests, For
example, often a technologist may be interested in the homogeneity of products which
are made by several machines with different purchase ages, In this case, the variances
for the quality of products may have increasing trend according to the years at which
the machines are bought,

The above situation can be formulated as follows. Assume that g,=g,= - =g 20,
where 6 denotes a common location, and that ¢, <s,<-+- <oy without loss of generality.
The null hypothesis

Hylop=0,=+- =0y (1.1)
will be tested against the ordered alternative
Hiio <o, <o < gy, (1.2)

where at least one strict inequality holds, In particular, when ¢’s are restricted to the
form o,=(14dci)g, with o, and ¢’s denoting specified constants, some investigators
such as Govindarajulu and Haller (1977), Govindarajulu and Gupta (1978) have pro-
posed test statistics for testing

H} :0,=0,=+-=0=0, (1.3)

against
Hf 16,=(140c))a,, i=1,2,-k, (1.4)

where 6 >0, and ¢’s are increasing positive constants, The test statistics by Govindara-
julu and Gupta (1978) for testing Hy against Hf will be introduced in later section,
The hypotheses H; and H} are more restrictive than the H, and H, which are considered
in our problem settings,

In this paper we propose some nonparametric tests for testing H, against H, based
on the pairwise ranking method. The asymptotic distributions of the proposed statistics
are investigated by using the results of Puri(1965a) under some regularity conditions,
We also compare the small-sample empirical powers of the proposed tests through a
Monte Carlo study.
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2. Linear Rank Statistics
2.1. Proposed Test Statistics

In this section we propose a class of rank statistics, based on the pairwise ranking
method, for testing H, against H, given in (1.1) and (1.2), respectively.

Let R."” be the rank of X. in the combined sample of the i-th and j-th samples
only. Let R;"? be defined similarly, We define

SIV2 SN

Sij=8; —8; , 1<i<j<k, (2.1)
where
Gi,pp -1 D iy
—n-: a )
1 1 =1 ni} ir
and
G,y -1 By Ciyj)
=n a
i I & o Js

Here ni=ni+n, and an,].( - ) denotes scores which depend on sample sizes, We also
let N= i n: and assume that min(n,,---n,) —oo, with n./ N—A,, for 0<A;<1. If the
scores I’E)_rl the two-sample scale problem are applied, the statistic Si; may detect scale
changes between the ¢-th and j-th populations.

We propose a test statistic of the form
Sn= 2 2 nin;Sy; (2.2)

for testing H, against H,. The statistic Sy is distribution-free and form a class according
to the types of scores. The scores of Ansari-Bradley, Mood, and Klotz, which are com-
monly used for the two-sample scale problem, will be applied. The statistic Sy has the
same form as the statistic suggested by Puri(1965a) for the ordered location shifts
problem, The statistic Sy is a linear combination of Si; and hence. it can detect scale
changes when the scores for the two-sample scale problem are used.
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2.2. Asymptotic Distributions

Let Fp,(x) be the empirical cdf of X,--- Xin; and let

Fn,‘j(X)z (n,-/n,-j)Fn'_(x) + (ni/n;j)Fnj(X)

be the combined empirical cdf of the i-th and j-th samples. Similarly the combined
population cdf of the ¢-th and j-th samples is defined by

F,-j(x) = (n,-/n,-,-)F;(x)-i—(nj/n,-j) F;(x).

Then the statistic S;; defined in (2.1) is equivalent to the following representation
Sij=J_ B (Foy, (X)) d(Fy (0 —F, (),

where ¢nﬁ (.) is a function defined on the interval (0,1) such that ¢nﬁ(s / njj)=a, .-,'( s),
for s=1, ---, n;. While ¢n,-,- (.) need be befined only at 1/ ny, ---, nij / ny, we can extend
its domain of definition to (0,1) for convenience.

We need some regularity conditions to obtain the asymptotic normality of the statistic
Sn.

[A1] ¢(u)=1im ¢y(u) exists for 0<u<1 and not a constant
N-—oo

[A2] I°<Fn,-,-<1 [, (Fn, () —8(F, _()]dF, (x)=0,(N"12)

[A3] ¢y(1)=0(NV?)

? | <ML u(1-w)] 2, for i=0, 1, 2, and
u

. d*
(A 1g9w =5

( for some d>(), where M is a constant which may depend on ¢y but not
depend on F;(X).)

f

The conditions [ A1]~[A4] are called Chernoff-Savage conditions.

Lemma 2.1. Assume that the conditions [ A1] through [ A4] are satisfied. Then under
H, the random vector N* (S, S, -, Sk, k) has a joint asymptotic normal distribution
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with zero mean and covariance matrix with elements

o2 =(2; + 47 A%, (2.3)
and
r o, if { jr,s are distinct,
A AT, if i=r, j#s,
Oy v = A%, if iy, j=s, (2.4)
1] A%, if i=s, j#7
L—[,-‘A’, if i#s, j=7,
where

A2=_f01 ¢2(u)du~ {J‘ol¢(u)du}2. (2.5)

Proof. The asymptotic normality of N*%/( S, S, Sy ) follows from Puri (1965a). The
mean vector N*¢ (#1225, 110 ), Where

= GFi(0) d(F; (x) =F;(), (2.6)

is zero when Hy: o,= 0,= -+ = ¢ holds. The elements ¢,’ and g;;,,, can also be calculated
from Pyri (1965a).

From Lemma 2.1 we obtain the asymptotic normality of the statistic Sy in the following
theorem.

Theorem 2.1. Assume that the conditions [ Al] through [ A4] are satisfied. Then under
H, the statistic N"*2Sy has an saymptotic normal distribution with zero mean and variance

k. k
a2 (S ={ (X 20°% % 23} (a%/3), (2.7)
wher A? is defined by (2.5).

Proof. We note that the statistic Sy is a linear combination of Sy for i<j, and hence the
asymptotic normality of N??Sy follows from Lemma 2.1. After some algebraic calculations,
the asymptotic variance of N"32Sy can also be obtained as in (2.7). B
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Next we investigate the asymptotic distribution of the proposed test statistic Sy under
a sequence of alternatives of the form

Hyn: 0;=1+NYV245,, i=1 2 - k (2.8)

2 b > ’

where d,<6,< - <d, with at least one strict inequality. The following two additional con-
ditions will be necessary in the remaining of this section.
[A5] The cdf F(x) is differentiable in each of the open intervals (-oo, a,), (a, a,),
-+ (asy, as), (as, 00), where a,, -+, as denote a finite number of reals, and
F’(x) is bounded in each of these intervals,

[A6] The function S—X ¢ (F(x)) is bounded as x—- oo,

The following theorem, which is a modification of Puri(1965a) for the location shifts
model, can be obtained for the scale changes model.

Theorem 2.2. For each index N we assume that n;= N - A with A; a positive integer, If
the regularity conditions [A1] through [A6] hold, then under Hy the random vector
N3% (V. Vg, -, Vi, «),Where V,; =nin; (Sij—gmi;) with 4 as given in (2.6), has a joint asym-
ptotic normal distribution with zero mean and covariance matrix with elements (A;)%%
and (AidAAs)oi,s where o% and 6irs as defined in (2.3) and (2.4), respectively.

Proof. The asymptotic normality under H,y also follows from Puri(1965a) since the result
of Puri(1965a) can be applied to any models with absolutely continuous cdf Fi(x). We also
obtain the covariance terms under the model Fi(x)= F((x-8) /a:) with 6,= 1 + N *¢,
by using convergence theorem. B

We now obtain the asymptotic normal distribution of Sy under Hyy as follows,

Theorem 2.3. For each index N we assume that nj= N - A;, with A, a positive integer,
Assume also that the regularity conditions [ A1] through [ A6] are satisfied. Then under
Hyy the statistic N"*2Sy has an asymptotic normal distribution with mean

...Mx-

k e d
;z,.,z,-(a,-—a,»f_”x—¢<F(x>)dF<x) (2.9)

[4 dx

and variance ¢°(Sy) given by (2.7).

Proof. First, we note that the variance ¢*(Sy) may be obtained from Theorem 2.2 in relation
to Theorem 2.1 and Lemma 2.1, Next, to derive (2.9) we need two additional conditions
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[A5] and [A6]. Let o™ denote the sequence of o’s given by H, and we denote the
asymptotic mean of S;; as ;;(s™) where 4#,(e™) is defined by (2.6) with F;(x) under Hix.
If we let #(1) be the asymptotic mean of S, under H, for convenience, then #i{1)= 0.

We may assume that g=0 to simplify the computation. Thus the cdf is reduced to
Fi(x)= F(x /¢;), and we compute N%/x,,(a‘m) as

NY2 {5 (0 M) = pi;(DY=NY2{f $(F;;(0)f $(F(x)dF(x)}
= NY2{ f ¢ (F;;(x)) dF; (x) — [$(F(x)) dF(x)}. (210)

Following Puri (1965b), it can be shown that the first part of (2.10) converges to

(4;/ (42} (8:—5)) fx5—$(F(x)) dF ().

A similar result for the second part of (2.10) can be obtained. Detailed computations
may be referred to Jeong (1988). We thus obtain that

- _ < d L
1im NY2p5; (0 ™) = (5,6 ;) f x5 ¢(F(x)) dF(x),

This completes the proof since the statistic N"*2Sy is a linear combination of N"S;;, for
i<j. @

2.3. Some Rank Tests

In Section 2.1 we proposed a class of test statistics based on the pairwise ranking method,
We now consider some special cases of the test statistics. For example, the scores of Ansari-
Bradley, Mood, and Klotz, which are commonly used for the two-sample problem, may
be applied to the k-sample problem.

When the scores of Ansari-Bradley, Mood, and Klotz are applied to (2.1) and (2.2), we
obtain the Ansari-Bradley type statistic Sag, the Mood type statistic Sy, and the Klotz type
statistic Sk. The scores an(1) and the score functions ¢ (u) of these statistics are summarized
in the following.

In Klotz scores, ® denotes the inverse of the standard normal cdf., We would reject Ho
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Type Statistic Score a, (1) Score Function ¢(%)
n+1 t n+l 1 1
Ansar i~ Bradl - = ——lu~=
sar i~ Bradley Sag o | - on | 2 | 2 |
Mood s (i.—“Jrl)2 (u—s)?
M n 2n “73
Kl S o1 (— )7 ! 2
. -
otz K [ ( n 41 [¢ (u)]

for large values of Sug, and for small values of Sy and Sk.

Under the sequence of alternatives Hy, the asymptotic means of the test statistics can
be obtained from (2.9) . The asymptotic means of N™%S,5 N??Sy, and N-*%S are given
by the following.

0
£(Sap) = B3 A:2; (6,5 ) ([ xfz(x)dx—J:’xfz(x)dx}

—Mg—
\Mx

-.Mx-

/I(SM) = 4

k o E
; A;4;(3;-0;) [ xf%(x)(2F(x)—1)dx

£(Sg) = zéé 2;2;(3,=0 ) f xt200 (07 F(x)) /S HF)) ]) dx.
To compare the proposed tests with others, we now introduce some parametric and
nonparametric tests in the following.
Govindarajulu and Gupta (1978) have developed some test statistics for testing Hy*
against Hy given in (1.3) and (1.4), respectively. First, the likelihood derivative test statistic
is defined by

g n; .
LlN =N~ E C,Z(X,I—X) N
1=1 j=1
— ny .. .
where X= 'f}l Zl X;; /N and the constants c's depend on H,*. The statistic L,y is a pa-
& F

rametric test statistic. Second, the locally most powerful rank test (LMPRT) statistic for
normal alternatives is of the form

kK Di
=N—-l/2 . 2
Lan i§lc'i§l E[Z(Ris)]’
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where R, denotes the rank of X among the combined sample of all k populations, and
Z the r-th order statistic in a sample of size N drawn from the standard normal distribution,
Lastly, Govindarajulu and Gupta (1978) have suggested other class of test statistics of the
form

Kk
Lyny=N"'"2 igl bin; ¢,
where

© k
&, :L ¢N(jz=)‘ ]J-Fnj(x)) ani(X)'

The statistic Lgy 1s a weighted sum of Chernoff-Savage type statistics based on the com-
bined ranking method. For the statistic Ly, the optimal weights bsé‘)lj j{e;i—ec;) can be
chosen to maximize the Pitman efficacy, and the scores of Ansari-Bradley, Mood, and Klotz
may be used. The asymptotic normality of the statistics defined above has also been dis-
cussed by Govindarajulu and Gupta (1978).

Rao(1982) also proposed a class of test statistics for testing homogeneity against ordered
alternatives of scale parameters, Rao (1982) compared his tests with the tests by Govin-
darajulu and Gupta (1978) in terms of asymptotic relative efficiencies (ARE). But we do
not include the tests of Rao in this paper because of their complexity in computation. We
note that our proposed statistics for testing H, against H, have more availability than the
statistics by Govindarajulu and Gupta since little is known about ¢’s beyond their monoto-
nicity in general. Notice also that the statistics Ly, L.y and Lay depend on c’s,

2.4. Asymptotic Relative Efficiencies

The efficacies of the rank tests proposed in Section 2.1 will be computed under a sequence
of alternatives of the form
Hiy 0= 1+NV250¢,, i=1,2, -, k
The Hy can be considered as a particular case of Hy given in (2.8) by letting ¢;,=¢ - c:.

To compute the efficacy of the statistic Sy defined in (2.2), we let &= N ¢ and Sy =
N7?Sy. Then from (2.9) the asymptotic mean of S can be represented as
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’ LIS 2 @ d
ASy") = 3 iAjle;—cp) ( f x3-¢(F(x) dF(x)}-5

It

k k
Nl/2 E(Z Z;Zj(ci—c,-) s'I,
i

where

) ='[:x:‘x‘¢( F (x)) dF(x).

As a result of routine computation the efficacy of Sy is given by

k k
{ZZX;Xj(C;—Cj)}z'Iz

ic

k k 3 R
{(212;)3—§12;}(A2/3)

eff(SN')=

where A? is defined by (2.5). In particular for the case of equal sample sizes and equally
spaced constants, that is, when A, = 1/k and c¢i= ¢ for i =1, 2, ---, k, the eff(Sy )could
be reduced after some algebraic calculations to

eff (Sy/)=(k%—1)-12/(12A%),

The values of A? and I? can be evaluated for the scores and score functions of Ansari-
Bradley, Mood, and Klotz. We thus obtain the efficacy expressions of the tests based on
Sag, Sum and Sk as follows,

eff (Spp)= 4 (k2—1) {f° x£2 (o) dxf Tx 2 (x) dx)? (2.11)
eff (Sy) =15(k2—1) {fwxfz(x)(2F(x)—1)dx}2 (2.12)
eff (Sg) =((k2—1)/6){j:: xE2){O@HF(x))/ g [0 (F(x))]}dx)? (2.13)
By comparing the expressions in (2.11), (2.12) and (2.13) with those given in Table 1 of
Govindarajulu and Gupta (1978), we notice that our proposed rank tests have the same
efficacies as the corresponding competitors of L,y when the Ansari-Bradley, Mood, and

Klotz scores are used under the settings of this section. Furthermore we note that the Klotz
type test Sk has the same efficacy as the LMPRT L.
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We also compare the efficiencies of Sag, Sm and Sk in terms of ARE. The ARE’s are
given by

(1} o«
s {J‘_mxfz(x)dx-f xf¥(x)dx}?
ARE(S,p,Sm) = (55) 0

(f x£2(x) (2F(x0) —1) dx}?

{J:: xf¥(x)(2F(x)—1) dx}?
ARE(Sy,Sk)= 90

w . O N F(x))
{f  xf%(x) ——————— dx}?
== #(o7 (F(x))]

We note that the ARE’s of Sug, Sy and Sk with respect to another statistic coincide with
those of the corresponding tests of Ansari-Bardley, Mood, and Klotz for the two-sample
problem. The ARE’s for the two-sample problem are given in, for example, Table 1 of
Klotz (1962).

3. Rank-Like Statistics
3.1. Proposed Test Statistics

A class of distribution-free rank-like statistics for testing scale changes between two
populations has been proposed by Fligner and Killeen (1976), and extended later by Fligner
(1979). Our interest is to construct rank-like test statistics for ordered alternatives of scale
changes in the k-sample porblem.

Let § = é(Xu, -++, Xkn,) be an estimator of the median 9 whose distribution is symmetric
in the combined sample Xy, -+, Xyn,. Throughout this section we assume that § =§(Xj,
--+, Xy ) 18 @ combined sample median of all k populations if not mentioned otherwise. Thus
the distribution of § is symmetric. Let Zi,= | Xs»-§| for r=1, -+, nvand ;= 1, ---, k. We
also consider the pairwise ranking procedure on the aligned samples Zi, -+, Zin; for 1 = 1,
<+, k. That is, we let Q" denote the rank of Z; among the pairwise combined sample
Zy o+, Zimy, Zj.*+*, Zin;. Then by Theorem of Fligner, Hogg and Killeen (1976) the rank vector

Gy j Gy i) iy j)

i1’ in; * ~j; 0 2 Ying
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are equally likely under H, for each ; < j.
Let

>
!

-

B

i . -1 0y C
— Cfy7)y_ Cisf)
T,](e) —ny | an'_j(Qi:!J ) nj rgl an i (er )

-
L}

and we define a class of rank-like statistics of the form

A

A k k
Tn() =33 nin;T;;(0) (3.1)

<
The test statistic Tn(8) is distribution-free for testing H, against the ordered alternative
H,. We note that the statistic Tn(4) is of the same form as the rank statistic defined in
(2.2), but Tn(#) is not a rank statistic since it is based on the aligned samples Zi=
| Xi»—9 . In the remaining of this section Ti(§) and Tx(§) will be abbreviated as T,; and
Ty respectively if no confusion occurs.

The following scores will be used in the rank-like statistic Ty. That is,

a,(i)=i/n (3.2)
a,(i)=(i/n)? (3.3)
a,()=[07 ((n+1+4¢)/2(n+1))]? (34)

for i=1, ---, n. The scores given in (3.2), (3.3), and (3.4) are considered by Fligner and
Killeen (1976) for the two-sample rank-like statistics as analogs of the Ansari-Bradley,
Mood, and Klotz scores, respectively. We note that the scores in (3.2), (3.3), and (3.4) are
strictly increasing for 7= 1, -+ n.

By Lemma 2.1 the random vector N"/"(T,z, T, +*, Trus) has a joint asymptotic normal
distribution, under H,, with zero mean and covariance matrix given by (2.3) and (2.4). We
thus can obtain the following theorem.

Theorem 3.1. Suppose that the regularity conditions [ Al]~[A4] are satisfied. Then under
H, the statistic N*?Ty has an asymptotic normal distribution with zero mean and variance
o*('Tx) which is defined by the righthand side of (2.7).

Using the scores given in (3.2), (3.3), and (3.4), three types of rank-like statistics are
obtained and will be denoted by Tag, Tu, and T, respectively. The asymptotic variances
of the statistics can be easily obtained by evaluating A% in (2.7).
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We also define another test statistic as follows.

k
U;(é)=f}<z (number of Z; smaller than Z;,)
77
kK k i Ty
=X B H Y i, 20, (3.5)

where ¥(x,y)= 1if x < y and 0 otherwise. The statistic U{(§) is an analog of the well
known Jonckheere statistic for testing ordered alternatives of location parameters, Since

the statistic Ux(8) is distribution-free, the null mean and variance of Uy ‘4) are given by

k 2 ‘
(N?—2 n;)/4 (3.6)
and
k
{N2(2N+3)—_Z=3l nf(Zn,-+3>}/72, (3.7)

respectively. The null distribution of Uy (§) is asymptotically normal with mean and variance
given in (3.6) and (3.7), respectively. The fact that the table (e.g. Table A.8 of Hollander
and Wolfe (1973)) for the Jonckheere statistic can be used in determining critical regions
is an advantage of Uj(§) when sample sizes are small.

3.2. Extension to the Case of Unequal Locations

Let F;(x) be a cdf of the /-th population such that Fi(x)=F((x—g;) /a:)for i =1, -+

’

k, where F has zero median and the parameters ., ---, §x are not necessarily equal. We
note that the rank-like statistics proposed in the previous section heavily depend on the
assumption of a common median for all distributions. Let §, =4,(Xu,-++, Xin;) be an estimator
of 4 ;based on the ;-th sample Xa, ---, Xjy, for each 1=1,--+, k, Throughout this section we
assume that §, is the i-th sample median.
Define
U@ 8= ) & 8 w(xi=8il, 1%5,-6;D),

where ¥(x,y) as defined in (3.5). We now propose a test statistic of the form
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UN(é>:':z<§n,-n,.U,-,.<5,-,§,>, (38)
where 8 =(@;, -, Bx)". The statistic Ux(8) can be considered as a special case of the class
of test statistics defined by (3.1) except only that each 8, is estimated separately by its
sample median for each i=1, ---, k, We note that the statistic Ux(8) is not distribution-
free,

To investigate the asymptotic distribution of Ux(8), we let Uyx(8) be defined as in (3.
8) with éz(él, .-+, k)’ denoting the vector of true parameters 8, -, fx. Then, under
H,, Un() is distribution-free and has the same distribution as the well known Jonckheere
statistic for ordered alternatives of location shifts, For the two-sample scale problem, Suk-
hatme (1958) and Raghavachari(1965) have proved the asymptotic normality of their sta-
tistics with estimated parameters, More generally we may refer to Randles (1982, 1984),
Boos (1986), and De Wet and Randles (1987).

By using the results of Sukhatme(1958) and Randles (1984), we can show that Ux(8)
and Uyn(8) have the same asymptotic null distribution. More detailed discussions can be
found in Jeong (1988). We thus obtain the following theorem.

Theorem 3.2. Suppose that the cdf F(x) is symmetric about zero. Then under H, the
statistic N*2Uy(@) has an asymptotic normal distribution with mean

k
N1 3 zf )/4

and variance

k .3
(1—,5::12; /36,

4. Small Sample Monte Carlo Study
4.1. Design of the Experiment

In this section we compare the empirical powers and significance levels of the tests dis-
cussed in this paper by a Monte Carlo study. Two kinds of test statistics, rank and rank-
like statistics, are proposed. Sas, Sm, and Sk are rank statistics, and Tag, Twm, Tk, Un(8)
and Un(8) (abbreviated simply as U and Uy, respectively) are rank-like statistics.
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We consider various underlying distributions such as the uniform, normal, double expo-
nential, Cauchy and contaminated normal distributions. The cdf of an e-contaminated

normal distribtuion is given by

F(x)=(l—e)®(x)+e®(x/0) .

The computations in this Monte Carlo study are carried out on VAX780. We use the sub-
routine GGUBT in IMSL to generate the uniform random variates, The normal random
variates with and without contamination are also generated. by using the subroutine GG-
NPM. The inverse integral transformation is applied to generate the double exponential
and Cauchy random variates. )

The hypotheses Hy and H; given in (1.3) and (1.4), respectively, are assumed in order
that our proposed tests and the other tests may be compared under the same settings,
The specified constants ¢, can be set to be one. For the Cauchy distribution, the value
F*(0.84)—F"(05)=1.8326 1s used instead of the value of standard deviation. Since the
magnitude of scales is usually denoted in terms of ratios, it seems to be appropriate to take
¢'s so that ¢i= 2 for i==1, ---, k. We also take k=3 and equal sample sizes of n~10. We
choose three ¢ values, d=(, and §=0.2, and §=0.4. The simulated proportions of rejecting
H, at significance level «=0.05 in 1000 replications are summarized in Table 1. The propor-
tions for =0 are estimates of the true significance level, and the proportions for other &
values denote the empirical powers,

To investigate the behaviour of the statistics when the assumption of equal medians is

violated, we define a difference in locations in terms of a parameter d defined by
8
d:j;lz.dF( (x—6)/0,)

where 9, and ¢, denote medians of the first and second populations, respectively. Then d
can be interpreted as a fixed amount of probability placed between ¢, and ¢, as measured
by F((x-8,) /e,). The vales d=0 and d=0.1 are considered. The value d==0 denotes the
case of equal medians,

42. Simulation Results

The tests based on Sap, Sm, and Sk seem to perform well in general with respect to sig-
nificance levels and powers when population medians are equal. The parametric test based
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on Ly has higher empirical powers than any other tests for the uniform and normal dist-
ributions. The test based on Ly is very conservative in controlling Type I error for the
uniform distribution which has sort tails. For the Cauchy and contaminated normal distri- '
butions, the test based on Ly is out of control in its significance levels. For example, the
empirical significance level of Ly for the Cauchy distribution is greater than 0.90 when
@ is assumed to be 0.05.

The rank-like statistics T ag and Ux* perform equally well in their powers and significance
levels. But the statistics Ty has slightly greater empirical significance levels than nominal
level a. The tests based on Ly are worse in their powers than any other statistics, We may
recommend the statistics SAB; Sm, Sk, Tas, and U§ when the populations have a common
median. Even when there are small failures in the assumption of a common median, the
proposed rank statistics perform well in significance levels and powers. But the rank-like
statistics are out of control in their significance levels even with a slight violation of the
assumption of a common median, This contradicts to the previous work for the two-sample
scale problem by Fligner (1979). The test statistic Uy is robust in failures of the assumption
of a common median,

Table 1. Empirical Powers for Tests on Scale

d=0 d=0.1
0=0 6=0.2 d=0.4 0=0 0=0.2 =04

(a) Uniform Distribution

Sas 0063 0.765 0.907 0.060 0.746 0916
Sm 0.056 0.857 0.957 0062 0826 0.951
Sk 0.055 0.901 0.966 0051 0.874 0.960
Tas 0.069 0775 0.920 0.062 0.740 0941
Twm 0.079 0.867 0.966 0.068 0.855 0.968
Un* 0.056 0.758 0.909 0.055 0.720 0.932
Un 0.048 0592 0.809 0.048 0572 0.844
Lin 0.005 1.000 1.000 0.006 1.000 1.000

(AB) 0.057 0.069 0.063 0.047 0.046 0.060
Lo (M) 0.048 0.066 0.077 0.049 0.052 0.056

(K) 0.027 0.055 0.060 0.033 0.029 0.041
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Table 1. (continued)
d=0 d=0.1
0=0 d=0.2 0=04 0=0 0=0.2 =04
(b) Normal Distribution
Sag 0.054 0.535 0816 0.045 0560 0.755
Sm 0.058 0.619 0.884 0.049 0.634 0.803
Sk 0.056 0.655 0.885 0.049 0629 0813
Tas- 0.060 0.582 0.854 0.067 0.679 0.851
Twu 0.067 0.672 0911 0.071 0771 0.922
Un* 0.053 0.552 0.846 0.061 0.660 0.834
Ux 0.047 0477 0.767 0.047 0528 0.740
Lin 0.052 0.999 1.000 0.070 0.998 1.000
(AB) 0.046 0.062 0.049 0.061 0.043 0.027
Lan(M) 0.044 0.067 0.061 0.059 0.044 0.027
(K) 0.024 0.050 0.044 0.031 0.019 0.019
(c) Double Exponential Distribution

Sae 0.045 0412 0639 0.049 0415 0627
Sm 0.052 0466 0.720 0.045 0471 0.667
Sk 0.050 0471 0.720 0.038 0.446 0.660
Tas 0.050 0.467 0.695 0.074 0552 0.761
Twm 0.060 0.551 0.774 0.080 0.615 0.807
Un* 0.043 0447 0678 0.065 0.528 0.742
Un 0.037 0.406 0.658 0.037 0.427 0647
Lin 0.108 0.991 1.000 0.127 0.995 1.000
(AB) 0.057 0.051 0.046 0.048 0025 0022
Lin(M) 0.060 0.056 0.059 0.049 0.031 0.025
(K) 0.037 0.035 0.043 0.029 0.019 0.015
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Table 1. (continued)

d=0 d=0.1

0=0 0=0.2 0=0.4 d=0 0=0.2 §=0.4

(d) Cauchy Distribution

Sas 0.050 0.300 0.458 0.051 0296 0.462
Sm : 0.050 0.296 0.463 0.052 0296 0462
Sk 0.048 0261 0.392 0.048 0.248 0403
Tas 0.056 0.337 0514 0.055 0.335 0.509
Twm 0.059 0.367 0.529 0.055 0356 0.544
Un* 0.046 0321 0498 0.046 0312 0.480
Un 0.054 0311 0461 0.054 0290 0.465
Lin 0.917 0.999 1.000 0917 0999 1.000

(AB) 0.047 0.060 0.059 0.042 0.053 0.054
Lan(M) 0.054 0.053 0.060 0.055 0.055 0.052

(K) 0.031 0.031 0.040 0033 0.039 0.036

(e) Contaminated Normal Distribu-
tion (&e=0.1, 0=5)

Sas 0.044 0508 0.717 0.044 0411 0581
Sm 0050 0544 0.753 0.050 0.416 0.612
Sk 0.050 0489 0.708 0.063 0.376 0.538
Tas 0.050 0552 0.760 0.083 0.638 0.824
Twm 0.061 0.610 0818 0.100 0690 0.869
Un* 0.047 0.537 0.740 0076 0.620 03811
Un 0.038 0.469 0.676 0.038 0.457 0.641
Lin 0.192 0.891 0.997 0.208 0944 1.000

(AB) 0.050 0044 0.054 0.036 0.023 0.025
Lam(M) 0.049 0.050 0.053 0.036 0.024 0.023

(K) 0.026 0.031 0.037 0.033 0.015 0.014
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Table 1. (continued)
d=0 d=0.1
0=0 d=027=04 0=0 0=0.26=0.4
(f) Contaminated Normal Distribu-
tion(e==0.1, 6=10)

Sas 0.060 0.448 0.685 0.059 0.245 0.340

Sm 0.064 0460 0711 0.061 0.232 0.320

Sk 0.068 0.384 0.610 0063 0.199 0.278

Tas 0.063 0.482 0.734 0218 0.775 0.889

Twm 0.075 0.533 0.769 0246 0811 0.897

Un* 0.057 0468 0.719 0.208 0.764 0.875

Un 0.059 0.403 0.635 0.059 0413 0616

Lin 0.188 0.658 0.874 0.206 0.723 0978

(AB) 0.053 0.049 0.046 0.027 0.009 0.005

Lan(M) 0.055 0.051 0.045 0.032 0.008 0.007

(K) 0.034 0.033 0.031 0.022 0.004 0.008

References

Barlow, R. E,, Bartholomew, D. J., Bremner, J. M. and Brunk, H. D, (1972). Statistical
Inferénce Under Order Restrictions, The Theory and Application of Isotonic Regression,

John Wiley and Sons, New York,

Bartholomew, D, J. (1959a). A test of homogeneity for ordered alternatives. Biometrika,

46, 36-48.

Bartholomew, D. J. (1959b). A test of homogeneity for ordered alternatives, II. Bio-

metrika, 46, 328-335.

Bartholomew, D, J. (1961). Ordered tests in the analysis of variance. Biometrika, 48,

325-332.

Boos, D. D. (1986). Comparing K populations with linear rank statistics. Journal of the
American Statistical Association 81, 1018-1025.
Chacko, V. J. (1963). Testing Homogeneity against ordered alternatives. The Annals

of Mathematical Statistics 34, 945

-956.



80

(10)

(11)

(17)

(18)

(19)

(20)

(21)

Kwang Mo Jeong and Moon Sup Song

Chernoff, H. and Savage, 1. R. (1958). Asymptotic normality and efficiency of certain
nonparametric test statistics. The Annals of Mathematical Statistics 29, 972-994.

De Wet, T. and Randles, R. H. (1987). On the effect of substituting parameter esti-
mators in limiting X2 {7 and |~ statistics. The Annals of Statistics 15, 398-412,
Fairly, D. and Fligner, M. A. (1987). Linear rank statistics for the ordered alternatives
problem, Communications in Statistics-Theory and Methods 16(1), 1-16.

Fligner, M. A. (1979). A class of two-sample distribution-free tests for scale. Journal
of the American Statistical Association 74, 889-893.

Fligner, M. A,, Hogg, R. V. and Killeen, T. J. (1976). Some distribution-free rank-
like statistics having the Mann-Whitney-Wilcoxon null distribution. Communications
in Statistics-Theory and Methods 5(4), 373-376.

Fligner, M. A, and Killeen, T. J. (1976). Distribution-free two-sample tests for scale.
Journal of the American Statistical Association 71, 210-213.

Govindarajulu, Z. and Gupta, G. D, (1978). Tests for homogeneity of scale against
ordered alternatives. Transactions of the 8th Prague Conference on Information Theory,
Statistical Decision Functions, Random Processes (Ed. J. Kozesnik, et al.), Academia
Publishing House, Prague, Vol. A, 235-245.

Govindarajulu, Z, and Haller, H. S. (1977). c-sample tests of homogeneity against
ordered alternatives. Proceedings of the Symiposium to honor Jerzy Neyman, (Ed. R,
Bartoszynski, et al.) Polish Scientific Publishers Warszawa, 91-102.

Hollander, M. and Wolfe, D. A. (1973). Nonparametric Statistical Methods, John Wiley
and Sons, New York.

Jeong, K. M. (1988). A study on distribution-free k-sample tests for ordered alter-
natives of scale parameters. Unpublished Ph, D. Thesis. Seoul National University,
Seoul.

Jonckheere, A, R. (1954). A distribution-free k-sample test against ordered alter-
natives. Biometrika, 41, 133-145.

Klotz, J. (1962). Nonparametric tests for scale. The Annals of Methematical Statistics
33, 498-512,

Puri, M. L. (1965a). Some distribution-free k-sample rank tests of homogeneity
against ordered alternatives. Communications on Pure and Applied Mathematics Vol.
XVIII, 51-63.

Puri, M. L. (1965b). On some tests of homogeneity of variances. Annals of the In-
stitute of Statistical Mathematics 17, 323-330.

Raghavachari, M. (1965). The two-sample scale problem when locations are un-
known, The Annals of Mathematical Statistics 36, 1236-1242.



Tests for Ordered Alternatives of Scales 81

Randles, R. H. (1982). On the asymptotic normality of statistic with estimated pa-
rameters, The Annals of Statistics 10, 462-474.

Randles, R. H. (1984). On tests applied to residuals. Journal of the American Statisti-
cal Association 79, 349-354.

Rao, K. S. M. (1982). Nonparametric tests for homogeneity of scale against ordered
alternatives. Annals of the Instituie of Statistical Mathematics 34, Part A, 327-334.
Sukhatme, B. V. (1958). Testing the hypothesis that twe populations differ only
in location. The Annals of Mathematical Statistics 29, 60-78.



