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ITERATIONS OF THE UNIT SINGULAR
INNER FUNCTION

Honeg On K
1. Introduction

Let M(z)=exp (———14_2) be the unit singular inner function. See [1]

or [2] for the basic facts about inner functions. We define the
iterations of M(z) as
M, 1 (2)=M,oM(2), M (2)=M(z), n==1,2,....

Since the composition M,(2) =MoM(2) is known (see [5] for example)
to be a singular inner function it has the “cannonical” representation
M,y(2) =¢'r exp<~ Tgiid;:(é)), v real,
where £ is a finite, positive singular Borel measure on the unit circle
T. In section 2, we have explicit cannonical representation of M,(z)
by determining the singular measure g In section 3 we show that

lim M, (2) =0. 213652452---, |z|< 1.

These facts might have been known but could not be found in the
literature.

2. MoM(z)

We need the following fact.
Prorosition A[3]. If ¢ is a singular inner function and ¢ is its
associated singular measure, then the mass of ¢ at £EET is given by

o ({8))=—1lim 15" log|$ () |

Since M,(2) :exp(—%{-%-g—g—>, the associated singular measure g

would carry point masses at the zeros of M(z) —1=0, which are
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e=E,= 27l7tz:—~1

2nwi+1

To compute the magnitude of the mass of g at each &, we need some
computational lemmas.

, n integers,

‘ _ o 2(1—r?) (4n’z2+41)
Lemva 1. 1—|M©GE) | A4 1) 2T dnPr (=) as r—1,

where A(r)~B(r) as r—1 means A(r)/B(r)—1 as r—1.

€ —_ 2
Proof. 1—|M(r¢,) |2:1‘eXp<_—|21—<£‘rEr%>
2(1—r%) 20 —r2)
w (Il—rc lg> e
2(1“‘7‘2) as r—)l_

T,
Since we easily compute
2 (1+r)2+4n27r2(1—r) 2
1=l I 11

the lemma follows.

(1—r)2(dn2z2+1)2
(1+r)24+4n2m2(1—7r)2

as r—1,

Lemma 2. |1—M(@rE,) |2 ~

Proof. 1—M(@&,) =1 _exp(_ (1 —r|21) ir:g(&l,; —£,) >

_ _ (A —r®) (4n’z®+1) +8rami
“l"eXp( AFr 2 F 4?2 (1—1)2
. (1—7?) (4n’z%24+1) —2n7i (1 —r)2 (40’ 7241)
—1~exp( (1+r)2+4n2n2(1—7)2 )
W, A=) Un?r2+ 1D [ A+7r) —2nz(1 —r)z]
(A+r)2+4n?m2(1—1r)2

+2nm'>

Therefore, we have
_ 2 (A=r)*(dn’z+1)?
|1 M(T’STI) | (1+r)2+4n271:2(1—r)2'

We now prove our main

THEOREM 3. MoM(z) ZCXP< Zolo?_z 4n27z:22+1> M
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o0

That is, ,u:;';mﬂ%—_‘rl—ﬁ,,, where 0, is the unit mass at the point &,.

Incidently, we have
1+ M(2) R 2
1-M(z) %&,—=z2 4nPr?+1°

Proof. We apply Proposition A and use Lemmas 1 and 2 to compute
the mass of ¢ at &, as
i 1= 1—1M(@E,) |2
& — n
ﬂ‘( {%n} ) 1}?} 2 | l-M(rE,,) '2
—lim 1= _2(—r®) @rta?+1) | (1+7)°+4n’n?(1—r)?
et 20 (A+r)2+H4nPe?(1—r)? (1—r)2(4n?n2+1)2
_ 2
T 4nPr2417
If we note that

-1
() = ~log| MoM(0) | =12

e"l

5 2

“‘"_w 4”2752+1 3 (See [4: p' 50])
_¥ 2
we see that #—§o yrm—

of (1) at =0, we have the identity (1). This completes the proof.

6,. Comparing the values of the both sides

3. lim A,

For the real values = (—1<z<1), M(z) :exp(— 1+e

. 11—z
sing from 1 to ( as z varies from —1 to 1. Therefore M(z) has a
unique fixed point 4 on the interval (—1,1) i.e, MA) =1 We
compute A=0. 213652452--- by the Newton’s method. We now prove

) is decrea-

TrEOREM 4. lim M, (2) =21, |z|<1.

Proof. We set a;=M;(0), j=1,2,---. Since 0<M(0) and M is
strictly decreasing on the interval (—1,1), we easily see that
arp oty oo L omr <l <o lag<lay, j=1,2,3, -
The sequences {a;} and {az;,,} converge. Let
lim apj=¢ and lim arp;,;=4.
e i
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We note that for j=1,2,3, --- we have
Mzn(a’zj') =02+ 88 nr o0
and
M2n+1(a'2j) =@+ p+17>0 as n—roc,
By the Vitali’s convergence theorem [6, p. 168], lim M,,(z) converges

uniformly on the compact subsets of the unit disc |z]<1. Therefore
L(z) =lim My, (=) defines a holomorphic function on |z|<1. Since

L(as;) =lim M,, (@) =lim ey, n=E
n-—+00 n-—+00

for all j=1,2, -, we have L(z)=c¢ for all |z]<1. But L(A)=2; so
L(z)=2=:.
Similarily, we have
N(z) E}illl Mo, (=) =2, |21<l.

Therefore we have
lim M,(2) =4, |z|<1.

This completes the proof.

CorOLLARY. 2 is the only fizxed point of M in the unit disc |=|<1.
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