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MINMAX THEOREMS AND LOCAL
OPTIMIZATION PROBLEMS

Jong Yeoul Park

In this paper, we prove the generalized minmax theorem
and by using of topological degree we prove the local 
dotimization problem.

Lemma 1. I>et A be a compact subset of a topological 
vector space E, Y be a convex subset of a topological 
vectors space E and let 7^ be a real valued function on 
Xx y satisfying：

(1) For each y the function of x is upper
semicontinuous^

(2) for each n U X, the function y) of y is convex；

(3) for any constant c, sup inf y) < c.x^X y^-Y
Then there exists a continuous mapping p qI X into Y 
such that 愆))< c for all e W X.

Proof. By (3), for every x X there exists ycG Y 
such 난丄at < c. Setting

&七={" W X : yc) < c}

for each yc U Y9 thus we have X = \J Ay . Since X is 
為甘 c

compact, there exists a finite family {丿侦形,…;Vn} such that
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X = Ay , Let {3i 62 …/3„} be a partion of unity corre- i=l 1 2 9 9 9

(1) For each y Y the function F(x, y) of x is concave；

(2) for each x X, the function F(«r, y) of y is lower

sponding to this convering, L e., each R is a continuous 
mapping of X into EO, 1] which vanishes outside of Ay，9 

while S jS/ == 1 for all z U X・ For each i such that 

任(z) — 0, x lies in Ayi9 so that F{x,yi) < c. Hence, we 
have

S 任<c £=1

f。호 all e e X. Define a continuous mapping 0 of X into 
Y by setting

0(#) = L

By convexity, we see that

F(“, Z3) = F(z, 2 R(如：)

W L角(⑦冲愆"，；)<c l-l

for all 工缶 X、Thus, there exists a continuous mapping p 
of X into Y such 바lat E(z"(”)) < c for all " 任 X.

Lemma 2. Let Y be a compact subset of a topological 
vector space E, X be a convex subset of a topological 
vector space E and let F be a real valued function on 
X % Y satisfying：
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semicontinuous；

(3) for a효y co교stant c9 inf suf 〉c,y^Y

Then, there exists a continuous mapping q oi Y into X 
such that I고(q(:y)u) > c for all y & Y.

Proof. Since Y is compact, there exists a finite family 

{A产&…，為} such that Y = Q Cx., Let {乙乃,be a 

partition of unity correspondin흉 to this covering, i・ e. 9 
each rt is a continuous mapping of X into [0, 고] which

n
vanishes outside of Cx. while 2 7住=1 for all y Y. " x=i
For each [ such that rt(y) = 0, y lies in CXi. S。규云 

〉c. Hence, we have

S r£(y)F(a:i9y)〉c i~l

for all y W Y.

Define a continuous mapping g of Y into X by setting

n
心)=S £ = 1

By concavity, we see that

•F(q3),3，)= F( £]水:y)z微)

m 2 rt{y}F{x y~)〉c t=l

for all :y W y. Thus, there exists a continuous mapping q 
of Y into X such that F(g(:y),：y) > c for all y Y.
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Theorem 1. Let X and Y be compact convex subsets 
each in a topological vector space and let F : JVX Y 2? be 
a function satisfying :

(1) For each 丁 W 匕 is upper semicontinuous
and concave on X ；

(2) for each z U X, F(x9y') is lower semicontinuous 
and convex on Y.

Then, we have

sup inf F(e,y) = inf sup 预)・xWX y^Y y^Y x^X

Proof. Suppose that there exists a constant c such that

sup inf y) < c < inf sup F{x^y). 
蚱T KX y^Y YX

Then by Lemma 1, there exists a continuous mapping p of 
X in to Y such that 1고(z"(z)) < c for all z W X and by 
Lemina 2, there exists a continuous mapping g of Y into 
X such that F(q(y)9y') > c for all y Y.

Let Z—Xx Y and define h : ZxZ —> R by

五((zu) g(z)))
= (7고(0(3，),3，)一c) Cl (c一・F(S?(e))

for all y) U Xx Y. Then we see 난lat

饥(nq),(zq))=(f(h")—c)n(c—r(z,3，)) 
={0}.

Thus we have

F(，3)= c
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for all (c,：y)UXxY・ This is a contradictabove. Conse 
quently we have

s녀p inf F(e,：y)=inf sup F(x,y). EX y^Y 婚X

Lemma 3. Let X be a compact subset of a topological 
vector space Y be a convex subset of a topological 
vector space E and let F be a real valued function on 
X X Y satisfying：

(1) For each y Y, the function of x is upper
semicontinuous ；

(2) for each a; W X, the functia꼬一F(没二 ;y) o-f v i 용 quasi- 
convex ；

(3) for any constants, sup inf < c.

Then, there exists a continuous mapping pX into Y 
such that F(e孫(X)、) < c for alM W X.

Proof. The proof is similar of Lemma 1. But the property 
of (2) we see 나rat

■心))=F(z,

W max {E(z,y)} < c

for all 沒？ U X・ Thus, there exists a continuous mapping p 
of X into Y such that < c for all z U X.

The proves of Lemma 4 and Theorem 2 are same method 
of Lemma 2 and Theorem 1 respectively.

Lemma 4. Let Y be a compact subset of a topological 
vector space E9 X be a convex subset of a topological 
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vector space E and let F be a real valued function on 
X X y satisfying：

(1) For each y Y9 the function F(x,j/)of x is quasi* 
concave；

(2) for each z U X, the function F(x,y) of y lower 
semicontinuous ；

(3) for any constant c, inf sup F(x9y) < c.yer

Then, there exists a continuous mapping g of Y into X 
such that F(a(:y),：y)〉c for all :y W Y.

Theorem 2. Let X and Y be compact convex subset each 
in a topological vector space and let F： Xx Y R be a 
function satisfying :

(1) For each y Y, F(x9 y) is upper semicontinuous and 
quasiconcave on X；

(2) for each x X9 y) is lower semicontinuous and 
quasiconvex on Y.

Then, we have

sup inf F(x^y') = inf sup F(x, y). x^X y^Y y^.Y x^X

Definition 1. Let D denote an open bounded set of Rn9 
aD its boundary, f a mappin from D into Kn, and 
a W Rjf If f is a -mapping and C°(D)- 
mapping,

deg(f9D9a) = £ sign

if

广i(a) fl Z =由 with Z=(xx = 0),
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Here, Jf(jc、) is the Jacobian of f at the point x.

Definition 2. Let {fx} denote a family of convex func

tions on Rn9 depending on the parameter ⑦ U Q, where Q 
is an open bounded subset of Rn. If there exists a con
tinuous mapping

?： dil^Rn - {0}

and e 丑 0, such that

尤33))〈尤(0)—勺

then we define

deg(尤)=deg (A £2,0),

where p is a continuous extension of p to Q.

Theorem 3. Let {f^ be a family of clo앙ed convex func
tions, depending continuously on the parameter z U Q, 
where Q is an open bounded subset of Rn・ If 0 9/L(0)
for all x e and deg(X) #= 0, then there exists a 
& 伝 Q, such that

J，(0) = inf 尤o( w). 
>eRn

Proof. Assume that

deg(尤)WO and fx (0) > inf f (3，)， y

for all z 任 Q Since 0 W 9/L(0) for every x W we have

X(0) > inf fx(y) for all a: U Q・ We denote the lower 
y

semicontinuous function g(”) = JL(O) 一 inf fx( y) > 0. 
y

Since

Q is compact, there exists a “()U Q such that g(&) = 
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inf g(«r) > 0. We take £(0<"〈gC知)).Then we have

尤(0)〉inf f(3，)+e 
y

for all z W Q, which implies that

sup inf (Zt(^)-A(O)) V — &
xgq y

By Lemina 1, there exists a continuous mapping ? ： Q 一尸 

Rn— {0} such that

尤3(z)) < A(o)一 m

By [2]

deg(尤)=deg (A £1,0) =0

becaused 0W?(Q). This is a contraction Thus theorem 
is complete.

Definition 3. Let (E, F、) be a dual system, and f: R
is a quasiconvex mapping. For any U 玖 the quasisu
bgradient of f at Xq is the set a*■尸(爲)U F9 defined by

G if M 0 바】en jlH) 左

Theorem 4. Let (fx} be a family of closed quasiconvex 
functions, depending continuously on the parameter a: W Q, 
where Q is an open bounded subset of Rn. If 0 9^(0)
for all x 312 and deg (f^) 0, then there exists a
Xq W Q such that

尤o(O) = inf f 夕).
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Proof. By using of Lemma 3, [the method is same as 
Theorem 3.
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