PusaN KyONGNAM MATHEMATICAL JOURNAL 182
Vol. 4, 183~-191, 1988

A METHOD OF PROO¥ FOR THE RANGE
OF CONFIDENCE INTERVALS

KwaN Joone KaANnG

1. Introduction

Consider the one-factor nested Components-of-Variance
model with equal numbers in the subclass

(L. y,=ptA+B,

where i=1,2,--,1, j=1,2,---,.J and gis a constant common
to all observations. A, B,, are normally and independently
distributed random variables with mean zero and finite
variables o4% and o;? respectively.

There is no known method for determining exact con-
fidence limit for ¢,% Several approximations are available.
Satterthwaite (1948) approximates the distribution of the
estimate of a linear combination of variances by Chi-
square distribution times a constant. Welch(1956) offers
a series approximation for setting approximation is given
by Moriguti(1954) are repeated by Bulmer(1957). They
derive a confidence interval on ¢,2 by assuming the con-
fidence limit is a certain form and solving for it by forcing
the confidence coefficient to be exact wunder certian
limiting conditions.
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Tukey(1951) and Williams(1962) constructed an appro-
-ximate confidence interval for 0,2 with a guaranteed lower
confidence coefficient of 1—a by a geometrical projection.
Howe(1974) derives confidence limits on 0,2 through a
modified Cronish-Fisher expansion.

Then, in this case we don’t know whether the range is
quite fit for 1—« or not. If it is not fit, we don’t know
how close to 1—« the range is, either. Therefore, we
need to find out the closer confidence interval to 1—«.

So in this paper the writer intend to show the new
method of proof by the calculus of integration and the
change of the random variables.

2. The range of confidence interval on o,°

Let

I(J-1) )
1t is well known that

E(S)=0,=02+Jo 2,
E(S#) =0,=07,

721812 ~X. 2 and ?12822 ~%. 2
n
&, 1 4, 2

where
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n,=1-1, and n,=I(J—1).

The Tukey-Williams(TW) upper confidence intervale on

O'Az is
S12—S2 Fe . . Si2—S2F g pin
(2. 1) MI_FL_Z:,L’_Z-égl_gzg ! Fz 1-Finiyng
%’"’b“’ 1-%'“1’m
THEOREM 1. The probability of TW upper confidence

interval on o,? is

Si2—8,% Fg
@2 P lEmn g g )51 2

Somiye
(SPE=S2Fg n1ny) [Fg ny,00 < 01— 0,
Si2 S Fyonm < ( ——g—:—)Fg..nl,m

6, 6,

7352 Sy?
_“Lg;l_‘ gnIF%,nl,oo—,—nlp(TzzF%;nl,nz_F%,nl,w)'

2 .
n;S. . for z=1’2 and an%mbw=d1.

b2 =52

Let L= 61 3 i 6[

U
U, < a1+”1p( n; F%,nunz_F%?nhw)’

@8 P(§)=P|U<atme(-Z2Fyn = Fye) |
And let
an(%ng;nl,nz“F%ml,m) =Y

P(-g) = PU, < a,+Y,].

U, and U, is independent Chi-square distributed with



186 Kwan Joonc Kanc

degree of freedom #; for i=1,2,

@ P(H)=[ {[*fi@da)ficsnd.,

Let F is cumulative distribution function (c.d.f.) of fi.

j:l & (x)dx= :lfl(x)dx-i-rl ylfl(x)d:c
- 01

=[" fu@ydz+IF (@) 1L

1

—~ ':‘ Fi@)dz+{F(a+3) — Fi(a)}

P(A)=[" ["r@fiondedy+ | (Futa+a)
—Fi(a) 1 f2(y)dy:.

i) If YI =O,
LAY
P(7)—P{U1£01+Yl]

:If“ [:lfl(x)fz( ydxdy,

=P (U, < a]
1«
=1 R

ii) If Y, #0,
P(%):P{Ul <a+ Y]

[ [* A sisdzds,

+ Jm Fy(a,+y,)—Fi(a,)
—eo ¥

 Fo(y)dy.

There exists a constant £, such that
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P(%)zP{U, < a+ Y]

=j:j:1 fi@) fo(y)dzdy,

w Blatb)=R@) 7y pigyay,

Using the mean value theorem, there exists constants 7,
for 0< |} < |€:1} such that

P(.‘zi‘)=PEU1 Lay+ Y]

=]:’ J:l fi(z) S y)dxdy,
+hilat | sh(dy,
=PlU, < a1+ file, +2) EY,

Since
Hle+mEY, >0,
P(§) = PIU <al+fiarn)EY, 2 PIU, < a)
_i__ A
=1 5

THEOREM 2. The probability of TW lower confidence
interval on 0,2 is

312—322 Ft-g-;nl,nz o
P’[gl—az g Fl""%’“l;oo ]gl_?.
Proor.
S2—S K _s.
_ ay _ 1 2 »l——z.n‘liyqlz_
P(1--2)=P[6,-0,< Py
Slz_Sz2 Fl-%;

=1-P| L G-,

FI—%,nl,m
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(54
=1—P,(1u7)
=1-P,Ui <mF\ g np,e0
+nlp(Fl-%.nl,ﬂz_Fl—%.nl,oo)3
=1-P,[U, < anl-%nl,m
—nlp(Fl—%:n,m_Fl-%.nl,nz)]
=1-P,[U, < a,—¥,],

where
ady = ani-%,nl,wz 0
YZ = nlp(Fl-%.nl,m_Fl-%.nl,nz) 2 0.
P(1- &) =1~ PO < ayit+ Pla— T, < Ui <u.
=Pla, < U3+ Pla,— Y, < U < a,].
i)y If ¥,=0,
LA
P(1-§)=Pla< U]
X
=] 7

i1) If Y,#0,

p (1—§)=P,faz < U J+PLa,— Y, < U <ay]
:Pr[a2 < Ul]
© (rh
+j_m{Jbi_yzﬁ(x)dx} fz(.‘)’z)dyz
=P,[a, < Ul:[
] {F@)~Fa—32)} £ 3)d,

And there exist constants £, and 7, such that
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P(1~3)=Pla, < U]

+ F(az)“g(az‘&) ]ﬂj v S y2)dy,

=P,la, < U]+ f1(a,—ENEY,,

Since
fi(@a—ENEY, >0,
P (1“-%)=Pr[az < UN+fi(e,~ENEY,
——»l—-g-z-i-ﬂ(dz—fz)EYz

o
2 l_—z—.

TreoreM 3. The probability of TW confidence intervals
on o042 is

512“822F¢ ni.n Slz—“ngFI_ﬂ
P’ 2 a2 g 0 _0 g F.nyan2
[ F%'"l’m ! : Fl'"‘lim
>l-a.
ProOF.
2. Q2 _ "
Pla) .—_P,[Sl S F%-"u"zg 8,—0, gslz 822F1~§m1m2
%’”l:'” Fl-—%,nl,m -
Slz“Szzpm
:P, ?’"1,”2 ga "‘6
R et N
’ Slz_SzzFl%—.nl,nz 3
Prl Fl-%,nl,oo < 01"02_]
:Pr[Ul <a-+ YI]_Pr[U1<a2_ Y,],
where
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YZ =np (Fl-%:nl,wh% Fl-%:ul,nz)'

Pla) = PIU, < a)]+Pla, < Uy < a;+Y,]
—PU, < a]+Pla,~ Y, < U, < a,]
= P,la, < U, <a]
+Play<U, < ay+ Y]+ Pla,- Y, < U, < a,].

Then

i) Pr[az <U,<a]
= Pr‘[nlpl—%.nl,w g Ui g an%.nl,m]
=1l—a,

ii) Pla, < U, <ay+ Y ]+ P,la,~ Y, < U; < a,]
= file,+7)EY, + fi(a,—n,) EY,,

Therefore

P(l*-zg): Pla, < U, <al

+/1 (a1 +7)EY +flay—m1)EY,,
= Pla, < U< a;]
=1l-a.

Though we succeded in-devising the new method of proof,
we don't know exactly the possibility of its application.

References

1. Bulmer M.G., Approximate confidence limits for components
of variance, Biometrika 44(1957), 159-167.

2. Cronish E.A. and Fisher R.A., Moments and cumulants in
the specification of distributions, Revue de I'Institute Interna-
tional de Statistique 4(1937), 1-14.



A METHOD OF PROOF FOR THE RANGE 191

Howe W.G., Approximate confidence limits on the mean of
X4+Y where 'X and Y are two tabled independent random
variables, Journal of the American Statistical Association
1974).

Moriquti S., Confidence limits for a variance components,
Reports of Statistical Application Reseatch Union of Japanese
Scientists and Engineers 3(1954), 7-19.

Satterthwaite Franklin E., An approximate distribution of
estimates of variance components, Biometrics Bulletin 2 (19
46), 110-114.

Tukey J.W., Components in regression, Biometrics 7(1951),
33-69.

Welch B.L., On linear combinations of serveral variances,
Journal of the American Statistical Association 54(1550)
674-682.

Williams ]J.S., A confidence interval for variance components,
Biometrika 49(1962), 278-281.

Dong-A University
Pusan 604-714
Korea

Received May 9, 1988



