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A METHOD OF PROOF FOR THE RANGE 
OF CONFIDENCE INTERVALS

Kwan Joong Kang

1. Introduction

Consider idie one-factor nested Components-of-Variance 
model with equal numbers in the subclass

(1.1) }“ =弘 +厶z +

where i — 1,2, I9 J — 1,2, J and // is a constant common 
to all observations. AZtBl3 are normally and independently 
distributed random variables with mean zero and finite 
variables crA2 and <rfi2 respectively.

There is no known method for determining exact con* 
fidence limit for o/ Several approximations are available- 
Satterthwaite (1948) app호oximates the distribution of the 
estimate of a linear combination of variances by Chi- 
square distribution times a constant. Welch(1956) offers 
a series approximation for setting approximation is given 
by Moriguti (고954) are repeated by Bulmer (1957). They 
derive a confidence interval on <rA2 by assuming the con
fidence limit is a certain form and solving for it by forcing 
the confidence coefficient to be exact under certian 
limiting conditions.
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Tukey(1951) and Williams(1962) constructed an appro
ximate confidence interval for。■쇼2 with a guaranteed lower 
confidence coefficient of 1一 a by a geometrical projection. 
Howe(1974) derives confidence limits on crA2 through a 
modified Cronish-Fisher expansion.

Then, in this case we don't know whether the range is 
quite fit for 1—nt or not. If it is not fit, we don't know 
how close to l — a the range is, either. Therefore, we 
need to find out the closer confidence interval to l—c匕

So in this paper the writer intend to show the new 
method of proof by the calculus of integration and the 
change of the random variables.

2. The range of confidence interval on <rA2

Let

次空厂，项••=财-，

S S (海一项..)2 S S (w•-项“)2

SU크小——, 号=宀 心 g一一.

It is well known that

丘(S『)=S = o舞+crA2,
E(S22') =02 — o~b2,
끄奈己〜X 2 and 鶯己2

L 02 2 

where 
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nyl—L and 7z2=Z（j —1）.

The Tukey-Williams （TW） upper confidence intervale on 
我is

（9 n S^-S^ F^,n^„2 一 $2咧_昜，52
1） --------- ---------------------- ------------------------------- p--------------------

울“11,8 1 —^,nj}OO

Theorem 1. The probability of TW upper confidence 
interval on trA2 is

（2.2） 이 으"笋金竺竺 M 饥 - 씨〉1- 으.
L ■尸号,”1,8 」 厶

«19°°

「。뷰」M Wg,8 + "（一赤''융&汗厂驾，5）・ 

Let P=-务，5 = 으普一 for z = l,2 and niF«,nijOO=a1.

U1 M % + 也。（씅项을,，叩,”2一E穿“I,。。）,

（2.3） F （을）= 아:功 M （-쓰顼'号,T「응,”l,8）J.

And let

旳°（一씅 F号;“1,*2 — 驾;”1，8）= 匕,

F（응） = R[U】M%+印.

Z7i and U2 is independent Chi-square distributed with
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degree of freedom 冬 for i = l92, 

（2.4） 尸（웃）=匚｛卩曾心）&｝•广2（队）如.

Let F is cumulative distribution function （c. d. f. ） of fi.

J 0 J 0 J

= £1/i （z）险 + ［ Fi （z）］：阡

=｝；方（z）日“ + ｛码（缶+•勿）一码（勾）｝。

F（웅） = ［_ ［；方（工宓（：虹心＜知+］ °。而（"成）

一码（01） ｝f2｛yi）dyi-

i） If 匕=o,

P（유）

= Pr{Ul<,a12 

=7.
2

ii） If Yi 긔二 0,

P（一勁=0研《1+匕］

=［「'£（0）无（必）&泣3，1
J — 8 J 0

+ 1 直M으-土庭-一码 （어） 3M（必用“

There exists a constant & such that
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P(웃) = RWai+W

=[卩£(0£(3•心改 
J -co J 0

+旦心理二pm으n_「yif2^dyi.

Using the mean value theorem, there exists constants % 
for 0<bi) < |&] such that

f (우)=?"1§虹+匕]

=f f2(yi)dxdy1
J — co J 0

广8
+£(句+%) yf2(yi')dy1

J —©o

= PtU1<a1l^f1(a1+v1)EY1.

Since

fda + ^EY^Q,
Fg) = P{U, < aJ+f^a+^EY, >P{U^ «!]

Theorem 2. The probability of TW lower confidence 
interval on crA2 is

아，「项2 으EL室业N
'고 [f 웅'”1,8 夕_을・

Proof.

p(E)=이。2左 으驾尚믜

=i-pj 我*쯔和y으 ＜饥_씨
L 虫1-会叩8 5



188 Kwan Joon gKang

=fe)

= l-PrLUl < 如码一扣”

+ 〃 1P (F] f 号 E ] , " — F}，一号，花],co) J

= l—PyLU1 <毎七_号叩8
—Wxp(F i-|；n?oo —F l-|,n1?n2^

=i~pr[.Ui < a2— y%〕，

where

S = 就而-웅,心。〉0
E =九"(Fl*叮,8-Fi*zg) > 0.

巴 (1 —으) = ].—리。1 < 知] + 리疚2- 丫2 <〔人 < a2 ■

= 巳[鬼 M 研]+ 7사6— 丫2〈矶< 包] .

i) If Y2 = 0,

p(l—응)=巳8左功]

ii) If y2^0,

•P (1-웃) = 巳孫2 M [시+ R[a，2- 丫2 <〔 UjVaH

= Pr[a2^U1J
+ [ {[? fiMdx\f2(y^)dy2 

J —co IJ oi ~Jo /

—PZC^2

+ [世 Ca2)— F (02 - *)} £( y2)dy2.
J — oo

And there exist constants & and % such that
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+ £（色）一£（0—&） P y2f2（y2）dy2 
C2 J -oo

= 1시6 MU」+£（《2 — &）一矿丫2.

Since

fAa2-^EY2>09

F（l-우） = 巳孫左 S+•服Z2-&） 时2

=1 一考+方（。2 - &仕*2
Li

一우
厶

Theorem 3. The probability of TW confidence intervals 
on cr42 is

Pr[ -으冒"응，*，g v 览一為 M £2_*2卩「율,“],“으 I

l 工1율,？i],8 r i"ii,8 」

〉1_O! •

Proof.

F（a）=F』오書W% 饥一優으奈共%쓰픠
L 力 웃"11,8 」

一 P「S「一 S2앗구울,叮，稻 ¥ n 1
一匕 --- p--------- -------------京\、사）2

L 丄 웃■，笫］,8 -

_p「£2_，2앗危_，5 ］
■匕 rf--------------------------  <。顼나）2

_ 1-울、勺产 」

=巳［1人Mdl+匕］一 F,［【"<Z2—巴丄

where

爲 = nr ［구
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Z 꺼,8 一씅呂十“g)・

F(a) = P,Ct71<a1] + PrCa1< U^a.+ Y^ 

-FAS ^ 处]+ 巳[代一区2 < Ui < a2]
=P，‘[a? M Ui M。心

+Pr[a1<U1 M cz】+ 匕]+巳S2— Y2<Ut< a2J .

Then

i) 巳SM UiM%]
= PyL^iF ]_ 우 ,nj ,oo
=l—a9

ii) 巳 W V〔 W 魚 + Ya + Prla2- Y2 < Ur < a2J
—/iC^i+^i)-^71+71(^2~^2) EY2.

Therefore

F (1J우)= PrLa2 M U、M

+fi (% + QEYi +f(a2-由)E E.
> PrLa2 VUiV 
=1—a.

Though we succeded in-devising the new method of proof, 
we don't know exactly the possibility of its application.

References

1. Bulmer M.G., Approximate confidence limits for components 
of variance, Biometrika 44(1957), 159-167.

2. Cronish E. A. and Fisher R. A., Moments and cumulants in 
the specification of distributions, Revue de F Institute Interna
tional de Statistique 4(1937), 1-14.



A METHOD OF PROOF FOR THE RANGE 191

3. Howe W. G., Approximate confidence limits on the mean of 
X+y where *X and Y are two tabled independent random 
variables, Journal of the American Statistical Association 
(1974).

4. Moriquti S., Confidence limits for a variance components, 
Reports of Statistical Application Research Union of Japane고。 

Scientists and Engineers 3(1954), 7-19.
5. Satterthwaite Franklin E., An approximate distribution of 

estimates of variance components, Biometrics Bulletin 2 (19 
46), 110-114.

6. Tukey J. W., Components in regression, Biometrics 7(1951), 
33-69.

7. Welch B. L., On linear combinations of serveral variances. 
Journal of the American Statistical Association 54<I956) 
674-682

8. Williams J. S.3 A confidence interval for variance components, 
Biometrika 49(1962), 278-281.

Dong-A University
Pusan 604-714
Korea

Received May 9, 1988


