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MOMENTS OF MODIFIED FACTORIAL SERIES 
DISTRIBUTION

Kwan Joong Kang

1. Introduction.

A method using finite difference operates has been 
recently introduced in order to express the moments of 
discrete probability distributions.

Berg (1974, 1976) has introduced a new class of discrete 
distributions, which he calls Factorial Series Distributions 
(FSD) and Gupta(1974) has introduced and studied a class 
of distributions called Modified Power Series Distributions 
(MPSD).

Janardan(1984) has published some of the ordinary 
and factorial moments of FSD and MPSD. For the sake of 
completeness, we shall define these classes here.

A discrete random variable(r. v) X is said to have a 
MPSD if its probability function (p. f. ) is

角(으) fOr xe T,

where T is a countable set of integers and the series
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function

jW) = Z Q(z){g(0)}七 a(“)=_丄厂』jf(。)〉0 for are Tc\

jf(6) and g(0) are positive, finite, and differentiable.
A r. v. X is said to have a FSD if its p. f. is given by

F(却)此:票),x^T,

where 6^ =一 1)…(。一z + 1) * and 了(。、) = 2 火“(z), 
x^T

a(z) > 0 being free of 6 for z = 0,1,….
In this paper, we introduce another class of discrete 

distrrbutions and provide a method of lindrrrgi^tlre' TUCTients 
using finite difference operators.

2. New class of discrete distributions

Following Gupta's approach, we introduce 2 new classes 
called Modified Factorial Series Distributions (MFSD) and 
discuss the moments. We define

(2.1)」F(“； 6) = 巳(X=z) =-您의崇3) , “ Z,

where the series function f(Jd) = 2： {g(。)}(腿(")，a{x)= x^T
f(§、) and g(。)are nonzero and

{g(O)}3> = g(0){g(5) -…{g(。)一e + l}.

The p. f. (2・ 1) can be called a Descending Modified 
Factorial Series Distribution (Descending MFSD).
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Similary, we define

（2. 2） P愆：；。） = 巳（X=z） = 也잎片件L x^T,
J\G）

where /（^） = E {g（。）}더기a（z）, and g（。） are nonzero^x^T

{g（0）}Ei=g（°）{g（0） + jL}...{g（&） + z-]},
and

cz（*）=』〃（0）/z!.

The （2.2） can be called a Ascending Modified Factorial 
Distribution（Ascending MFSD）.

Example. JLJL In the generalized +矽衰衣項eme主호沁 2궆융钉卜 

bution

一P（e；。）=伙初（宀％+ where a = 0.

Example 1.2. The inverse polya distribution；

F（”）=（-質）（-弊）矿（农蛙）（牛，）

=（-q/r）3＞（-0/k）＜幻）矿（一]〃）。+坦（％ 十 ：2；）.

户30） = （_姬）以）（—必）3於{以+ £）!}/（一优）（宀＞（妇2）如xl, 
where l/r=0.

These Examples 1-1 and 1-2 are Descending MFSD's.

Example 1.3. The polya distribution^

g=（堂）（乂）/（ —
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=(2 )(?/r)M(9/r)Cn'^/(l/r)w.

，P(a:；0) = (0。)口心(牌)匚*2询1七：2)! /。匚*i**2巧*2，where 
l/r = ff9 e = ± and 九一“ = ：%.

This Example 1.3 is Ascending MFSD.

3. Moments of MFSD

Proposition 1.

(3.1) if EX^t e住이, EX® = g.
h~Q

(a 2) If 收=玄&戸g
i«0

The c^s and dkfs are related to the descending and the 
ascendin흥 factorial moments.

(3-1) is given in Janardan (1984), (3. 2) is obtained as

EX=Z d*吟
砂o

(3.3) =万 EX 다:俨 01 
i=0

(3.2)-(3.3)  is

t 0 一幣브*(y=o.
養그0 \ /
EX마고 = kl 瓦.

Theorem 1. The moments of p. f. (2.1) are
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<3.4) ｛g（。） ｝（&寸（。一为） W 
乜 A 抑'） k\ '

(3.5) EX。,=管（0）｝＜叫质0-，） 
抑、） ^

Proof. EX，=五 P(工；0)
x-0

=吏一眞2蒙s (山w
尸0 J\0)

=7 V {g(°)}⑴奶懸)W
% = 0 x = k ―f(0) (ah) ! k\

丄 {g(0)}e)" 쯔^kQr
=次~wr 15 纨

{g(H)}。,Ag-R、) /()，
f f(0) k\ •

Using (3. 3)

瓦》”〉=房(优)}<”顷s)

M ^
In the example 1-1, let 六〃)=(5 + Z，)。”/伙g((9) =0 and 
a{x) —/ x\.

Theorem 2. If p. f. (2.2) are

(3.6) z $ {幻/)}由 WP") W 
EX 리 -… 币) — . 如，

(3.7) EXE = {g(0) }E广(。+尸) 

抑、) *

Proof. EXr =£ xrP^x\ 0）
#느。

=芸也앟奈으也 （W
尸0 火。）
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m y- {g(w 好(。)北)’
x = 0 x=k 加、)—9-幻! ~kr

(let x—k—y)

孑［g(。)史F W©)而
日 須(。) 矶 矿

{g(S}的宀編{g(J)}B 小六。)I 小0，
=*i jW) & Ji ~TT

=夕修(优＞}由/为0+幻妁 
一녆\ M ki. •

(3. 6) can also be represented by using backward difference
operator

(3.8) EfgZg笠号混으也*
k=i J\y) k.

Using (3. 4), (3. 5) and (3. 6)

EX#」一 {g(。)+ 歹)

5. Moments of multivariate MFSD

A random vector X=(3i产為…,zn) a w-variate Descen­
ding MFSD of its p. f. is given by

(4.1) F(*)= 帀讥…四

许{g(S)F&(X) I 
，=】

where六。)=六气。為…,们，)，a(X)=a(yg =£】••』訐顶



MOMENTS OF MODIFIED FACTORIAL SERIES 181

is independent of 0/s and i = …m,
m

f(0) = II {g筋)}s&(X), 4 operates only 0:.
1=1

Similarly, we define a m-variate Ascending MFSD 
whose p・ f. is given by

2,(4.2) F(X；0)= 階(饥)}"穹容巴次으,쯔匸* 

/(九奴…為)

旨{g(S)}Vz(X) 1

Theorem 3. The moments of the w-variate Descending
MFSD 요-1) axe 흥诉e교 by

(4.3) EX?X；n・Xg

乙出 曰—上} 也쏯笋}].

(4.4)

弄{g(0)}S> 4，須(仇一％)
=E-------------7面 .

Theorem 4. The moments of the m-variate Ascending 
MFSD (4.2) are given by

(4. 5) EX；】X；2 …Xj

项罚 修㈤叫炉堕冬时 耳¥니].
知=iLlz=i j (u) 丿 1讦1 " J J

(4.6) EX^ -X^

=fr {g(S)}* 4% f (仇+ 尸,)
~i=i m
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In Example 1.2, let f(0) = ( —and in Example L3 
六。) = (―。)匸처「弗2】. Both are 2-variate case.
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