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NONLINEAR ERGODIC THEOREMS FOR A 
NONEXPANSIVE SEMIGROUP IN UNIFORMLY 

CONVEX BANACH SPACES

Keun Saing Park, Kwang Pak Park and Jong Kyu Kim

1. Introduction

Bailion ([lj) proved the first nonlinear ergodic theorem 
for 교。nexpansive mappings： Let C be a closed convex 
subset of a Hilbert space H and T a nonexpansive mapping 
of C in to itself. If the set F(T) of fixed points of T is 
nonempty, then for the Cesaro means

I K -I
&公=丄£ TM

笈A = 0

converges weakly as 笠 -으 8 to some
A corresponding result fo호 a strongly continuous one 

parameter semigroup of nonexpansive mappings S(£), 
was proved soon after Baillo^s work by Baillon and Brezis 
([32) ,i. e.5

Axx — ^-~ f S(t}xdt 
A J 6

converges weakly as oo to a common fixed point of S(/)9 
^>0.

These theorems were extended to Banach spaces by
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Bailion (E2J), Bruck (E4J), Hirano ([7]), Reich ([11]), 
and Takahashi ([12]). By the way, above results are 
the cases for existence of weak limit of Cesaro means. 
From the example of Genel and Lindenstrauss ([6]), it 
follows that there exists a nonexpansive mapping such that 
the Cesaro mean does not converge strongly. Therefo호e, 
Pazy (E10]), Kim and Ha ([8]), and Kobaya앙hi and 
Miyadera ([9]) give some further assumptions 。효 the 
mapping in order to assure the strong convergence of the 
Cesaro means.

In this paper, we prove the existence of strong limit of 
the Cesaro means

&S(7z)z =-丄- [S(s + h)xds 
t J o

uniformly in 兀〉0.

2. Preliminaries and notations

Let C be a closed convex subset of a u교iformly convex 
Banach space X, A family S={S(t): > 0} of mappings 
from C into itself is called a nonexpansive semigroup on 
C if

(1) S(方+ s) =S(f)S(s) for all t9 s 느 0,
(2) S(0)=7 (indentity),
(3) lim S(t)x = a: for every z U C, 

T)+
(4) ||S0)z — S(8)：이 I M for all z, 3, U C and ^>0.

The set of common fixed points of S(i), will be 
denoted by E(S) =「| The Cesaro mean of S0),

7 느0
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/ > 0 will be denoted by

A^x ==一 f S{t)xdt, 
A J 0

It is easy to see that

AtS{h}x =}]； 土+ 加以小£

H一丄 [ (s—n)[S 아1-卜2、) 工一 S(h，*t」zi、) 工\d，“ 
ts Jo

for t9 s〉0 and 兀〉0.

3. Main results

Now, we start with the following crucial lemmas to 
prove Theorem 3. 4.

Lemma 3. 1. Let C be a closed convex subset of a 
uniformly convex Banach space X and ((Z): 0} a
nonexpansive semigroup on C・ Suppose that lim ||S(Z)J： — 

S0 + /);이I exists uniformly in /〉0. Then we have

lim I *(&S(：+五)a； + AsS(、sW、)
s/느。。! Z

uniformly in A>0. In particular,

lim|| —引=0t 수8

uniformly in 五〉0・

Proof. Let f G F(S) and r > 0 with \\x—f\\ r. Define
바ie sef Z) = {z U X: \\z—f\\ r} Q C and U(t) — S(f) \D
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, the re옹triction of S(t) to D. Then D is bounded closed 
convex and U (t) a nonexpansive semigroup on D. Hence, 
by Theorem 2-1 in [5] (cf. [4] Lemma 1.1. ), there exists 
a strictly increasing, continuous convex function "R*---- >
R* with 7(0) =0 such that

u 애km

冬 U* max ｛假,7시|一 ||以五）而一〔7（/以이|｝

for any 石,人2,23, ,史立 0 with S 嵐=1, any ,
1 = 0

D and any 1, Zt > 0. Consequently

[ /n-l m-1 \ /n-1 m-1
*S(A)f 2J 人[& + E 사八)一( S "S(幻%+ S p-iS(Jt)yl

''l =0 2=0 / \ S = 0 2 =0
W 7-1（max ｛版,一；2시|一伯（為）工一，写（五）。시|, 

11匸一）시 I一 11$（五）2二一，$（五）3시|, 

IM - 3시 1一时@加一 S（龙 ）3시 I： 
0 M W iT, （U ?, g W 初一 1｝）

n-l m-1
for any 爲卩i 三 0 with S 22 + S 岡=L any 金"v, U Z) and 

z=0 £=0 1

佑衍 ML 丘〉G. Using this inquality with 2Z = x.

S(서'』)z, 如 yt — S(s+i)x9 and if we shall haveCt S
the integral with respect to i instead of the summation.
Then we have

时（씨〕; 会 S（+）2K ］： 芸S（s+眼써

一 ｛J； 一券 s（h+t+i）xdi+ £ 出 w+5쩌
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冬 寸'（max{||S（/ +，）a—S（#+j）시I
一 I |S（五+:+—S（五+/+顶）【이 L

H S（#+，） q—S（s+力） ：이 I
一 ||S（五+*+/） 工一 S（五+s+?）서],

I ]S（s+一 s（s+g）；이 I
—]IS（互+s + p）cc一S（儿+s+a）z||:

OW 爲 A, 0 WZ" W s}）
for any s盘立 0 and h，〉0.

For any 厂〉0 choose d〉0 such that 7'x（5） <； e. Since 

lim ||S（*）⑦一SQ + i）;이I exists unifo호mly in £〉0, there 

exists tQ^0 such that

附 Mism—Sg）•이I < BQE

for every z > 0 and t^tQ where /3（f） = lim ]]S（Z）— 

S0 + /），꺼Hence if syi t0 then

l!S（£ + /）* — S（s+j）z|| — |LS0 + Z + /）z — S（^+s+j），r||
< l）+S—6（]s+jT-4）=d

for all z, J 0. Consequently, we obtain that if s 其、Mh 
then

", 어）{J 느，-$“ + /）&*+ j S{s+i）xdi^

— Uo 늘厂S다命工di* J 幕「S（方+ s+i）”싸卩 

ML。）V

for any 五〉0, Therefore, 반ic result holds true. Further

more, putting s = t, we have
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lim H4S(서— (以이I =0

uniformly in 方〉0.

Lemma 3.2. Let X>C and {S(e): Z M 0} be as in Lemma

3.1. Let e C and F(S) 긔二 饱 If

lim ||S(Qz — S(/+i)：이I/->oo

exists uniformly in i > 0, then {||is con
vergent for every f G F(S).

Proof. Let fwF(S) and

¥ = sup (서이I

fo호 芝 M 0. Since

1 fi + s
A+sSQ+s)a; = ；上 {AS(s+z+?*;-S(s+")々"S0)a;}a〃

E n-， J 0

1 rt+s
+ 7ZT S(s+：，7)&S(8)：由〃

l~rS Jo

+ j0(S5S3+서“脳—&丞危) +7i) 皿而,

j!Ai+sS(^+5)j；—f ||S(s+〃)AfS(Z)a；—jf
C 十 S J 0

+醇시 I S(s+서"沪一• S(2(z+s) + 〃) ：이 物

^Q!z + ||AzS(if)J；-/|| +万石二〒 ||z — S(사-s)：이 I
Z("十 SJ

^at + \\AtS{t)x-f\\ + -^-\\x-f\\
4 I o

for all t, s 启(L Letting 5 -> oo, we have
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lim sup II M at + [\AtS(i}x-f\\ST8

for all Z 务 0. Since lim a* = 0,
£ 으8

lim sup ||AS(s)a—jF Wlim inf \\AtS(t)x-f\\r ST。。 £T8

Hence is convergent for every J「uF(S).

Proposition 3. 3. Let X、C and {S(O： t M 0} be as in
Lemma 3.1. Let a; U C and F(S) 기二 ©・ If

lim ||S(£)z — S(: + 危)•이I /->OQ

exists uniformly in 为〉0, then there exists an element
such that

lim AtS{t+h)x = p ，스8

uniformly in & M 0.

Proof. Choose f w F(S) and set ut = AtS(t) x—f for
each f 0. By Lemma 3. 2, put lim \\ut\\ — d. Since lim

/ ->oo /->OO

[阮+$一이 1=0 for s 立 0, we have

li m ||"£+龙+?시| = 2d

for every 方丑 0.
Now, we 아low that {is strongly convergent to

an element of F(S ). Put

。(&") =£(云*仑)Jo(J?7)]]S(^+l+?7)Z — S(2(/ + &)+?7)：이以佑

then we have

a危s(：+幻Z =乙牛云[AtS(l + k+y)d7] + v(l9 k)
t 노 R J o
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and

ihw)ii iuii. b "I R，

Hence,

H紿心+払+/1 = ||4"危，$0+反)纟+4$7成($+岳)"一2丿「}|

=1 [ {AZS(^ + + ^7)j; + AsS(s+k+y>)x~~2f}dy
I r n~ /c j o

+ 夺+；)(；+&) L {4S(s*+，7)-Q術

1 fs**
+ ^7pj ]山 L4sS(s +仓十，7)-一~广}切+ ”(#, Q+Z，(s,总)

~/Tllo !l*(A"S(t + " + "):z：U(s"+ 加：)-顶的

+零监一加+(岳+ 3託)旧一別

for all s 丑公 M 0 and 为 E 0. On the other hand, put

《％ s = sup ■^(A^S(t + h)x + AsS(s+h')x) 
ZzMO Z

then we have

I 3dS(# + & + ?7)z + 4sS(s + a + ?7)z)—f J

M °>,s + I * dS。)工 + AsS(s)化)一f .

Therefore, we obtain

旧山 + 払山 W2c知 s + ]| 給+ z시 |+ 2(#)一\\x-f\\ 
S I f\r

+(스妃+&) 匹一•川

for all s 目方目 0 and 0. Letting k 一)oo, we have
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2衫 W 2o%s + Hz〃 + z시I W 2o%,$ + ||z시［ + ||z시I

for every 8,s M 0. Since lim at. = 0 by Lemma 3.1, we 
、s*。

〔have that lim ||^ +WJI — 2d. By uniform convexity of X

and lim 시［ = 0, we obtaint 스8

lim ||&S(M)z — &S(s):이|= lim ||zj — z시|=0.
7,S-»8 \ST°°

Hence {/，S(£)z} converges strongly. Put

p = lim AtS(t)x.s

Since for all A 0,

j! AZS (t)x~SQi)AtS{t)x\\
W一2叵尹止+||&S0+7z)z —S(盼 AS(5디 |.

Letting £—8 and hence p U F(S) from Lemma 3.1.
Since

sup \\AtS(t+}i)x~~p\\ M sup ||&S(H，)n—S(^)4S(D%|| 
娃o 娃0

+ MS0)&S(：)a—0| I
M sup ||A"S(Z+方)"—S(五)4S(£)기I 

五츠o
+ \ \AtS(i)x — p\\.

Tetting Z — 8, then {AtS(Ji + h)x} converges strongly to 
p W F(S) uniformly in 五立 0.

Now, we conclude this section with consequence of our 
previous results.

Theorem 3.4. Let C be a closed convex subset of a
imifQTmly co교'vex Banach space X and {S(方) : 8 M 0} a 
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nonexpansive semigroup on C. Let zuC and E(S)球©.

If lim —S0 +方):이I exists uniformly in A>0, then

(AtS(h)x} converges strongly to a common fixed point 
Z>U」F(S) uniformly in 五MO.

Proof. By virture of Proposition 3.3, there exists an 
element ?uE(S) such 바上at lim AtS(t+K)x=p uniformly f—8
in 0. Therefore, for any e〉0 난xere exists 〉0 such 
바tat

II-0|| <〔

for all 그 0. Since

AtS(Ji)x=-^- j AtQ S(h+^)xdn

+ ~ —*){S(77+^)z — S(?7 + *«)z}am
Hq J 0

if f君扁 then

||A,S(幻(如m)—이k切+응IB — Z>||

- j；° WAt^h + ^x-p\\dr]

+ —{' ll&()S(五+?脳一那切+纫B-0|| 
t J Iq E

w号 j：°||&0 S0 + ')-物+ e--똘#

+事旧一 0]|

for all h^O. Hence we have lim AtS(Ji)x—p. —8



NONLINEAR ERGODIC THEOREMS 149

References

I. J. B. Baillon, Un theoreme de type ergodic pour les contrac
tions nonlineaires dans un espace de Hilbert, C. R. Acad. 
Sei. Paris 280 (1975), 1511-1514.

2 , Comportement asymptotique des iteres de con
tractions nonlineaires dans les espaces Lp, C. R. Acad, Paris 
286(1978), 157-159.

3.  and H. Brezis, Une remarque sur le comporte- 
ment asymptotique des semigroup nonlineaires, Houston J. 
Math. 2(1976), 5-7.

4. R. E. Bru사」 A simple proof of the mean ergodic theorem 
for nonlinear contractions Ln Banach spaces, Israel T. Math. 
32(1979), 107-116.

5. , On the convex approximation property and the 
asymptotic behavior of nonlinear contractions in Banach 
spaces, Israel J. Math. 38(1981), 304-314.

6. A. Genel and J. Lindenstrauss, An example concerning 
fixed points, Israel J. Math. 22(1975), 81-86.

7. N・ Hirano, A proof of the mean ergodic theorem for nonex- 
pansive mappings i효 Banach spaces, Proc. Amer. Math. Soc. 
78(1980), 361-365.

8. J. K. Kim and K. S. Ha, Ergodic theorems for nonexpansive 
semigroups in Hilbert spaces, P. N. Univ. Journal Science 
34(1982), 19-21.

9. K. Kobayasi and I. Miyadera, On the strong convergence of 
the Cesaro mean of contractions in Banach spaces, Proc. 
Japan Acad. 56(1980), 245-249.

10. A. Pazy, On the asymptotic behavior of iterates of nonexpan
sive mappings in Hibert spaces, Israel J. Math, 26(1977), 
197-204.

II. S. Reich, Weak convergence theorems for nonexpansive 
mappings m Banach spaces, J. Math. Anal. Appl. 67(1979),



150 Keun Saing Park, Kwang Pak Park and Jong Kyu Kim

274-276.
12. W. Takahashi, Fixed point theorems for families of nonexpa- 

nsive mappings on unbounded sets, J. Math. Soc. Japan. 
36(1984), 534-553.

Gyeongsang National University
Jinju 660-300
Korea

and

Kyungnarn University
Masan 630-701
Korea

Received February 10, 1988


