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ON CERTAIN INTEGRALS OF ANALYTIC FUNCTION

Ohsang Kwon, Nakeun Cho and Shigeyoshi Owa

Abstract

The object of the present paper is to derive some inequal­
ities for certain integrals of functions belonging to the 
classes A(n)9 S^(n9a) and K(花, a). As 나搶 special class 
of our theorems, we have the corresponding result shown 
by M. Obradovic [2丄

1, Introduction

Let A(n) be the class of functions of the form

co
(1.1) f(z) = z + S akzk (，此N= a, 2, 3,…})

m + 1

which are analytic in the open unit disk U={z：|이 < 1}・

A function f(z) belonging to A(n) is said to be in the 
class a) if and only if

(1.2) ；히耳絆사〉a
1 j(2)丿

for some a(0Wa〈L) and for all zUU.
A function f(z) belonging to A(n) is said to be in the
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.class K(算,a) if and only if

(1.3)關+ 彳(？ }〉a
1 / (2)丿

for some a(0^a < 1) and for all zWU. We note that f(z) 
U敬％ a) if and only if "”(z)wS*(性,a) for 0； a< 1, and 
that a) u S*(佑 a) for 0Wa〈L

In the present paper, we prove some inequalities for certain 
integrals of functions f(z) belonging to the classes A(n), 
S*(%a) and K(% a).

2. Inequalities for certain integrals

We begin with the statement of the following lemma due 
to Miller and MocanuEl].

Lemma. Let 认be a complex valued function,

©: D -—* C, QuCxC (C is the complex plane), 
and let u = ul + iu2y v~vl + iv2. Suppose that the function 
臥、satisfies the following conditions：

(i)机u’p、) is continuous in D\
(ii) (1, O)SD and 泌(1,0)} > 0；

(iii) &이了5(汕a」*)} WO for all (血%巧) WD and such that 
巧 W —n(l + u22)/2.

Let P(z)^l+pnzn+pn+xzn+1 .. .............regular in the ope효
unit disk U such that (?(z), 2夕(z))u£)for all zWU. If

瓜{心(z)f (z))}〉0 (zWU),
then Re{p{z}} > 0 (z^U).
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Now, we prove

Theorem 1. Let the function defined by (1.1) be 
in the class A(n), a! < 1 and a〉一1. If Re{ f (n)/z}〉。， 
i;hen

海七砰闩일<2-Fl

Proof. We define the function P(z') by

(2.2) 을# 卩財浪*+（1"住）,

where

Q — a I 一 元(1 —a) 
目 + 2(a+l) + n

Then the function 0(之)=1+0/”+0孔十12尸7— is regular 
in U. It follows from (2. 2) that

(2.4) f (执丑=M=(s +(1 — 8)?(2)).
Jo <2+1

Further, taking the fdifferentiations of both sides in (2.4), 
we see that

(2. 5) -"壹 = 8 + (1 — 6)?(2)十 丄호2?3),
% a十丄

that is, that

(2.6) 屁(—血一 a住屁{g - a+(l-6)?(z)

+ 丄-g "，(£)} > 0 for z^U.Clr "P X
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Let p{z)~u—ul + iu29 "'(2)= p = Pi +池，and

(2.7) = a + (l")好去即.

Then the function ^(zz, v) satisfies；

(i) ©(% p) is continuous in D = CxC,
(ii) (1, 0)eZ)and」Re{©(l, 0)} = l —a〉0,

(iii) for all (iu2, S)WD such that —n(l + u22)/29

Re{0(认2, vl')} = /3-a + -~^-v1 
C4 ' I 丄

< B-a-力(1-6)(1+”22)
=P 2(a + l)

MO
for given by (2.3). Therefore, the function v) satisfies 
the condition in Lemma.

Applying Lemma, we have Re{p{z}} > 0 (zUU), 
or

*4으' Io '"=广(小外 > B (ZWU).

This completes the assertion of Theorem 1.

Remark 1. Letting n —1 in Theorem 1, we have the 
corresponding result which was proved by Obradovic ⑵.

Making zf^z) instead of f(z)9 Theorem 1 gives

Corollary 1. Let the function f(z) defined by (1.1) be 
in the class A(n), ex < 1 and a > — 1. If Re(尸(z)} > a, 
then

(2.8) 1히尝日"皿浪)〉a+器端 for Q.
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Next, we derive

Theorem 2. Let the function f(z、) defined by (1.1) be in 
the class S*(佑 a) and一 1. Then we have

(2.9) —— gU\

J 0

whe 호 e

(2 io) & = 2^ + 2。一1+J (2ai+2a —1)2+8门(々 + 丄).

' 4

Proof. Define the function 0(z) by

(2.11) ---------翠으)------------ = 7 + (l-7)^(z),
(a + 1)

J o

where 7=^3/(a + l). Then @(z) is regular in U and @(z) = 
l+Z&z까— . Making the logarithmic differentia­
tion of both sides in (2.11), we have

(2.12) 즈崇즤- = (a + l)Ua+(a+l)(l — V)Z>(z)
J(z)

,(1一少：”'(2)
'7+(l-7W)'

or
(2.13) Re {(cz+l)y—a—a + (cz + l)(l — ,7 )?(z)

」(L-y)z〃(z)I、。
十&+(i」y)0(z) i 少

Letting p{z)^u~ul + iu2i zZ>'(z) = w = Pi +汨％ and

(2.14) ©(zz, p) = (a + l)，，一a — a + (a + l)(l — Yyn
,(l-7)v

7+(l-7)w '
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we see that

(i) v) is continuous in Z)=(C—{-可£项})〉《；

(ii) (1,0)GD and Re{©(L0)} = l—a〉0,
(iii) for all {iu2v^^D such that q W — «(1 + ^22)/2,

(汕2, %)} = (a + l)n-a+ 怜％二?既2

M(a + iyy—a一a 끄四1二Z）으土쓰！） 
2{/+（1 一丁汗負y

m).

Since the function ^(u, v) satisfies the conditions in Lemina, 
we conclude that

(2.14) Re l---------- -- ----------------------- (zWU),
1 (a + 1) 顷吁成)dt

J 0

which implies (2.9).

Corollary 2. If the function f(z) defined by (1.1) is in 
the class K(n9 ce), then

(2.15) 只“}主£丫玉_]〉_2^_1+ J(2a-l)2+8” (z^u).
〔f(z) J 4

Proof. Note that f(z)uK(佑 d) if and only if 2須'(z)U 
S*(%a). Therefore, letting zf\z) instead of f(z) and 
u = 0 in Theorem 2, we have the assertion of Corollary 2.

Finally, we prove

Theorem 3. Let the function f{z) defined by (LI) be in 
the class K(% a) and，"〉一L Then

(2.16) Re\----------- --- -------------------------------
心一씄 [ Lf(、財t 1 

z 0
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whe호e B is given in (2.10).

Proof. Noting that j£(z)U K(払 a) if and only if (z)U 
iS*(72s ex), and using Theorem 2, we easily show the inequa­
lity (2.16).

Remark 2. Letting a=^0 in Theorem 3, we also have 반le 
same statement of Corollary 2.
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