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ON CERTAIN INTEGRALS OF ANALYTIC FUNCTION

Onsanc KwoN, NAkEuN CHO AND SHIGEYOSHI Owa

Abstract

The object of the present paper is to derive some inequal-
ities for certain integrals of functions belonging to the
classes A(n), S*¥(n; ) and K(n,«). As the special class
of our theorems, we have the corresponding result shown

by M. Obradovié [2].

1. Introduction
Let A(n) be the class of functions of the form
(1.1) flz)=z+3 ayz* (n&eN={1,2,3, 1)
nt+l

which are analytic in the open unit disk U={z:|z| < 1].
A function f(z) belonging to A(#n) is said to be in the
class S¥{(n,a) if and only if

(1.2) Re{f%:)z—)}> o

for some (0= <{1) and for all 2&U.
A function f(z) belonging to A(n) is said to be in the
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class K(n,a) if and only if

zf (=

(1.3) Re{1+--}c,—(—i32—}> a
for some a(0 =< a < 1) and for all 2U. We note that f(2)
&K(n, ) if and only if zf (2)ES*(n, @) for 0= a< 1, and
that K(n, &) C S*(n, o) for 0 < a<l.

In the present paper, we prove some inequalities for certain
integrals of functions f(z) belonging to the classes A(n),
S*(n,a) and K(n, o).

Z. Inequalities for certain integrals

We begin with the statement of the following lemma due
to Miller and Mocanu[1].

LemMA. Let ¢(%,v) be a complex valued function,

¢$: D— C, DCCxC (C is the complex plane),
and let #=u,+iu, v=v,+iv, Suppose that the function
¢(u, v) satisfies the following conditions:

(i) ¢(u,v) is continuous in D;
(i1) (1,00&D and Re{¢(1,0)} > 0;
(iii) Re{¢(iu,,v))} <0 for all (iu,v) €D and such that
vy = —n(l+2,2)/2.
Let p(2)=14p, 2"+ P, 2" 14 be regular in the open
unit disk U such that (p(z), 2p’/(2))ED for all 2&€U. 1f

Re{¢(p(2), 2p'(z))} >0 (z€U),
then Re{p(2)}} >0 (€U).
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Now, we prove

THEOREM 1. Let the function f(z) defined by (1.1) be
in the class A(n), @ <1 and a> —1. If Re{ f(z)/z}>a,
-then

2.1) Re{2EL[ tw*jkt)dt}:>a—%é%é%§i§§%; for z&U,

Proor. We define the function p(2) by
(2.2) -LLE [ e f(Ode=B+(1-B)p(=),

where

_ n(l—-a)
(2. 3) B—a+’2—(mo

Then the function p(2)=1+p.2"+p,, 2"+ is regular
in U. It follows from (2.2) that

(2.4) j;

—B) p(2)).

Further, taking the fdifferentiations of both sides in (2.4),
we see that

2.5) L2 2pra-g)px)+ LB 2pr(o),
that is, that

(2.6) R%J%Qﬂ%4:RdB+d+ﬂ—ﬂW@)

+]-sz@n>ofmzeU
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Let p(z)=wu=u,+iu, zp'(z)=v=v,+iv,, and
=B _ -8
2.7) ¢(u,v)=B—a+(1-Bu+ T

Then the function ¢(u, v) satisfies;
(i) ¢(#x,v) is continuous in D=CxC,
(ii) (1, 0)&D and Re{¢(1,0)}=1—a >0,
(ii1) for all (fu,, ©v,)ED such that v; < —n(l+u,?)/2,

Relg(ius, v))=p—a+178,
o n(1-Y(1+u?)
=f-a Sai1)

=0

for given by (2.3). Therefore, the function ¢(u, v) satisfies
the condition in Lemma.

Applying Lemma, we have Re{p(z)} > 0 (z€l)),
or

Re{-2xL [* 11 fiyat) > B (ecU).
This completes the assertion of Theorem 1.

REMARK 1. Letting #=1 in Theorem 1, we have the
corresponding result which was proved by Obradovi¢ [2].
Making zf’(2) instead of f(z), Theorem 1 gives

CoroLLARY 1. Let the function f(z) defined by (1.1) be

in the class A(n), a <1 and a> —1. If Re{ f'(2)} > a,
then

(2.8) Re|2%L X t“f’(t)dt!>a+2% for zU.
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Next, we derive

THEOREM 2. Let the function f(z) defined by (1.1) be in
the class S*(s,a) and a>—1. Then we have

2.9) Re|=E) 155 evn,
L t1f()de

where

(2.10) p=letPa=lt ¥ Caida DTiBnarl)

Proor. Define the function p(z) by

(2.11) 2 f(z) Y (L—7)p(2),
(a+1) jo (Dt

where Y=8/(a+1). Then p(z) is regular in U and p(z)=
1+ P2+ Puiz™ 4 ---. Making the logarithmic differentia-
tion of both sides in (2.11), we have

2.12) 2L _ i v—at (@ DA~ p(z)
f(=)

L (1=")=zp'(2)
CY+A=-"pz)

or

(2.13) Re{(a+l)'¥—a~a+(a+1)(l—’7)p(z)

(1—=")=zp'(2)
R g gty e }>°'

Letting p(2)=u=uwu,+iu, zp'(z)=v=v,+iv,, and

(2.14) Hu,v)=(a+1)¥—a—a+(a+1){(1—")u
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we see that
(i) ¢(u,v) is continuous in D:(C—{T:Y-—i'ﬂ})xc’
(i1) (1,0)&D and Re{4(1,0)}=1—a>0,
(iii) for all (fu;,v;)ED such that v; = —a(1+%,2)/2,
Y(1-7)v;
Y24 (1—7)%uy?

nY(1—7){(1+2,2)
2{72 4 (1—7)%u,%}

Re{¢(iu, v)}=(a+1)¥—a—a+

< (ae+1)¥—a—oa—

=0

Since the function ¢(w, v) satisfies the conditions in Lemma,
we conclude that

(2.14) Re] zf(2) >v e,
(a+D) [ eif(erde
which implies (2.9).
CoroLLARY 2. If the function f(z) defined by (1.1) is in
the class K(n,a), then

. R zf (2) —20—14+ vV (2a—=1)2+8n <.
(2.15) e{———-——-f(z) b> { (=€)
Proor. Note that f(2)=K(#n, ) if and only if 2f'(2)&
S*(n,a). Therefore, letting zf’(z) instead of f(z) and
a=0 in Theorem 2, we have the assertion of Corollary 2.

Finally, we prove

THeorEM 3. Let the function f(z) defined by (1.1) be in
the class K(n, ) andfa>—1. Then

(2.16) Re] zf "(z) I>p e,
=2 [ pfde
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where 8 is given in (2. 10).

Proor. Noting that f(z)e K(n, ) if and only if 2f/(z)&
S*(n, ), and using Theorem 2, we easily show the inequa-
lity (2. 16).

REMARK 2. Letting a=0 in Theorem 3, we also have the
same statement of Corollary 2.
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