(=]
(=11

Pusan KYONGNAM MATHEMATICAL JOURNAL
Vol.4, 25~.31, 1988

A STUDY ON THE GENERALIZED NONLINEAR
COMPLEMENTARITY PROBLEM

CHANG Wook KIM

1. Introduction

The nonlinear complementarity problem (CP) is well-
known. It can be stated as follows.

(CP): Given a mapping f: R} — R, find an #n-vector
&y such that

o ERT, flxe) € R, and {zy, fla))=0,

Several authors including Eaves([2]), Karamardian({3],
f41), and N. Megiddo and M. Kojima([5]) have studied
existence and uniqueness theorems for(CP).

In this paper, we consider the f{ollowing generalized

nonlinear complementarity problem (GCP);

(GCP): Let C be a closed convex cone in R” and C¥ be
the positive polar cone of C. Given a mapping f: C— R,

find an z-vector x, such that

o €C, f (@) €C* and (xo, fx0))=0,
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with establishing existence and uniguenss theorems for
(GCP),

2. Preliminaries

Let C be z closed convex cone in R, C* be the positive
polar cone of C and f: C-—— R" be a mapping.

DeriniTion 2.1, f is said to be stricely wmonotone if
(x—w, flax)—f(¥)y >0 forall z, » € C and strict inequal-

ity tolds whenever o 7% v

DeeiNITION 2.2. f is called strongly monotone if there is
& constant ¢ > 0 such that (x—73, fla)—Ff(3)) = cllz—xl%
for all x,3y = C.

DeriniTion 2.3. f is said to be Lipschitzian if there is a
constant &> 0 such that || f{)—Ff (Il < kllz—yll for
all z,y&C.

DEFINITION 2.4. F is said to be hemicontinuons if for all
z,ye&C, the map t—— f([ty+(1—8)x] of [0, 1] to R*

i contimuous.

DErFINITION 2.5. f is said to be bounded if there is &
constant % > 0 such that || f(x)[| < kllz]| for all z € C.

LemMMa 2.1 ([13). Let f: C— R* be hemicontinuous,
strictly monotone and bounded and let {V,} be 2 family of
nonempty closed convex sets in C. Then, for each 7, there
is a unigque z, € V, such that {z  f(x,)) <z, flz,)) for
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all z &= V..

3. Main Resulis

Now we established existence and uniqueness theorems
for (GCP) under certain assumptions.

THeorEM 3.1. Let f: C—— R” be hemicontinuous, strictly

monolone and bounded. Then 0 is the wunique solution of

(GCP).

Proor. For each » > 0. we write B ={x = C. Nzll < »).
5 is a2 nonempty closed set in C.

By Lemma 2.1, for each >0 there i< a unique x, € B,
such that 72, (x> < {2, f(z,)) for all z & B, Since
0 B, (x,, flx.)) <G We can definca function§ from
[C. ) to (—cc, 0] by the rule 8(r)=(x,, f(z,)). Now
suppose that » = 0 and »< s. Then there are unique z,E B,
and x, & B, such that

{z,, f(a,)» <z, flz,); for all : € B,
hnd

(&, f2))y <Lz, f(x)) for all = & B,,
Sinc'e (r/‘s\)xs e B?. (\I‘Ir, f("’rr)> g (r/'[,‘s){xs, f(:l':r)}" Since
(s/m)x, € B, {z, f(z.)) < (s/r){x,, f(z)). Heunce we

have

(e, =2, Fz.)={z,, flz)+{z, flz)
—{x,, flz. ) -1z, f(z))
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<Lz, f(x))+Lx,, f(x))

—(s/r){x,, f(x,))—(r/s){z,, (2}
=[1—(s/r)18(r) +[1—(r/s)16(s)
=(s—r){[0(s)/s1-16(r)/7]}

Since s > r and f is monotone, 8(s)/s > 8(r)/r. Therefore
6(r)/r is montonically increasing on (0, ). Since f is
bounded, 10(r)] = (x,, f(x)> <z || f(z)|] < &l 1%
Hence {60(r)|< %2 Since 0(r) <0, —8(r) < &,2, Consequently,
—kr < 8(r)/r <0 for all r& (0, ). Since 1}3&1 [6(r)/r3=0

and #(r)/r is monotonically increasing, it follows that
0(r)=0 and hence &(r)=0 for all r< (0, ). So we
have {2, f(x,) >0 for all z & B,.Since C is a cone, {(z,
f(x,)>>0 for all z & C. Therefore, for each r& (0, ), z,
is a solution of (GCP). Now f is strictly monotone, (GCP)
can have at most one solution, say x, xTo=x,< B, for
each 7 and lzoll=liz,|l <7 for each . So z,=0.

CoroLLARY 3.1. Let f: R}-—» R be hemicontinuous,
strictly monotone and bounded. Then 0 is the unique
solution of (CP).

Proor. R%? is a closed convex cone in R". By Theorem
3.1, the above result holds.
THEOREM 3.2. Let f: C— R* be strongly monotone and

Lipschitzian with &% < 2¢ < k?+1. Then there is the unique
solution of (GCP).

Proor. Since C is a nonempty closed convex set in R,
for every x & C there is a unique ye=C closest to
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x—f(x); that is |ly—x+f(@D)|| < |lz=x+f(x2)|l for all
ze&(,

Let the correspondence x — y be denoted by 6. Let 2
be any element of C and let 0 <A < 1.

Since C is convex, (1-A)y+rz & C. We define a map
h: [0,1] — R, by the rule

A =z~ f(z)~(1—N)y—nrz||%

Then % is a twice continuously differentiable function of A
and A'(A)=2{x—f(z)—=rz—(1-))y, y—z). Since y is
the unique element closet to z—f(x), A'(a)> 0. So
we have

(1) {x~f(x)—73, y—2)>0 for all z =C.

Let z; and x, be two elements of C with z, # z,. Put
O(xy)=y, and 0(z,) =y, From (1), we get

(2= f(z) - 0(zy), 0(x))—0(x2)>>0

and
(= f(22) —0(z,), O(x,)—0(xy))y>0.

From these two inequalities, we have

(o= f(2)) —0(x)) — 22+ f(2,) + 0 (x3),
0(x)—0(x5)> > 0.

Hence,

{x, _f(xl) — T+ f(x5), 0(x)—0(x2))
> {0(xy) —0(x,), O0(x)—0(x,))
=[[0(x) —0(x)|{%
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Therefore,

WOz} —0(x )1 < K —f(21) ~ 2.+ fxy),
0(x)—0(x))|
< Nay~f(x1) — 22+ (2|
HO () =0 (x|

Thus, [16(x) 92| < Nf(21) = f(x2) — 2, + 253
Since f is strongly monotone and Lipschitzian, we have

N0 (x1) =02 )2 < flay) = flae)xy + 2,
= {fla)—fla)—x,+ 23
f(xl) —f(xz) —Iy+ay)

— 1} Ff )— i .\Iiz'!l‘Hxl'--xZ”z

fl A2 Stz
—2{x1— 25, fla)—f(z))
< Bllxy—xa PP+l — 2|12
—2¢||x— 2 |®
= (B241-20) 1, - o2

Since £2<C 2c<C k2+1, we have 0< 2241—-2¢< 1.

Letting a=%2+1—2¢ in the above inequality, we obtain
H0(x) =0(x)ll < ellzi~x,|| with 0<la <L

By the Banach contraction principle, # has the unique
fixed point, say x,. Now putting =z, in (1), We zet
{z—xy, f(20)) >0 for all =z C. Since 0 & C, (o, f(x))
< 0. Since C is a cone, 2x,& Cand {(zo, f(x)) >0, So
{xy, f(x:))=0 and {2, f(x)) >0 for all x & . There-
fore, x, is the unique solutionof (GCP).

CoroLLARY 3.2. Let f: Rt —— R be strongly monotone
and Lipschitzian with 22 < 2¢ < £2+1. Then there is the
unique solution of (CP).
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Proor. R? 1is a closed convex come in R. By Theorem
3.1, the above result holds.
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