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INTRODUCTION

As a result of considerable research efforts
during the past decade, linear elastic fracture
mechanics (LEFM) can now be used to solve many
practical engineering problems in failure analysis,
material selection, and structural life prediction.
LEFM can also be extended to solve fracture
problems involving moderate plastic yielding by
incorporating various plasticity correction factors
provided fracture occurs prior to large scale yield-
ing of the structural member.

For the purposes of analyzing fracture pro-
blems associated with brittle behavior, a know-
lege of the stress field near the crack front is a
prerequisite. This discussion will be limited to a
remote tensile stress acting normal to the crack
length, ie. to the opening mode for which K 1s
traditionally written as Kj. The amplitude of this
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stress field is described by K, the stress intensity
factor (SIF). The accuracy with which the SIF
describes the fracture behavior of real material
depends on how well the SIF represents the con-
ditions of stress and strain inside the fracture
propagation. In this sense the SIF gives an exact
representation only in the limit of zero plastic
strain, However, for many practical purposes a
sufficient degree of accuracy may be obtained if
the crack front plastic zone is small in comparision
with the vicinity around the crack in which the
SIF vyields a satisfactory approximation of the
exact elastic stress field. The loss of accuracy
associated with increasing the relative size of the
plastic zone is gradual, and it is not possible at the
present time to prescribe limits on the appli-
cability of LEFM by means of theoretical con-
siderations.

The objective of this study was to compare
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the SIFs obtained from two different procedures,
namely, by experimental K-calibration and by a
theoretical method. Another aim was to deter-
mine the optimum procedure for evaluating K;
by studying the SIF at the different points rear
the crack tip.

LITERATURE

Experimental K-calibration

There are several expressions for estimating
the SIF for the central crack problem. However,
the most commonly used experimental method for
measuring the SIF is known as K<alibration.
K-calibration requires determination of the critical
opening :mode strain release rate, GI, for cracks
of several lengths. The value of Gy is given by

Gr=(/2)P2 (@ da) ................ 1)

where P is the applied load, and X is compliance of
the cracked specimen,a is length of crack,and d)/
da is the slope of the experimental curve A vs. a.
Kj is then determined from Gy by following equa-
tion,

The SIF corresponding to the start of crack
growth is called the “fracture toughness™ of the
material.

Measurements are made of the compliance
(reciprocal of the stiffness) of a specimen having
a narrow machined slot which is jncrementally
extended between successive measurements. The
machined slot is used to simulate a crack primarily
because it is not feasible to produce plane cracks
of sufficient size and accuracy by overstressing the
specimen, The experimental data are treated by
expressing the specimen compliance as a function
of crack length and then obtaining the derivative
of this function with respect to crack length, To
conduct a compliance calibration with good
accuracy it is necessary to use a sensitive, accurate
gauge and pay careful attention to detail. It is

always an advantange to use as large a specimen
as possible for compliance measurements because
the displacements will be a proportionately large
and can be measured with correspondingly good
accuracy.

Mathematical analysis of this case was con-
ducted by Forman and Kobayasi [3], and Ishida.

Brown and Srawley [1] obtained the following
expression by using the least squares best fit
procedure for the result of Ishida. The foliowing
expression fitted Ishida’s results to within 0.5%
over the range of a/W from 0 to 0.7.

K;=0{03a{1.77 +0.227 (a/W) -
051@W¥ +2.7@WyP} ... .. 3)

where W is the width of specimen.

2.2 Elastic Stress Field Approach

Owing to the practical difficulties of the
energy approach, a major advance was made by
Trwin who showed from linear elastic theory that
the stresses in the vicinity of the crack tip take
the form

o=(Ky§ Zm) f(6) ................ 4)

where 1, 8 are the cylindrical polar coordinates of
a point with respect to the crack tip as shown in
figure 1, f(0) is a function of g and K is the SIF
at the point.

Equation 4 shows that as r tends to zero the
stresses become infinite, i.e, there is a stress sing-
ularity at the crack tip. Westergaard [2] solved
the stress function using complex variables to
obtain the following relationships for the tensile

stresses @ induced perpendicular and

XX
parallel to the crack, respectively and the shear

at the point (r, 9).

and Oyy

stress ny

Oyy = [Kl/,SZanI cos §/2 [1sin 8/2sin 36/2]

Oyy = [KI/ {2nr] cos 8/2 [1+sin 6/2sin 36/2]
ax;, = [Ky/Tnr] cos 6/2 sin 6/2 cos 36/2 ... (5)

Equation 5 gives the stresses as products of geo-
metrical term f(8)/{ 27r and Ky
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Fig.1. Stressat a Point ahead of a Crack Tip.

PROCEDURE

Stress analysis by applying fracture mechanics
to engineering problems consists of determining
the SIF induced by a cracks. Unfortunately,
analytical methods fail to yield the SIF except
for a limited number of simple problems. For
most industrial applications of fracture mechanics
where a 5-15% error is tolerated, a numerical
solution to actual problems in two dimensions
appears to be more palatable than lengthy exact
solutions to idealized problems which only appro-
ximate the actual conditions. The numerical
method which has been widely accepted in in-
dustry is the method of finite element analysis.

The finite element method (FEM) is a pro-
cedure for obtaining approximate solutions to

continuum problems. It involves conceptually

dividing the body under consideration into ele-
ments and assuming an approximate form for the
solution within each element. A primary advan-
tange of the FEM is that a general computer
program which is applicable to a wide range of
specimen geometries and loading conditions has
been developed.

Two important considerations in the de-
velopment of finite element analysis for fracture
mechanics are the proper modeling of the crack
tip singularity and the interpretion of the results
in terms of a SIF or a crack driving force. If the
state of stress in the vicinity of the crack tip can
be determined within a reasonable degree of
accuracy, the SIF can be computed by equation
5. The finite element analysis must then produce
sufficiently accurate states of stress within the
local region where these equations are valid.

To determine the optimum procedure for
evaluating SIF, a finite width tension plate with a
central crack was considered. A quadrant of
this plate was initially divided into 88 elements
by the subroutine. The quadrilateral type was
used for all the elements. The nodal point num-
bering and corresponding coordinates shown in
figure 2 was automatically done within a sub-
routine of the program. The lines of symmetry
where normal displacements and tangential forces
vanish are representing by rollers. So nodes
number (§, 6, 7, ....,12) were fixed only in the x
direction. Nodes number (1, 13, 25, 37, 49, 61,
73, 85, and 97) were fixed in the y direction.
The half crack size represents the distance from
node I to 5. Since the stress distributions of
Oxx* Oyys and Oxy along the y axis are required,
the elements along this axis are well defined.
Cracks of length equal to 10%, 20%, 30%, 40%,
50%, and 60% of the width of the specimen were
chosen. Finite element models for specimens
with these six different crack lengths had to be
developed. They were automatically obtained
by a computer program which developed nodes
and elements of the mesh for these different crack
lengths., The specimen size analyzed was 2 inch
wide, 1/8 in thick. Calculations were based on
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Fig. 2. Generalized mesh Generization for central
Crack Problem.

a uniform tensile stress of 8000 psi applied in the
x-direction at the ends of the specimen.

RESULTS AND DISCUSSION

Crack Tip Stress Distribution

The stress distributions near the crack tip are
the most important factors in fracture mechanics,
because they determine whether a crack advances.
The normal crack tip stresses o, are shown in
figures 3 and 4. High stresses are shown the near
the crack tip, then tbe stresses gradually decrease
far from the crack tip.
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Fig.3. The Stress (0yy) Distribution for Crack
Length (a/W=0.1)

Stress Intensity Factor

The SIF was calculated by the equation 3 and
5. For calcuation of SIF by using equation 5,
two different kinds of r values were used. Firstly,
a constant 1 value was used for all the cases. Then
the two diferent kinds of SIFs were compared
as shown in table 1. In using the stress field
approach of equation 5, it was found that the
SIF was significantly affected by the ratio of
distance from end crack to half crack length. The
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matrix used which derived on the basis of uniform
stress in the basic element.

From the above results, it is important to
select the most suitable mesh size near the crack
We can also find that the big size
of crack length should have the smaller ratio of
distance from end of crack to half crack length
than that of small crack length as shown in table 1
and 2.

tip element.

Table 1. Stress Intensity Factors for constant
Distance r=W/30 from Crack Tip.

Crack Length SIF -value(psi{in2) SIF-
Ratio (a/W) W  Equation 5 Equation3 ratio
0.1 1/30 8345 4529 1.84
0.2 1/30 9917 6499 153
0.3 1/30 11295 8172 1.38
04 1/30 12396 9876 1.26
0.5 1/30 14000 11842 1.18
0.6 1/30 15989 14288 1.12

Table 2. Stress Intensity Factors for Distance r=
a/20 from Crack Tip.
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Fig.4. The Stress (0, ) Distribution for Crack
Length (a/W=0.6)

reason is that the stress function for equation 5 is
strictly valid only for an infinite plate. The geo-
metry of finite size specimens has an effect on the
crack tip stress field. Therefore, the SIF was also
calculated by using the same ratio (2rfa=0.1) of
the distance r to half crack length to compare the
two methods as shown in table 2. This shows that
the difference was 2-11%, primarily due to the
inability of method of finite element analysis to
handle the problems with steep gradients, such
as those which exist in the vicinity of a crack tip.
Part of this inaccuracy was due to the stiffness

Crack Length 1 SIFvalue(si{in)  gpp.
Ratio (a/W) W  Equation5 Equation3 ratio
0.1 0.005 4612 4529 1.02
0.2 0.010 6885 6499 1.05
0.3 0.015 9013 8172 1.10
04 0.020 10904 9876 1.10
05 0.025 13166 11842 1.11
0.6 0.030 15737 14288 1.10
CONCLUSIONS

This study supports the following conclusions.
1. High stress concentration occurs around the
crack tip.
2. The SIF changes with distance from crack tip.
3. The mesh size near the crack tip should select
around 10% of the half crack size.
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