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ABSTRACT

Estimation for the parameters of a bivariate exponential (BVE) model of Marshall and Olkin (1967) 1s
investigated for the cases of complete sampling and time-truncated parallel sampling. Maximum likeli-
hood estimators, method of moment estimators and Bayes estimators for the parameters of a BVE model
are obtained and compared with each other. A Monte Cario simulation study for a moderate sized
samples indicates that the Bayes estimators of parameters perform better than their maximum likelihood
and method of moment estimators.

1. Introduction

In many reliability analyses, the estimation of the reliability for multi-component system and as-
sociated life testing problem has investigated by Rutemiller (1966), Bhattacharya (1967), Sinha and
Guttman (1976), Zack (1977), Basu and El Mawaziny (1978), Chao and Hwang (1983) and so on, under
the assumption of stochastic independence among the component of the system. But in many practical
situations although the assumption that the components of system have underlying exponential distri-
butions may be reasonable, the assumption of stochastic independence among the components may
not. Hence it is more realistic to assume some form of dependence among the components of the system.
This dependence among the components arise from common environmental stresses and shocks, from
component depending on common sources of power, and so on.

Several bivariate models based on exponential distributions have been derived. The bivariate ex-
ponential model of Freund (1961) is based on the joint system reliability of two components which
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initially are independently on test with exponential distributions with parameters a and 2 respectively.

Failure of one components reduces the additional mean life of the remaining component by increasing
cither @ to « or fto B'. This model does not have exponential marginals, but has the loss of memory
property. Moreover, Freund’s model does not allow for the simultaneous failures. The bivariate ex-
ponential (BVE) model of Marshall and Olkin (1967) is based a fatal shock model characterization,
which is suggestive of potential applications. This model is applicable as a failure model for such systems
when there exists positive probability of simultaneous failure of exponential components. Marshall
and Olkin’s model is not absolutely continuous, but have exponential marginals and the loss of memory
property. Downton (1970) proposed a bivariate exponential model to describe the relationship between
the lifetimes of two components which are subject to random shock and the number of shock needed
to lead a failure follows a bivariate geometric distribution. This model has exponential marginals, but
does not have the loss of memory property. Hawkes (1971) proposed a more general successive damage
model than Downton’s model. The distributions of both Downton and Hawkes are absolutely conti-
nuous. Block and Basu (1974) proposed an absolutely continuous bivariate exponential (ACBVE) model
that turned out to be the absolutely continuous part of the Marshall and Olkin’s BVE model, as well
as a variant of the Freund’s model. To obtain an ACBVE model with the loss of memory property
they did not assume exponential marginals.

Among several bivariate exponential models, since the BVE model of Marshall and Olkin (19:7)
have exponential marginals and the loss ot memory property, this model can play a central role in the
reliability of the system with dependent components. Moreover, this model is appropriate for the case
of simultaneous failures.

In this paper we consider the estimation for the parameters of BVE model of Marshall and Olkin
(1967). In section 2, we introduce some properties of BVE model and obtain the M.L.Es, M.M.Es und
Bayes estimators of parameters of BVE model in the case of complete sampling. In section 3, we obtain
the M.L.Es and Bayes estimators of parameters of BVE model in the case of time-truncated parallel
sampling. In section 4, we investigate the relative performance of M.L.Es, M.M.Es and Bayes estimators
of parameters for a moderate sized samples through Monte Carlo simulation in both sampling cases.

Finally, in section 5, conclusion and some suggestions for further research are given.

2. Estimation for the Parameters of BVE Model in the Case of Complete Sampling

2.1 Derivation of Model and its Properties

Marshall and Olkin (1967) proposed a BVE model for a system where the lifetimes of components
may be dependent due to shocks affecting two components simultaneously.

Let 7; and T; be the lifetimes of components 1 and 2, respectively, and {Z:(¢), { =0}, ¢=0,1, 2,
be three independent poisson processes with corresponding failure rates

A, 1=0,1,2, A€ A
where

A:(Al, /12, /{0),
and

A={A0SA<o, i=0, 1, 2; A+4 >0, j=1, 2}
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A shock in the Z:(¢) is selectively fatal to component ¢, 7 =1, 2, while a shock in the Z (¢) is simulta-
neously fatal to both components. Let ; represent the times to the first shocks in the Z«(¢),7i=0,1,2,
processes, respectively. Then the joint reliability of (7i, 73), T:=min( uo, u:), i =1, 2, is as follows:

(2.1) F(t, t2)=Pr(Ti>t, T:>t2)

=exp[— Aty — Aotz — Aomax(ty, £2)].

when 7' =(T,, T;) has the three parameter BVE distribution of (2.1), we denote T~BVE(4, 4., A).

Let E.denote two dimensional Euclidean space and

E:={te Ex t:>0, i=1,2}. For t€E’, define

(22) tu)(f)Etu):min(h, fz),
talt) = tey=max(t, t),

=y | <t
B lO elsewhere,

and
y(t)=y=ta—tw.
Then, as noted by Proschan and Sullo (1974), the following facts are obtained:

(2.3) (1) T: isexponential with parameter 7:=A:+ 4, 1 =1, 2,
(2) T is exponential with parameter A= Ai+ A2+ Ao,

(3) Ty isindependentof V=(1, V), and?,
@ (W, 13 1-Vi~1%) is trinomial (1; %, %,%),

(5) Giventhat Vi=1(13=1), Y isexponential with parameter »(n).

Let complete sampling for the BVE model be available. Then the sample consists of observations on
random variable (T, v, ¥). Hence the probability density function (p.d. £)of (70, v, y) is derived
as follows:

(2.4) gltw, v, ¥)=gltn, v) - glylv),
where
altm, v) =A% expl— A,
and
(2.5) gdylv)={ nexp[— 291} { nexpl— nyl}*{I(z=0)}'""~"
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Let (T, ), j=1, .., n, be a random sample from BVE (A, A; A). Then the
likelihood function of the complete sampling case is given by

(2.6) L(A):!{g(hw, vs, ¥5)

=(47) " (nAd)™ Alexpl—AZ tw,— B vugi— 1D VY]

for (Al, /12, /‘0) € A,
where
=2 vy, He= 2 v and no=2(1~ Ulj'“vzi) =n—ni— N2
2.2 The M.L.Es for Parameters of Complete Sampling Case

Equating the first partial derivatives of log L(A) to be zero, we obtain the likelihood equations:

2.7 _}:" + % =2 tau+ DUy,
J—;,;L + l}‘f— =2 tai+ 205y
2 n n
4’; -+ },2*1 + “IOE =20+ 20y D vy

Then the likelihood equations in (2.7) are equivalent to those obtained by Bemin, Bain and Higgins
(1972) and Bhattacharya and Johnson (1971).  In a various cases, the MLEsof  A=(Ai, A;, A) are
give by:

(2.8) (1) For #, 7, n:>0, the M.L.LE of A is unique and is the unique root of (2.7).

(2) For no=0, n,>0, #.>0, the M.L.E. of A is unique and is given by:

* 7 n
o= = = A -
Al Ztu ’ Az 2 far and A, =0

(3) For #o=0 and either #:=0 or u,=0, the M.L.E. of A is exists but is not unique,

(4) For n0>0 and one or both of %, and #. are 0, the M.L.E. of A does not exist

within 4 .

In the BVE (A, A, A} with identical marginals, the M.L.Es of A, and A, are easily obtained
as follows:

2.9) (1) For 0<me<n, the MLE.of (A, A) isuniquely given by
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Ao= ‘2§l§ {[n2(524 Sl)z+4no(2ﬂ— 720)3152]5 - n( Sz—Sx)},

Av=(n— n0) Aol mo+ 1\051] 'ly

where

szzt(m and Sz:Zth

(2) For no=0, the M.LE.of (A, A) is uniquely given by

- a__2n
?0_0 and I{I— Sl+SZ

(3) For no=mn, the M.L.Es of (A, A) does not exist within the parameter space .

2.3 The M.M.Es for Parameters of Complete Sampling Case

A

From (2.3) and p=P[Ti=T]= p

Bemis, Bain and Higgins (1972) obtained the M.M.L.
for (A1, Az, A)) as follows:

(210 R=ls -1/ 2),
_ n___ o Mo
ﬁ_[ztﬁ 2ty ]/(1+n)’
and

ﬁzno[ﬁ»+~§1t—zj]/(1+%’).

In the BVE (A, A, A) with identical marginals, we know that 7, is exponential with

parameter A=2A1+4A and p:ﬁ Hence we obtain the MMM.Es of 4, and A, as
1 .
folisws:
A~ Nn—No — Ko
(2.11) Ai=Jsr- and P ST

2.4 The Bayes Estimators for Parameters of Complete Sampling Case

Now, we consider the Bayes estimators of A for BVE (A;, A, A)  with identical marginals.
To simplify notation, let

N3= N1+ N2
n=22¢tas+2( Vis+ V) s,

and
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=2t + 2o+ Uzj)!/j: n—2tw;
Then in the BVE (A,, A, Ao) model the likelihood function is given by

ny

73
(212) L(/h, Ao) :[2"0( ) A%nﬁr[ AS‘“”exp[—-Alrl—Aoto].

4

We assumne a quadratic loss function defined by
LA, &) = (A~ A") (A=A,

and the prior distribution for A=(A,, 4;, A0) is vague prior as follows:

(213) g(/h, Ao) o€ — TEo s A, /‘0:\/‘(), a>0, co>0.

Then the joint posterior distribution for A, and A, is given by

(2.14]) ”(Al, A0|d):k g(/h, Ao) * L(/h, Anld)

7

N3
:kZ ( )/\f”a cy-1 Ago+l——co
L= {

=

~eXD[*/11T1‘AoTU], 0<A <00, =0, 1,
where

Ny ng P(an—c.—zol) . Iw(no-oz-» cot+ 1)

e
1{ - ( - T%nsﬂcl—lﬂ R Tgo*l"cu*l
and

d =(11, 1o, 7s) isa set of minimal sufficient statistics for BVE (A,, A,, Ao).

Let m(A1) and m(Ao) be the marginal posterior p.d.f. of A, and A, , respectively. Integrating
out Ao in (2.14), the marginal posterior p.d.f. of A; is given by

ns n, (ng+i{-cp+1)
(2.15) m(A) =K Eﬂ( 1 JAFr et exp[—/hz'l]l%gm:—cm*, 0<A <o

The Bayes estimator of A, is the posterior mean of A: under the quadratic loss function, therefcre,
we can easily obtain the Bayes estimator of A, as follows:

. ng ny E(Zﬂgvl'cl‘*Z) . 1—v(m,+t—co+l)
(2.16) Al ZEA1(/11):K§0( 0) TR TR e e S TS

where K is given in (2.14).
Similarly, the Bayes estimator of A, under the quadratic loss function is given by
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ng 11(2713—[761-#1) . I‘l(ﬂa+l—cu+2)

. ﬁns—l—cw} N f(,)'o+l‘_00+2

(2.17) AB‘:KZ‘:O(

Remark  Since the induced family of distributions of the minimal sufficient statistics for BVE (A4, A.,
A¢) is not complete, some difficulties are presented in establishing whether or not a minimum variance
unbiased estimator for A exists, as noted by Bhattacharya and Johnson (1971).

3. Estimation for the Parameters of BVE Model in the Case of Time-Truncated Sampling

It is desirable to terminate tests at some preassigned time. In this section we assume that testing
will be terminated at time

(3.1) X1= Tinon+ 2o

where
ZXo is preassigned,
and
Toym=max{ T, 7= 1, .., n}.
Definition The time-truncated paralle]l sampling for BVE model is the procedure which is to wait
until at least one component in each paralle]l system on test has failed and then to continue testing for

an additional predetermined time x,. Under the time-truncated parallel sampling the identity of the
component which fails first and the times of both failures are observable.

Let
A={j: Tos= Xr) ={7: i X~ Tons},
and
n.(A) :;Uij, i:l, 2, no(A) = "o
Define
(3.2) Y;,, if Yi€A,
Yt =
Xe— Ty, if Y€ A¢, 7=, ..., n
For each Y;* depends on the Tinr, »=1,..., #, only through Tt — Tins . Hence the
conditional p.d.f. of ¥;* given { Ty, v, 7= ..., m} e;
gz(!/jlt(l)j, yj) if y;€A,
(3.3) g: (yiltws, v)=

PriYi> Xr—twiv;) if yi€ A,
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where
gl yd tws, vi)=g:{ydv,) in (2.5),
and

Pr(Y,> Xr— f(l)il y;) —=exp [—( Y2t + nives) ( Xr— t(nj)].

Hence, thep.d.f. of (7u, v, ") is obtained as follows:

(3.4) Flto, v y*)=gltw, v) - gt (gltn, v),
where
gl ty, v) =AY A%z Ap ™2 exp[‘,ltm] in (2.4),

and

g (yltw, v) s given by (3.3).

Let (Th,, To), j=1,..., n, be a random sample from BVE (A,, A;, 4,) model. Thern the likelihood
tunction of the time-truncated parallel samples is given by

(3.5) LTH):janlf(tm, v, 7"
=AP A A expl—AZtay] - ' ?
~expl— 7 ;Uuy:‘” 71; v2iys)
~exp| —% (72015 + 7102 ( Xr— ts) ]
3.1 The M.L.Es for Parameters of Time-Truncated Parallel Sampling Case

Equating the first partial derivatives of log L7{A4) to be zero, we obtain the likelihood equations

as follows:
y mo, onmld) Y, (A9 - X
(36) RO TR e mlan X
n-ni{A¢)
n, mlA) _ 2 tan+ il AS) - X,
2 Ve 7=l
and
1 n—n (A)— ny(AC)
Lzy%q_)+ﬂ%_).+%): Z} too+ [7(A%) + n A)] - Xr

which are not explicitly solvable.
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In the BVE (A,, A, A;) with identical marginals, the M.L.Es of A, and A, are obtained as
follows:

3.7) (1) For 0<mi<n, the M.LEsof A, and A, are uniquely given by

Ro=(2a)"" [(¥+4ac)? —b],
and
71:2\0 s+ nz)/[n0+2\()2t(1)j] ,

where

["‘"l(ﬂc)* n2(A°)

a =Xty ta+(m{ A) + n A)). XT],

b =[—notm(A) + nlA)] 2 tay;

n-ny(A)-ny(A)

+n[ b+ (ni(A) + n(A)). XT],

J=1

and

¢ =nd n+m(A)+ nlA4)).
(2) For no=0, the M.L.Es of A, and A, are uniquely given by A, =0,

and

n—n(A)—na(A)

ﬁ\xz[n1+nz+ nl(A)+n2(A)] /[2tm;—+ El HEY,
+(m(A)+ nl A)). X4

(3) Forns=mn, the M.L.Esof A, and A, do not exist within the parameter space A .

Remark In the BVE (A1, Ay, Ao) with identical marginals and the case time-truncated parallel

sampling, we also have that 7i; is exponential with parameter A=2A1+4, and p= Tf—ﬁTo

Hence the M.MM.Es of A, and Ao are equivalent to % and T, which are coincided with the complete
sampling case.

3.2 The Bayes Estimators for Parameters Under the Time-Truncated Parallel Sampling

Now, we consider the Bayes estimator of A for BVE (A, A;, A)) with identical marginals. To
simplify notation, let

(3.8) n3= N1+ 7z,
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n( A) = nml A) + n.(A),
=22t + ;(vlﬁr v2;) + %( v+ v2; ) (Xr— ti),

and

o =ti — 2t
Then in the BVE (A, A;, Ao)  model the likelihood function is given by

ng(A) ns(A)

(3'9) LT(,{[, AO):lgo ( l ) Mz,+na(A)—tA(r]lo+t exp[—/hr{‘—/lon?].

We assume a quadratic loss function defined by
L(4, ") =(A=2")(A-4%),

and the prior distribution for (A:, A0) is vague prior given by

g(Ar, Ag)ex _r‘ll?;_"_ , A, Ae>0

where ¢ and ¢o are positive constants.

Let mr(As, A1) be the joint posterior p.d.f. of A, and Ao, given by

ng(A)  n3(A)

(3.10) M4, A))=Kr 2 ( ) Afet (i er afletimCo

1=0 :
'eXD['—'AlTl“Aoto*], 0<Ai<oo, 1=1, 2,

where

ng(A) na(4) I(n,+n3(A)Al—cl+l),Iino+l-c0+1)

!G'_1 - = . (Tf)n,-rn,(A)—Hc,H ( t; )no+l—co+1

Hence, under the quadratic loss function and vague prior distribution, we can easily obtain the Bayes
estimators of A, and A, as follows:

ny(A) na(A) I—-(n,+n,(A)—t~c,+2 )., I—v(no+l—c°+l)

(3.11) 11'1” :KT g ( L (rlt )ns+ﬂs(A)—l—Cx+2 ( 1‘3' )nou—cnn
and

ng(Ay ng(A) ng+i—Co+2) ng+ngA)—L—cy+1)
(3.12) As* =Kr g ( , ) T:;)ﬂwl—%w (g)na+n,(ﬁ)—-l-—c|+l ,
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Ky is given by (3.10).

Remark.  As  x¢—~o0, (3.11)and (3.12) is equivalent to (2.15) and (2.16).

4. Empirical Comparison for a Moderate Sized Samples

In this section we investigate the relative performance a moderate sized samples through Monte
Carlo study. The efficiency of the estimators is measured in terms of the ratio of the trace of the inverse
of information matrix to the sum of the M.S.Es of the individual estimators. It is given by

Eff- =tr(In"')/ZMSE(A)).

All computation in this section are carried out on Cyber-170/815. For fixed n =7, 10 and 20, estimates
of the mean squared error are obtained from 4,000 simulated samples with A;=A,=1, A,=0.1, 0.5,
and 1.5. In each trial, two dependent exponential random variables of Marshall and Olkin’s model are
generated as follows:
Let three random variables #o, 2. and #: be independent exponential distribution with parameters
Ao, Av and A, respectively. Define 7; and 7: as follows:

lemin( Uo, ux),

and
To=min( uo, u:).

Then (71, 7:) have the BVE (A, A, A,)  distribution given by (2.1).
The efficiencies for the estimators under the complete and time-truncated parallel sampling appear
in Table 1 and 2, respectively.
From Table 1 and 2, we know the following facts:
(1) The Bayes estimators of parameters performs better than their M.L.Es and M.M.Es under both
sampling, except for the case of n =10, and 20, # = 0.429.
(2) In table 1, the efficiencies of M.L.Es and Bayes estimators are decreasing as the correlation
coefficient of population is increasing.
(3) In table 1 and 2, the efficiencies of M.M.Es of parameters are increasing as the correlation co-
efficient of population is increasing.

5. Conclusion and Remark

In this paper, we consider the estimation of parameters for a BVE model of Marshall and Olkin
(1967) under the cases of complete and time-truncated parallel sampling. The maximum likelihood
estimators have to be found. in general, by complex iterative methods, but the method of moment esti-
mators and Bayes estimators can be derived in closed forms. We knew that whereas existing the M.L.Es
of the BVE model have many a good properties, the Bayes estimators under vague prior are better than
M.L.Es in small samples.
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Table 1. Comparison of the Efficiencies of the Estimators of Parameters for BVE (4, A;, 4o)
in the Complete Sampling Case
( Ay = Az = 1)
n
o Ao Estimators
7 10 20
0.048 0.1 M.LE. 0.7351 0.8126 09139
BAYESE. 0.8977 0.9859 0.99599
MM.E. 0.3137 0.3712 0.4994
0.200 0.5 M.L.E. 0.7094 0.7498 0.8824
BAYESE. 0.8247 0.8165 0.8880
MME. 0.3969 0.4920 0.6118
0.429 1.5 M.L.E. 0.6070 0.6810 0.8804
BAYESE. 0.6156 0.6792 0.8750
MME. 04144 0.4834 0.6593

Table 2. Comparison of the Efficiencies of the Estimators of Parameters for BVE (A,, 4., i)
in the Time-Truncated Parallel Sampling Case.

(Ax”:Azzl, 1'0:0)

n
1 .
£ 0 Estimators . 10 20

0.048 0.1 M.LE. 0.5185 0.6152 0.7859
BAYESE. 0.5673 0.7042 0.8858
MM.E. 0.3137 0.3712 0.4994

0.200 0.5 M.LE. 0.5848 0.6817 0.8274
BAYESE. 0.6639 0.7412 0.8336
MMLE. 0.3969 0.4920 0.6118

0.429 1.5 M.L.E. 0.5444 0.6348 0.8197
BAYESE. 0.5539 0.6340 0.8164
MME. 0.4144 0.4834 0.6593

We close this paper with some suggestions in which the present work can be extended:

(1) In this paper, we assume that the distribution is BVE (4., Az, o) .

dure for A may be extended for the multivariate case.

(2) The M.V.U.E. for A in complete or time-truncated parallel case which are not considered in

this paper.

(3) The Bayes estimator for A under the more general loss function which are not considered in

this paper.
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