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LOWER RADICALS OF r - RINGS 

By H. j. Lc Roux 

Abstract: In this notc 、\'c introduce thc conccpt of a lowcr radical for r-rings 
As an application wc also charactcrisc thc prime radical introduccd by Barnes 

[I} as a lowcr radical. Furthcrmore it is shown that thc primc radical can also 
be dctcrmined by thc c1ass of all scmψrimc r -rings. 

1. Preliminaries 

In this notc \\'c considcr only the r -rings in the scnsc of Barnes [I}. A c1ass 

R of r -rings (f ixcd r) is called a radical c1ass if R satisfics: 
(A) R is homomorphically c10scd 

(B) If cvcry nonzcro homomorphic imagc of a r - ring has at Icast one nonzerO 

R- ideal, then the r - ring itsclf bclongs to R 

Thc unique maximal R- ideal of a r - ring M , denotcd by R(M ) , is callcd the 

R-radical of M and R(M / R(M)) = 0. A r -ring M is callcd R-semisimple if 

R(M) =0. SR will dcnotc thc class of all R-scrnisimplc r -rings. 
Furthermorc wc say that a class A of r - rings is hcreditary if MεA and 1 an 

ideal of M (denotcd by 1이M)， implics that 1εA . lf A is a hereditary c1ass of 

r -rings, then 

UA = tr - rings M I M/IεA for every M낯I이M) 

is a radical 이ass ， callcd thc uppcr radical c1ass determined by A. 

Let M be a r - ring. Q이M is callcd a prime ideal of λf if for A, B<JM and 

Ar BÇ,Q, implics AÇ,Q Or B도Q. Q is called a semiprimc idcal of M if for 

U이M and uru도Q， implics U Ç,Q. M is called a primc (scmiprime) r -ring if 
o is a primc (semiprime) ideal of M. 

An element a of a r - ring M is nil if a(ra)"= O, nE N. M is nil if every 

clcment of M is ni l. SC M is callcd nilpotcnt if s(r s)" = o, nE N. S is caJJed 

zero if sr s = o. 

A r-ring M is callcd a simplc zero ring if MrM = O and M and 0 are the 

on ly two ideals of M . M is called a simplc primc ring if MrM = M and M and 
o are the on ly twodeals of M . 
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A class A of r - rings is calIed a special (wcak ly spccial ) class if A satisfics 

(a) A consists of primc (scmiprimc) r - rings. 

(b) A is hereditary. 

(c) A is essentialIy closed i. e. for a r - ring M ,J an csscntial idcal in M and 

[E A . implies that MεA. 

lf R= U A whcrc A is a special ( “ cakl y spccial) class. thcn R is calIcd a 
spccial (\\'eakly spccial) radica l. A radical class is cal led supcrnilpotcnt if it is 
hcrcditary and contains all thc nilpolent r - rings. 

2. Thc lowcr radical class for r - rings 

IJEFI~ITIO~ 2. 1. Lct B bc a noncmply c1ass of r • rings ~uch lhat B is 
homomorphically c1oscd. J)cfinc B = lJ j • Assuming that B , has bccn ùefin ed fOI 

cvcry ordinal l "" t "'-v. \\'c dcfinc B, to bc thc c1ass of all r - rings M such that 

cvcry non zcro homo l1lorph ic imagc of M contains a nonzero ideal 1εκ [or 

somc t <v. 

The proofs 01 the following two lcmmas arc minor 1l10difications of thc proofs 

of the corresponding theorems in ordinary ring thcory. and wi lI bc omitlcd 

LEM~ IA 2. 2. I[ LB=잉 B ,. then LB is a r찌cal class. and it is the smallest 

radical class containing B. 

LEMMA 2.3. I[ B is a hereditary. 1IOII!0morphically c/osed class o[ rings. 

then LB is hereditary. 

LB is calIed thc lowcr radical c1ass dctcrmincd by B. Let Q이I이M whcrc M 

is a r - ring. In [2] it was shown that QrQrQ득Q 、.vhere Q=Q+QrM+ MrQ + 

MrQJ ’M. is the ideal of M gencrated by Q. This rcsult can bc considered as 

Andrunakievic’s lemma f0 1" r - rings. Before wc gi vc a concrete application, " .. e 

need the follow ing two lemmas. 

LE i\ I:VIA 2.4. Let A be a heredilary. hOlllolllorphically closed class o[ r - rings 

wltich conlains all the zero rings. Then LA = A2 

PROOF. Let M E A3. Evcry nonzcro homomorphic image M ’ of M has a nOn

zerO ideal I E A2. Since [εA2 . every nonzerO homomorphic image of [ (hcncc 
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1 itsel f) has a nonzero ideal BE A, = A. Lct B be the ideal of M ’ generated by B. 

Furthermore B이E이M’ From Andrunakicvic’ s lemma wc havc BrBrBÇ.BE A. 

Siocc A is hereditary. wc have Br Br BεA. If BrB =O, then BεA sincc A 

cootains aJl thc zero riogs. If BrB잊0， but BrBrB=O. then BrBrBrB= O, 

so that BrB is a nonzero zcro ring and hcnce Br'jìE A. If BrBrB",O, thcn 

M' contains a nonzcro ideal in A. So, in any case, M ’ contains a nonzcro idcal 

io A. Thcreforc M르Az and hcncc A3= AZ- 50 L A = A 2 

If K is the class of all nilpotent I'-rings. it is cas)' to vcrify that K satisfics 

thc conùitions of thc previous Icmma. Thcrcforc, \\'e havc. 

LIη1\1 0\ ~. 5. Lel K be tI/e c/ass ν all lile nilpalcnl I‘ -rings. Thcn LK K" 

3. Application to the primc radical of r - rings 

In ordcr to givc an application of thc lo\\'er radical construction of r - rings. 

wc “ ill sho\\' that L = {A II nilpotcnt r - rings) =UP =UC , ‘vhcre P = {A Jl primc 
/' - ringsJ and C= {AII scmiprimc r rings). 

First. howevcr. we nccd thc following two lemmas. 

LEM\I \ 3. 1. Lel S be a sellliþrillle ideal af Ihc r - ring M. 

(i) ArB도S if and only if BI' AC S, far any ideals A and B of M. 

(ii) A(rB) ’ Ç.S if and anly if ArB도S， far any ideals A and B of M and 

nεIN. 

PROOF. (i) Al’BζS implics Br AI ’BI'AÇ，Bf’srA드srAÇ.S. Sincc S is a 

scmiprimc ideal , wc havc Br AÇ;S. 

The converse can bc provcd in a similar way. 

(ii) If Ar BC S , it follows that A(r B)"Ç.S for any nεIN 

Con\'ersely. let A(r B)’‘CS. If n= l. then Af'BC.S. So, suppose n> 1. thcn 

===> {[Br) ’ -IArB}r[[Br) • 'A I'B) Ç;S 

===> [Br) 0-1 Ar B Ç;;;S si ncc S is scmiprimc 

===> {[Br) " - 1 A ) r {[Br) 0 'A) Ç;S 

===> [B r) 0 - 1 A Ç.S; S is scmiprimc 

i. e. BI'Br ... Br A Ç;;; S 

i. c. (Br Br .... B)r AÇ;S 

From (i) we have Ar(BI ’ BI' ... B)Ç;S 
===> A(r B)" - I ç;S 
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Thc proof is completed by induction. 

LEMMA 3. 2. A r - ring M is semiprime il aηd only 11 J.\ll Izas IZ 0 1Z0nzcro 

nilpolenl ideals 

PROOF. Let M be semiprime. Suppose 0 ，，<1이M such that l(r I)"=O, η드1N 
Since (0) is a semiprime ideal of M, we have from (i i) of the previous lemma 

that 1r1=0 and again , since (0) is a semiprimc ideal of M , 、\.c ha\'e 1=0; a 

contradiction. Thercforc M has no nonzcrO nilpotcnt ideals. 
Converscly, supposc M has no nOnzcro nilpotent ideals. ][ Ar A =O for somc 

A이M， thcn A=O. This implies that M is scmiprimc. 

Now if K = lAll thc nilpolent r - rings) , ‘vc havc from Icmma 2.5 that β= 
LK= K 2= 1M a r - ringlEvcry 0,,<M/ 1 has a nonzero nilpotent ideal) . 

Let M bc any r -ring and denote by ß(M ) the sum of all thc β-idcals of .11 

THEORE~I 3.3 II C is Iile class 01 all Ihe semiPrime r • rings, Ihen Sβ = C. 

PROOF. Lct ME Sß. Then β(M) = 0. Thcrcforc M has no nonzero ß-idcals 
and hencc no nonzerO nilpolent ideals. From lcmma 3.2 we have that λ1EC. 

Convcrscly, let M E C. Suppose MIE.Sβ， thcn β(M):;<'O and hcncc ß(M) has a 

nonzero nilpotent idea l N. Let π be the idcal of M gencratcd by N. From 
Andrunakicvic’ s ]cmma for r -rings. wc ha vc πrFJ r N r;;;;,N. lf 0=πrlíirN = 

N(rlíi)2’ thcn π is a nonzcro nilpolcnt idcal of M; a contradiction with Mε 
C. lf πrπrπ#0 thcn Nrπr N is a nonzcro nilpotent idcal of M since 

πrlíirlíicN， and N is nilpotent. Again this is a contradiction since M E C. 

Thereforc M E Sß and the theorem provcd. 

As in the case of ordinary rings, wc also havc in the casc of r - rings that 
cvcry radical class R is thc upper radical class detcrmined by thc semisimple 

class SR. i. e. R =USR. 

From thcorem 3. 3 wc now havc 

THEORE~I 3.4. ß=UC. where C is Ihe class 01 all semiprillle r - rings. 

Thc following lemma is casy to vcrify. 

LE~MA 3. 5. M / I is a pri1lle (semiprime) r - ring il and only ill is a prime 

(semiprillle) ideal in tlze r - ring M . 
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wc are now in a position to prove that β is also the upper radical class detcr' 
mincd by all the prime r -rings M. 

THEOREM 3.6. β=U P. where P is Ihe class 01 all þrillle r -rings. 

PROOF. Since p r;;c. wc have that UC=βÇ;;U P. Supposc β잊U P. Then thcrc 

cxists O",M E U P . MEiβ. I.C β(M)"，M. Thcrcforc there cxists xE M. x쓴ß(M). 

Lel X be thc idcal of M gcncrated by x. Supposc X(r X)" 1tβ(M) for cvery 

nE N. Let U = (J이Mlx(rxllt!-:::Jβ(M). for all k= 1. 2. "' ). Therc cxisls. 

according to 20m’ s lemma. an idcal W of M. maximal to lhe property X(r xl 

도W. W c want to show that W is a prime idcal of M. Lct L, and L2 bc two 

idcals of M such that L,r L2도W. If WC L,+ W and WζL2+ W. thcn therc 
cxist r.IE N such that X (rX)'ç;;;L, + W and X(rX)'C L2+ W. Hcncc 
[x (r X) r ) r [X ( r X )'J C ( L, + W)r (L2+ W) i. e. X ( r X l C L ,r ’L 2+ L,rw + WrL 2 

+ w rwc w; a contradiction. Hence L, + W = W or L 2+ W = W. This implics 

that L，도W or L 2C W. i. e. W is a primc r - idcal of M . From lemma 3.5 、，\'C

have that M/W르P ; a contradiction with M E U P. Hence. thcrc cxists kεN 

such that X(r X)'ç;;;β(M). 1\。、，1' wc have that 0", [ß(M) + Xl / ß(M) 이M/ß(M) 
ESβ. But ([ß(M )+X J/ ß(M) ) [r[β(M)+XJ ! ß(M)) k= O. Thcrcfore M!β(M) 
has a nonzero nilpotent idcal : a contradiction 、vith M!ß(M)εSβ. 50. MEβ 
and β=UP. 

ln [2l . theorem 2. 2. it was pro\'ed that P is a special cJass and hence that 

β=U P is a special radical. 1 t is easy to chcck that if K is the class of all 

nilpotent r - rings. thcn K is hcrcditary and homomorphically closed. From 

lemma 2. 3 it follo \Vs that LK =β is also hcrcditary. Thcrcforc ß = U P = UC is 

a supern ilpotcnt radical cJass. 
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