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ON THE ( 111 , K , n)-IDEALS OF ASSOCIATIVE RINGS 

By Fcrcnc Andor Szász 

O Lct A be an associative ring. Lct AU cenotc thc opcrator 1 cven in casc, if 

A does not havc an unity elcmcnt eεA. Z denotes the ring of rational intcgcrs, 
and B.C dcnotes the additivc subgroup generalcd by all products b.c, 、，vhcrc

IJE B and cεC. A subring S of A is caJled an (，ι K , 서-ideal ， if thc incl usion 
S"' . A . SK.A.S"드S 

is valid, for arbitrary non.ncgativc rational intcgcrs …, K , κ It must bc rcmar 

kcd that (11ι K. 씨-ideal s of semigroups wcrc introduced and discussed by S. 

Lajos [6J. 
FoJlowing S. Lajor.F. A. Szász [8]. a subring S of a ring A is calJcd an 

(’11, n)- ideal of A , if S"' .A.S"드S holds. Obviously, cvery (m , n)-ideal of A is 

alsoan (m, K , n)-idcal, by A.SK.A~A ， and thus by S"’ .A.SK . A.S"드S'".A.S"~S 

,,'e havc shown our assertion . But thc conversc, in general is not truc. Thc 

convcrsc statemcnt holds if A2=A is valid, since then the (-’'11, 0, n)- ideal coinci. 
des with the (111, n)-ideal, bcing truc 

S'" .A.SO.A.S’ = 5'" .A:?S"= Sm .A.Sn드S 
r\ Parlicular case of A2 = A is, if A is von Ncumann.regular, strongly regular, 

“:cakJy regular, or bircg비ar. For thcsc dcfinitions see l\. ]acobson [1]. Or 

F. A. Szász [llJ. 

THEOREM 1. A sκbring S o[ an associative ring is an (111 , K , n)- ideal o[ A σ 

and only i[ S is an (m, n)-ideal o[ a (0, K , O)-ideal o[ A 

PROOF. First we assumc that S is a (0, K , O)-idcal of thc ring A , and T is 

an (m , 서-ideal of S. Thcn one has 
K A . ",2 A.S" .A+S 딛S 

and T"’ST" +T'1드T드S. 
Now thesc inclusions imply evidcntly 

T m.A.TK .A.T"!;;;T’"AS • . A .T"!;;;T"'ST"’~T， 

i. c. T is an (111, K , n)-ideal of A , indeed. 
Conversely, let S he an (m , K , 시-idcal of A. Thcn wc shall show that S is 

an (m , n)-ideal of the (0, K , O)-idcal, generatcd by S, of A. Obviously 
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(*) (S)(α K. O)= S + A.SK.A， 
where thc lcft s idc of OU 1" cquation (‘) is thc (0, K , O) - ideal , generated by S, of 

A. Thus we havc 

S”· {Sl (0」， 0) ·S”득S"’AS'A.S" + S’111 n - l드S ， 
and thus Theorem 1 is provcd. 

DEFI:\ITIO~ 2. (sec S. Lajos [ ]) . A subring S of a 1"ing A is said to be an 

“ interior idcal" , if it is a (0, 1, 0)-idcal that is A.S.AES holds. 

COROLLARY 3. A SI，씨 ';ng S 01 a r;’.g A ;s a (0, 1. 1)-;dea/ 01 A '1 and 0κIy 

1/ S ;s a lelt ;dea/ 01 an ;nter;or ;dcal 01 A. 

COROLLARY 4. A .mbr;ng S 01 a r;ng A ;s an ( 1. 1, l) -ideal 01 A ;1 and only 
;1 S ;s a bi-;deal 01 an ;nterior ideal. 

RE:-IARK 5. 1. 8i. idcal S of A means an (1, l) - idcal of A. For a dctailed 

discussion of bi-ideals of rings, scc S. Lajos-F. A. . Szász [7] . 

RE、IARK 5.2. Evidcntly, cvcry t\\'o.sided idcal is an intcrior ideal, but the 

converse. in gcneral, is not truc, as thc followi ng exam ptc shows: 

EX.-\~lPLE G. Let F bc an arbitrary ficld , and A = F6 the full ring of matrics 

of type GXG over thc field F. Its matrix unities lct be denoted by E'.i (i, j = 

1, 2, 3, 4, 5 and 6) , i. c. wc havc 

E . ,.E ,. ,=1L , .E j LJk.'-Vj.k LJ i , l 

‘,'herc ôi . K is thc Kroncckcr delta . If wc put 

a1 = El. '1 ’ a2= E1.3+ E,.1 ; a3= E I. 4 ; a. = El .5+ E4.l + E6.3 

and a5= El.6+ E4.1+ E5.2' 
thcn thc addit ive 5ubgroups 

Z .a3 ; Z05 ; Z02+Za3 ; Za1 + Zo, and ZOl + Zas 
all are subrings, even intcrior ideals, but not twosidcd ideals of A = F 6' 

THEOREM 7. Let A be an associaliνe ring, S an (111 , n)-idea/ 01 A. Then any 

(0, K. O)-ideal T 01 A is an (111 , 1II + II + n, n)-;deal 01 A 

PROOF. Obviously 

S"'AS" + S2득S 
K ...........2 and S.T H .S+T 드T딛S. 

No\\' we shall show that thc subring T of A is an (111, 1II + K + n’ n)-ideal of 

A. è\amely from the abovc inclusions wc havc 



On the (m, K. n)-Ideals 01 Associative Rings 

T"' . A.T’1샤K+ ".A.T" =(T"'AT") 'TK. (T m AT") 

드(S"’AS").TK (S ’'" AS")드ATkA드T. 
Therefore T is an (m , m +k + n, n)-idcal of A , indced. 
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COROLLARY 8. Asstt1lle IIwt A is a ring, T is a bi.ideal o[ A , and S ‘s an 

interior ideal o[ T. Then S is a (1, 3,l)- ideal o[ A. 

COROLLARY 9. Assmue that A is a ring, L is a 1끽1t ideal o[ A , and S is aη 

interior ideal o[ L. T1z eη S is a (0, 2, 1) -ideal o[ A. 

THEOREM 10. Let A be a ring, S an (m, k , ,,)- ideal o[ A. T 1zey aι:y (p, q, r) 

- ideal o[ S is an (m +p+q+ 1, K , n + r)-ideal resp. an (m+p, K , n +q+ r + 1) 

ideal o[ A . 

PROOF. Evidently hold 

a nd 

Thercfore 

S’" .A .SK.A.S"+ S2>;;S 

T P.S.T' .S .T' +T2>;;T드S. 

T'>>+P+<+l. A .T k. AT" +' = T p+,+l(T’''' . A. T k. AT")T' 

득Tp+，+ l. S . T'>;;TÞ .ST'ST'>;;T 

COROLLARY 11. Assllme t1zat A is a ring, S is an (m , K , n)-ideal o[ A. T 1zen 

any inteγior ideal T o[ S is an (m, k, n +2)-ideal , resp. (111 + 2, K , n)-ideal o[ 

A 

COROLLARY 12. Assllllle that A is a ring, B is an interior ideal o[ A. Then 

any (111 , k, n) - ideal T o[ S is an (1II + k + 1, 1, n) - ideal resp. (m, 1, n +k + 1)-ideal 

o[ A. 

Recently S Lajos-G. Szász [8J have inlrod“ced the notion o[ (p, q, r ) -reglllarity 

01 semigrouþs. I n a similar way. ωe say thal a ring A is (p , q, r)-reglllar, 'f 
there ext"st elemenls x and y 01 A lor every a르A sllch that 

Þ __ , 
a =ar.x .Q'.y.a 

holds. Moreover , [ollowing S. Lajos [6), we say Ihal an (m , k, η)-ideal o[ A is 

“ complete" i/ S"' .A.SK.A.S’‘ = S holds. 

THEOREM 13. A ring A is (p , q, r) - reglllar i[ and only i[ every (p , q, r)-ideal 

o[ A is complele. 

PROOF , Let A bc a (p, q , r)-regular ring, S a (p, q, r) - ideal of A and sE S. 
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r ht'J1 s=sP 、 S"y. s'，，-SP .A.S'.A.S' implics SÇ SP.A.:;" .. 4 .S’ εS. whencc Jl fo llo\\' ‘ 
that t hc (p, q, r )-idcal is completc. 

Convcrsely. if evcry (ρ， q， r ) -ideal S of A i, complctc thcn for c‘ efV Sι.' 

;vc ha、 e

sC= {51 (P" ,,)= T = T P . .4.T' .A. T'드." . .4 's' . .-1 ' S'. 

\V hich means thc CP, Q, r )- regularity of the ring A. 

COROLLARY 14. A ring A is von Ne“lIIann.regular if and only tf e,'ery 
(1 ,1. l )-ideal S of A is complete. 

COROLLARY 15. A ring A is intrareg’‘lar if and o/l ly 'f every (0, 2. O)-ideal 

of A is complele 

W c recall that a ring A is strongly regular if f or cvery elemcnt aE A the 

inclusion a든i.A holds. 

The charactcrization of strongly regu lar rings with thc hclp of 29 c4uivalent 

cond itions can be found c. g. in part n of P. A. Szász 110). 

l-Io \V, the following rcsult holds : 

COROLLARY 16. The following eleveη condition s for a ring arl’ þair lO'-se 

equivalent 
(1) A is slrongly regular. 

(2) Every (1, 0, 2) -ideal of A is COIIψlele. 

(3) Every (2, 0, l )- ideal of A is complele. 

(4) Every (2, 0, 2)-ideal of A is complele. 

(5) Every (1, 1, 2) - ideal of A is complele 

(6) Every (2, 1, l ) - ideal of A is complele 

(7) Every (2, 1, 2)- ideal of A is COIIψlele. 

(8) Every (1, 2, 2) -ideal 01 A is complele. 

(9) Every (2,2, l )-ideal 01 A is complele. 

(10) Every (2, 2, 2)-ideal 01 A is complele. 

(11 ) For every ’1l， n드Z such Ihal m+ n르3 and 111, n르 1. every (111 , 시-ideal 01 .4 

i5 complete. 

PROBLEM 17. Invcstigatc the generalized (m, K , n)-ideals S of the ring A such 

that S"‘AS K AS"Ç;;S holds. hut S is only a suhgroup of A ~ . but, in gencral, it 

is not a subring of A ’ 
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P!WBLDI 18. Lct C bc a class of rings _~. 1 m'cs tJga te thc almosl υι .K.n) 

\nll tsur-Kurosh rad ‘cal classcs C. ;atisfying. 

18. 1) C is homomorphically closed 

18. 2) lf cvery nonzcrO homomorphic image A ’ 0t [he ring A conta ll1 s d 

C-subring S. which is an (m . K. n) - idcal S of A. thcn AεC holds 

PROBLE~1 19. Invcstigate thosc (111. K . n)-strongly λffillsur-Kurosh radical classc:, 

C (1ι K ‘ n) such that in cvcry ring A. thc corresponding radical C(m. K. n)(A) 

of A contains every sllbring. which is C(m. K. n)-radical ring ! 

PROBLE~l 20. Thc same problcm. as Problcms 18 and 19. but for gcncraJjzcd 

(m. K. n)-idcals of thc ring A. instcad of ordinary (m, K. n)-ideals of A. 

PROBLE~1 21. The samc. as problcm 19. but for supcrnilpotent. spccial and 

sllbidempotcnt radical classes 

RCMARK 22. Por thesc concepts 5ec C. g. 1'. A. Sfász [11). 
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