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ON THE ABSOLUTE CONVERGENCE OF LACUNA RY VECTOR 

VALUED FOURIER COEFFICIENTS SERIES 

By R. A. Rashwan 

Abstract : ln lhis articlc thc absolutc convcrgcncc o[ lacunary Fouricr Cocf[i­
cicnts Serics is studicd for Hilbcrl spacc valued funclions. Thc considcrcd 

funclions arc assumed lo be o[ cithcr the modul us of continuity or thc modulus 

of smoolhncss of ordcr 1 which are considcred on ly al a fixcd point in [-π. "J . 
On thc othcr hand for valucs in wcak ly scquentially complctc Banach space. t he 

lacunary Fourier coefficicnts scrics is strongly unconditionally convcrgent. The 

resulls obtaincd hcrc are a kind o[ a gcncral ization of thcrcsults duc to Kandil [4J . 

1. Introduction 

Lct x(1) dcnotcs in gcncral-a 5trongly conti nuous pcriodic vcctor valucd func­

lion of real 、 ariablc 1 of pcriod 2π wilh values in a 8anach space X with thc 

norm l. I' 
Thc lacunary Fouricr 5crics of x(l) is dcfincd as follows 

∞ 

x(l) =ε C ... e
,nþf 

(1.1) 
k 00 ••• 

J[ %(1) is integrable in lhc scncc of Pcttis [2J . “ e can writc the lacunary 

F'ouricr Cocfficients as 

Cι샤”야긴=궐숲，f;전패:;샤닛nf?tκ(μωκ1).-'μyψeεF-「l끼…”끼쐐. 
Lct us introducc the definitions aDd notations \\'hich wi ll be used in the seque l. 

( 1 ) On aDology to thc scalcr valucd casc. wc definc here the modulus of 
continuity ω(x. ~) of %(1) by: 

ω(x. 1/) = SUjl Il x(lo+lI)-xCto- h) iI (1. 3) 
1111 < 17 

( n) Thc modulus of smoothncss 에(x. 1/) of x(1) of ordcr 1 (lEN) at thc 

pOint 1。ε [-π， πJ are dcfincd by: 

ω'， (x . ψ=sUPI li(-l)I-l이)x(lo +C2j - 1)씨 
j= l 

(ill) Thc serics (1- 1) satisfies the lacunary condtion 

( 1. 4) 



174 R. A Ra，hωall 

(nk+ l- '사)> CF(n.). C> O 

where F (nþ') increases to ∞ as k→∞， 

( 1. 5) 

F(n.) <n. for all kEN. 

With F(n.) = n.’ this condition gives the famous Hadamard lacunary condition 

C 
lim inf-슴"'--> 1 ( 1. 6) 
k~。 ν" 

Throughout the papcr δ=S:r/(CF(nN)). whcrc N is a natural number. and 

D = [1: 11-101 <끼 

Lct H bc a Hilbcrt spacc H and let B2(H. D) dcnotc thc spacc of H 、 a!ued 

Pettis integrable functions x defined on D [3J 

To formu late Our resu!ts. we introduce. thc foJJowing !emmas which \\" iJJ bc 

uscd in what foJJows: 

LHIMA 1.1. The 1Il0dμ[ttS of conli’wity ω(x. η) defined as (1. 3) is ,"ch tlwl 

(i) For each þositive À. we have 

띠(x. Àη)드(À+ l) ω(x. 1/) 

(ii) w(x. 0) = 0 

(iii) ω(x. η) z.s increasing. 

PROOF. Obvious. 

LE~I~lA 1. 2. [7J. If u.르o (nE N). "사낯O. and F(“n) ís a fttnction S1fC" Ihal 

F (O) = 0. F(ι) increasing and concave. Then 
∞ ∞ ，，-+ι + ... 
ε-::F(α.) <2 ε F( "n . "n . , . ) 

n = l … 11 = 1 n 
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(1. 7) 

( 1. 8) 

( 1. 9) 
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~ II C，， 1I 2드C(띠 ( -」L- 2 1 11. 1 능”” ”· l X ’ F(η‘)) 
1V/zere C> O and 1 ;s an odd nalural number. 

( 1. 10) 

PROOF. Thc proof for thc scaler valued case as givcn in [6]. 

Works just wcll in the vector valued situation 

2. Main results 

THEORE~1 2. 1. lJ 
(1) x(l) ;s slrongly coηlinα01&S periodic vector valιed J，αncUon with values in 

a Hilberl sþace H deJ;ned on some D. 

(2) (nk+ l-n.)> CF(n.) , C> O 

• A β 
∞ (띠(x， 1f';~ τ)) 

(3) ε - 、 γ <+∞ O <ß드1 (2. 1) 
k~ l kβ/2 

wlzere 에x， 잃--;:J) ;s as in (1. 3) ω，1ι TJ reþlaced by A I F(ψ， A =짜/C+π 

Then 
∞ ” 
ε II C. IIμ<+∞. 

k~ ∞ ”’ 
(2.2) 

PROOF. Since x(t) is strongly continuous on D, thcn we have: 
。。 ’ ‘ 

x(l +h)-x(l - h) = ε cι(eHf __ e- zn
‘n)e’n.‘ . 

• ~ ∞ .. , 

Applying parseral’ s identity [3] . one gets : 

2" ", ,, 2 l |1x(t+h)-x(t h) 1|2dt = 율 1 in,h - e - in,h! 2UCII

‘” 
ν D k~-∞ • 

∞ 

= 4 ε"J II Cι"시’ 
Jl=-∞ -

Hencc from ( 1. 8), we obtain 

4k월41Cnl||2 SI째h드8δ-l!DIl X(I + h)- x(l - h) l!"dl (2.3) 

Integrating both sides of (2.3) with rcspect to /z over (0, τ~)， one gets: 
、 “ N ’ 

∞ ? 셔In. 2 , , ••• _ CF(η 1\1) r-,jnN 

4*프』C이11 :1 0 sin까 I hdh드-τ~.J。 

씨
 

n / 
i 

/ ‘ 
、

、‘ 
시
 
” / 

J “ 
2 

페
 

t 

것
 

” 
μ
 
π
 

μ
 

” 、

μ
 

、

씨
 

” 

” 
짜
 
f 
m 

4 

π
 
r 

t 

t 

/ “ 
n ‘ 
、、

이
 



176 R. A Rashwall 

Wc sce that if 1 까 1 르"N’ then 
π1.‘ CI ". l/n.v)::-

J s잉Jn꺼l“2 
o 0 

fln,l/n,.,.j:r 

> ” fr1 ” f/, 1ι ，、 J Sin21 dl 
0 

_ 1 [l n.l !nNl 
-강N τ1까짜칸1 

π 

걷-

르_1 _ . ...L . 프---프 (2.5) 
nN 2 2 4nN 

Using 1드 [1 ，사 1!IlNl <I nk l!n，v드1 + [ln. l!nNL where [ 1 denotes the integral 
par t. 

Also by ( 1. 7) , using π!nN드π!F(ηN)' and obscrving from (2.4) that IE [10-

δ， 10+δ1 ， wc obtain: 
II x(l+h)-x(l - h)11 = lI x(1。 δ Fλ +h) - x(lo) + x (lo)- x(lo-δ + À-h)11 

드2ω(x， δ+λ +h) ， 0 <λ <2δ 

드2ω(x， 3 δ +h) 

<2 ω(x. ~월"--，..+ π 1 
- \ c-'þ'(n

N
) n

N 
/ 

=2π(1'， 한삶). A=π+24π!C 
Using (2. 6) and (2.5) , wc gct from (2.4) that: 

A 、 、 2

ε II C. II .드C(ω( 1'， τ윤-， )) 
\ tt ， l ~ nN “· 、 、 “ N) 1 1 

80, 1VC havc: 
.., I I LI 、 、β

(2. 6) 

(2. 7) 

(ε IIC •. II‘)드c( ω( 1'， τiγ )), O<ß드1 (2.8) 
In.12nN ’ 、 、 ‘ 、 ‘ N.J 1/ 

Applying Lcmma (1. 2) with u.= II C.씨2 kεZ and F(u) = ,,ß!2, and using (2.8), 
we have 

∞ ” ∞ < ∞ 

ε-:: II C •. IIν<2 ε-; F( II C. In ::;4 C ε: 
k= ∞ ”’ k = l ’ k= l 

This sho \Vs that: 
∞ ‘ 

r:: II C •. II" < +∞， 
k= ∞ ". 

and this completes thc proof of Thcorem 2. 1. 

[에X， F앓)]β 
1112 <+∞ 



Ú Il Ihe Absol“te ConveTgellce 01 LacUnQTy Vector Volued FourieT Coellicielll s SeTies 177 

THEORE~1 2.2. If 

(1) x( t) satisfies the alt condilions of Theore끼l 2. 1. 

∞ @,(X. 깎흥y)/ 
(2) ξl 양 2 K' <∞ 

wherc t，싸 ‘ 、”ν ... - "~II 
8rr/C +:: and 1 is an odd nlm‘ber. 

Then : 
∞ ” 
r: II C“11 " <+∞ O <ß드l 

k=-∞ “· 

PROOP. Applying the inequality (1. 10) instead of (1. 9) in the proof of 

theorem 2.1 and procccding analogously. this theorem is proved. 

COIWLLARY. If: 

(1 ) x ( t) is strongly conlinuous veclor valn.d f，κnction on D with values in H. 

(2) In.l salisfi.s tlze Hadolllard coκdilion ( 1. 6) 

(( B \\a 
‘ … .υ -- .‘ 

∞ “‘ u 
(3) ε 수→τ;느’ <+∞ 0<β드l 

• 1 kρ • 

Then 
∞ ” 
ε II C. IIμ<∞ 

k=-∞ ’ 

RC;:-1ARK. With 1 = 2. β= 1. B = l. ‘vithout the Iacunary condition and with 

modulus of continuity ú연l연섣(x’ j츄￥)μon t따hc w뼈h이따C In때1 
lhc point따1αt to. thc coroIlary is equivalent to thc results duc to Kandil [4J . 

Thc following thcorem gives the bchaviour of a Iacunary Fourier Coefficients 

series when valucs of a vcctor valucd function x(t) in a weakly sequentially 

complete Banach space. 

THEOREM 2.3. If 

(0 x(t) is a p.riodic vector valn.d fnnclion 011 [-π， πJ with period 2 π and 

with values t'n a weakly complete Banach space. 

(2) X (O is strongly conlinnous. and solisfi.s 
( ( A \\ß 
‘… . • .. 

∞ \…\<’ F(n.) // 
~→’ <+∞ 0<β드l 

k= 1 ýJ' ':: 
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(3) (n..,., -nk)> CF(nk) . C> O 

∞ 

Tlzen tlze series r:; C •• is strongly ttnconditionally conuergent. 
It=-o。

PROOF. Lct X * be the dual spacc of a Banach space X. Consider the scalcr 

function x‘ x(l). whcrc x* is a lincar functional in X * with II x7- 11 = !. 

The lacunary Fouricr Coefficients series of x"*x(1) arc x* C." (k=O. = 1. :1: 2. 
"-) . Applying Parscval’s identity to x^ x(l). wc gct: 

4 울 Ix*C. 12sin2In. lil = r 1감(x(t +h)- x(t ll))|2dt 
11=-∞ ” ‘ “ D 

<fD!,x(t + Iz ) - x(t - h) 1I
2
dt 

Rcpeating the stcps of thc proof of Theorem 2. 1 onc gcts 
∞ A 

ε Ix""C •. I~ <∞ O<ß슴1 
k=-o。 …· 

∞ 

So. any subscqucncc of thc partial sums of the serics εC.‘ lε “ eakly con. 
R=-∞ -

vcrgent. Using the given condition the spacc valucs is wcakly sequcntially com 
∞ 

plete Banach spacc. we deduce that thc scrics ε Cn • is wcakly unconditio-
! ∞ • 

nal convcrgcnt 

Applying the fact that in a Banach space each wcakly unconditional conver 

gcnt scrics is strongly unconditional convergcnt [2J . Hence the theorcm is 

proved. 
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