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A NOTE ON ANALYTIC P-VALENT FUNCTIONS

By Shigeyoshi Owa and Nak Eun Cho

Abstract. Let A(p) be the class of functions
f(z)=zp+£ap+uzp+" (p=N)

which are analytic in the unit disk U. Further let Dp*t? _lf(z) denote the Hada-
mard product of z°/(1—2)" "7 and f(2). In this paper, we shall define the class

S, e, B) of functions f(z)&A(p) satisfying the condition

n-& P n+p+1 3
Re{( D"‘*Pﬁ{f:(’i) _En*ﬁ ) ( Wl%;) - "i—llf'-l'rl )ﬁ]m

for p=N, n>—p, 2&U and « and S are real numbers. The object of the
present paper is to show a property of S, (a, 5).

Let A(p) denote the class of functions

(D)= zf’u: By n? 8 (PEN=1{1,2,3,-})

which are analytic in the unit disk U=(z: |z| <1}. Let fXg(z) denote the
Hadamard product of two functions

f@=2+ 5 0,2 " )
and

g(D)= zP+.s:* Byyn " (pEN),
that is,

pJ_
f¥g(z)= z-l—):' @y by n? r

Further let

ﬁ*f (2) (z=U)

1 T
) ot

for p=N and n> —p.
With this symbol D""?7!f(2), N. S. Sohi [5] defined the classes Tyopy of
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functions f(z)=A(p) which satisfy the condition
D" } n
2 Re: A
@ eL D"J'-p_lf(z) > n-p
for p=N and n> —p.
In particular, T, is the class of functions f(z2)=A(p) which satisfy the condition

zf'(z
Re{j{éj?—}w
and we can see that such functions are p-valent by T. Umezawa [6].

In this paper, we shall introduce the following classes S, (&, B) by using the
symbol D"~ 1f(2).

(zU)

DEFINITION. Let
[= =]
f(z):z"+£‘lap+nz’”"" (p=N)
n=
be in the class A(p) and
. _( D"’ n \*
(3) P"‘p(f(z):ao ﬁ)'—‘( Dﬂ_-p_lf(z) == ﬂH"ﬂ
(2 a1 Y
D" Pf(2) nt+p+1
where p=N, n>—p and a« and 8 are real numbers. We say that f(z) belongs
to the class S, p(a, B) if f(z) satisfies the condition
(4) Re fP,._p(f(z) sa, BI>0 (z=U).
The powers appearing in (3) are meant as principal values. We can observe
that S, ,(1, 0)=T,, , , and S, ,(0, D=T, .

Recently, R.M. Geol and N. S. Sohi (1], (2] and S. Owa [3], [4] studied
other classes of p-valent functions.

(z€U),

We now state and prove our theorem for the class S, p(ar. B).
THEOREM. Let p=N, n>—p and 0=t=1. Then we have
(5) S,. (@ BNT, ., =S, (a—Dt+1, BD.
PROOF. Let the function
fD=2+5 a,. 2 (p=N)
be in the class S,,.p(a. BINT yip1 and

© ( D@ )"( DG
D"y mtp D" ?f(2) nt+p+l

s
) =V, (2.
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Then, by means of f(2)ES, [(a, 8), RelV, ,()>0 for z&U.
Further let

D"fm) __m _
@) Dl D =U,, (2.

Then, by using f(2)ET,,, ;. we have Re({U, ,(2)}>0 for 2&U.
Hence we obtain

( Qﬂ +pf(z) - n )(ﬂ— D+ 1( Qip } .‘lf(z) - =g ),’Ef

D" gz mtp D"*f(zy  mEPTI

=, @) W, @)
Putting U(2)=(U,, ()"~ (V,, (), we get U(0)=1 and
9) larg U@} |=A-Dlarg U, () | +tlarg{V, () |=Z-,
because Re{U,, ﬁ(z)}>0 and Re [V,,' b(z)]>0. This implies that Re{U/(z)} >>0. Thus
we obtain that f(z)ESmp((a—l)t+1, B fqr 0=¢=1.
This completes the proof of the theorem.

®
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