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A NOTE ON ANALYTIC P-VALENT FUNCTIONS 

By Shigeyoshi Owa and Nak Eun Cho 

Abstrac t. Lcl A(P) be thc class of functions 

f(z)=zP+울ι，zP+ ” (peN ) 
n=1 y ‘ ” 

which arc ana lytic in thc unit disk U. F urther Ict D" +P- 1f (z) ‘lenote the Hada

mard product of zp/ (l -z)"+P and f (z). In this papcr , we sha lJ dcfinc thc class 

S"，/α， ß) of f unctions f(z)EA(ρ) satisfying thc condition 

η 꺼 D'+멀f(z) _ 센. 에>0 
n~p I \ D"‘ '1(z) n -t-p -t- ! I J Re ((필辯) 

for p::::.N, n> - p, zEU and a and β arc rcal numbcrs. The objcct <)f thc 

prcsent paper is to sh ow a propcrty of S",/a , β) 

Lct A(þ) dcnote thc class of functions 

f (z) =김뭘ab+ nz Þ n 
’‘ = 1 ' e., 

(p르N= !I. 2, 3, ... }) 

、.vhich arc ana lytic in thc unit disk U = {z: Iz l < l }. Let f* g(z) dcnote the 

lIadamard product of two functions 

and 

that is, 

Furthcr let 

(1) 

∞ 

f(z) r g+!딛 aþ+ nzP+ n 

g(z) = zP+을 bohlZ?+n 
n=1 ’ 

∞ 

(pεN) 

(þεN) ， 

f*g(z) = z치걷 ap+써 1 nz” · 

D" ιP- lf(Z) =-:-펴:→f(z) 
(l -Z)" TP 

for pE N and n> - p. 

( ZE U) 

With this symbol D" ~P- lf(z) ， N. S, Sohi {5} defi ned thc classes T. ~.~P_l of 
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f unct ions f(z)εA(þ) which satisfy the condition 

(2) 

for ÞεN and n> - þ. 

c{ Dn γ(Z) } ” --:'-~~' i"'-""'-:-f > ~ 
D' . P-1f(z) η -þ 

(zEU) 

[n particular, T o is thc class of funct ionsf(2)εA(þ) which satisfy thc condition 

e{ zf’(즈니> 0 
f(z) 

and \\'e can see that such functions arc þ-valent by T. Umczawa [6J . 

ln this paper. wc shall introduce the following classes S •. pCα， β) by using thc 
symbol D' '''P- 1f(2). 

DEFINITIO)l . Lct 

f(z)= zÞ+출l상P , (þεN) 

be in thc class A(þ) and 

(3) P .. • (/(2) ; a , β) = 1걷갚흰~-관니 
”’ f \ D" - P-γ(2) n .,. P I 

x(E렐작-과느)β 
DHPf (2) n+þ+1/ 

(zEU) , 

where ÞεN， n> -þ and a and ß are real numbers. We say that f(2) bclongs 
to thc class S.,p(a, β) if f (z) satisfics the condition 

(4) Rc [P" .pC f (2) ; a . β)} > O (zE U) 

Thc powers appearing in (3) arc mcant as principal valucs. W c can observc 

that Sκ pC1. 0)=T'+P_ 1 and S •. /O , l) =T. +þ• 

Rccently, R. M. Geol and N. S. Sohi [1]. [2) and S. OlVa [3]. [4) studicd 
othcr classcs of þ-valent functions. 

Wc now state and provc our theorcm for thc class S".pCa , ß). 

THEORD I. Lel þEN, n> - Þ a,‘d 0르t든 1. T he/t tUe Jwve 

(5) Sκ pCa， ß) nT.• _lcS •. p((a- l)l +1. ßt) 

PROOF. Let thc function 

f (2) =싹을ι "zÞ+' 
n=1 " . 

(þεN) 

bc in the class S •. pCa , ß) nT. +Þ_ l and 

(6) ( D”+?ω n \a( Dn+앙(2) n+l \ß 
-----| |」#--」-) =v” p(Z) 
Dn+P-lf (2) n+þ / \ D’4앙(2) n +þ+l 
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Then , by means of f(2)ESιPCα ， ,3), Re {Vn,pC2))>0 for 2εU. 

Further Jet 

(7) 微-쨌
 

Then , by using f(2) E T n+þ_ 1, we havc Re{Un. pCz) )> O for zεU. 

Hence WC obtain 

( Dn + γCz) 1t \Ca - 1l l + 1( D’'+þ+ 1f (Z) n + 1 까t 
(8) 쓴τ낭슨F←- .. ' I

w 

J.. J _" .J- h ."1 "~/ ... . L .I<o . L 1 
\ D'+P• 

1f (2) n + p / \ D"+Þf(z ) n + p+1 J 

= (U •. pCZ)/ - 1 (V •. þ(z))' . 

Putting U(z) = (U n. pCz))I - I(Vι pCz))' ， 、.ve get U(O) = l and 

(9) larg{U(2)11 든(1 -t)larg {U •. pCz)) I + t larg {V".pC2)) I 르웅， 
becausc RC {U •• pC2))> 0 and Re {Vn,pC2) )>O. This impJiesthat Re lU(z) ) >0. Thus 

we obtain t hat f (2)ES •. pC(a- l) t + 1, ßt) for 0든t든 1. 

This compJctes the proof of t he theorem. 
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