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ON INTEGRAL INEQUALITIES OF GRONWALL- BELLMAN-REID TYPE 11 

By A. A. S. Zahrout and Z. M. Aly 

Abstract: Jn this paper we prescnt sevcral nonlinear generalization of Gron­

wall- Bcllman-Rcid incqualities. Thesc results provided gen uinc uppcr cstimatcs. 

1. Introduction 

The celebrated Gronwall-Bellman- Rcid incquality [2,3J and its 、 ariants play 

a vital rolc in thc study of thc stability and boundcdncss properties of differen­

tial and intcgral cquations. The aim of this paper is to establish more integral 
inequalitics which can be used as a tool in obtaining thc lower bounds f Or the 

soIutions of diffctcntial and intcgral cquations. 
Wc makc the following assumptions in our subsequent discussions_ 

(Al) n(t). f( l), g(1) and h(1) arc rcal 、mlued. positivc. continuouε functions 

defincd on 1 = [0, ∞J. 

(Az) n(t) is a positivc, monotonic, nondccrcasing continuous functi on defined 

on 1. 

(A3) A function φ is said to bclong to a class S if 

(i) φ(“) is positive, nondecrcasing and continuous on 1. 

(ii) φ(，，)jv<φ(ujv) for ,,> 0, v> 1. 

(A4) W(u) and H (u) arc rcal- valued , positive, con tinuous, monotonic, 
nondecreasing, subadditive, and submultiplicati ve functions fOl μ>0， W(O) =0, 
H (O)=O. 

(A) ψ(1) is a positive, nondccrcasing and continuous function on 1 and ψ(0) 

= 0. 

(A) P(t)> 0 is nonnegative, continuous, nonderessing f unction on 1 

We sha l1 makc use of the foIlowing thcorem (Pachpatte [5]) 

Theorem A: Let (A1) and (Az) be Irue. Sιppose furlher Ihal 

x(1) < n(t) + g씨J>(S) x(s) 야)， IE I 

Then 

x(l)< n(l) [1 + g(t)따(s) exp 따(r)f(r)dr )ds)J , IE I 
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2. Main rcsults 

Wc wish to cstablish morc general integral incq ualitics 、.v hich can bc uscd in 

appIication s 

THEORE.\I J. Let (A ,) . (A4). (A5) and (Aü) be true. Sμþþose fαrther tlzat the 

inequality 

x(t) <P(t) + g써[(s)X(S)dS) +ψ따(s)W(x(s))ds) (2. 1) 

is sali s[ ied [or a /l IG I. Then 

x(t) ;; [P (I) 대(G ' 따h(S)W(P(S)k(S)ds)+j”W(k(S))써 
where 

k(아[l+ g씨jf(S) cxp (때(끼(r)dr)ds)]. 
, d 

씨
 

7 
、

” v -
M U 」Jr 、” α

 
。 <ro<r (2.3) 

a/zd G ' is 11.‘e inverse o[ G. aμd 1< / 0= [0. bJ 

1,,= {IG/ IG(끄h(s)k(s) )밍h(s)W(k(s)짜Dom (G카)) 

p~()or. Ddinc 

,,(1) = þ(t)+돼th(s)W(x(s))ds) 

Thc l1 incquaJity (2. 1) can bc writtcn in thc form 

x(l) < n(1) + g(t) (/(s)x(s)ds). for all 1ε1. 

Thc l1 a ppJy ing thcorcm A wc havc 

x(t) <n씨l + gO) (jf(s) exp Mlg(7)f(r)dr)ds)] 

i . e. x(t) < n (t )k(t ) 

(2. 4) 

(2.5) 

(2.6) 

LCl 

v(t) = I h(s)W(x(s))ds. v(O) =0 
“ o 

Thcn cquation (2.6) lakes thc form 

η(1) =þ(t ) +ψ(v(I)). (2.7) 

Hcncc 

x(t) <: [P(I)+ψ(v(I) ) J k(t) (2. 8) 
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1. C. 

x(t) <P(t)k(l) +ψ(v(t))k(l) 

Conscq lIen t ly 
W(x (t )) < W(p(l)k (t) )+ W(ψ(v(t))W(k(t))， 

sincc W is submultiuplicative. Hencc 

?Ç2~(;~?? < .. "，~51~"" W (P( t)k(t)+ Iz(I)W (k(I)) W(ψ(v(l))) ..... W(함강간))) 

Bccallsc of cquation (2. 3), this rcduces to 

h(l) G(v(t) < ~T~;;;용""W(þ(I). k(t)) + h(I)W(k (t ) . 
dt~"~"~~ ""' Wψ(v(l)) 

:\0‘\. intcgrating from 0 to 1, we obtain 

rt 
h(s) ~". ..o..I" .'\L".'\'\ ' rl 

G(V(I))-G(v(O)) < J
O 
w(，p:è~és))) W(þ(s)k(s))+ι뼈W(k(s))ds 

Sincc G(v(O)) = O, hencc 

v( t) < G• '!G( I h(s)W(þ(s)k(s))ds) + I h(s)W(k(s))ds! . ( 2.9) 
‘ 、。 “ o 

using (2.7) , (2.8) and (2.9) , \\'e obtain thc dcsircd bound in (2.2) . 

This completcs thc proof of thc thcorem. 

:\0‘,\, wc sha lJ use the following thcorcm by I'achpattc [5J 

THEORE~r B (Pachpatlc [5J). Lcl (A ,), (A 2) , ( A3) aηd (A,) be t rtlC 

S"þþose Ihal Ihe ineqnalily 

x(t) <n싸 

holds. Tlzen 

“Jhere 

r( t) < n( l)k(l) 

k(t) =Hψrφ(G - 1[G(0) -l 강(s)ds])J. 1ε10， (:d,1O) 

S J u 씨
 

@ + 
시
 

J 
7r 시

 
α
 

O< ro<r 

THEORE.\I 2. Lel (A ,), (A3) and (A,) be Irιe ， S lIþþose fterlher thal Ihe 

inequality 

x(t ) <xo+H- '[φ(J~f(S)H(X(S)써+jg(S)W(X(S싸 (2. 1!) 

is satisfied for all IE I , where x2 is a posilive conslanl . Then 
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x(t)< Q-llQ(X)+ l k(s)W(k(s))l (k(t) teIo (2 l2) 
L “ o > 

tuhere 

.Q(r서 r IW(s)l ds O< ro<r 

and .0 - 1 is tlze inverse fttncti’ on 01 .0 and tε[0 

[0= (tE1 I .Q써+4tgωW(k(s))d5EDom(.Q - l) ) 

PROOF. Dcfinc 

t(t) =%+j g앙(5)W(X(“5)) 
Hcncc incq ua떠Jiπty (2. 11) takes thc form 

X(t)〈n(t)+H-l#(lks)H(X(S싸)]. 

(2. 13) 

(2.14) 

Sincc n(t) bc a positive, monotonic, nondecrcasing, continuous function dcfined 

on [, and using (A.) and theorcm ß , wc have 

x(t) <n(t)k(t). (2.15) 

Since W is submuJtiplicativc, 
g (t )W(x(t)) 
쓰셜핏*스<g(t)W(k(t)). 

Using thc dcfinition of .0 by (2. 13) , this rcduces to 

움.0 (n(t) ) < g (t) W(k(t)) 

Intcgrating from 0 to t wc obtain 

.Q(n(t)) - .0 (xO) <패(5)W(k(5))d5 

η(1)<.0 - 1 [(xo)+끄g(5)W(K씨 
’l ‘hc dcsircd bound in (2. 12) follows directJy from (2. 15) and (2.16). 

This compJetes the proof of thc thcorem. 

(2. 16) 

THEORDI 3. Let (A1) (A3) (A ,), (As) and (A6) be tnκ. S"pp05e l urtlter 

that the inequality. 

x(t) <p(t) + H -
1
[ ø (잠(5)H(x(5싸) ]+ψu>ωW(X(5))d5) (2.17) 

i5 5ati5fied lor al/ tεl. Tlten 
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x(t꺼þ(l)+ψ(0- 1ψ (4tg(s) W(P(s)k(s))) ds+ 

jg(s)W(k(s써)]k(t) IEõI O (2.18) 

where /, is deli/!ed by (2. 10) aηd 0 is defined by 

D(r)퍼[ljW(ψ(s)) J ds o <'o<r 

and Q - 1 is the inverse ftmction of D, tEõ l o' 

10= {tεI I DU:g(S)W(ρ(s)k(s))ds) + 

J: g (s) W (k(s) )dsEõ Dom(D -1)} 

PROOF. Define. 

n(t) = þ(t) +ψ(10' g(S)W(X씨써 
Thcn thc inequality (2. 17) rcduces to 

x(1) < n(1) + H 껴때f(s)H(x(s(s써· 
Applying thcorem B, 、，\.c obtain. 

x(t) < n(t)k(t) 

Lct v(t) =패(s)W(x))ds， v(O) =0 

:--row from (2.20) and (2.21) we have 

x(t)< [p(t)+ψ(v(t)) J k ( t)). 

Thus 

W(x(t)) < W(p(t )k(t)) + W(ψ(v(l)k(t))). 

sincc W is stlbmultiplicativc. Hence 

(2.19) 

(2.20) 

(2.21) 

(2. 21) 

웰쌓찢S!완<-u;냉띨;τW(p(t)k(t)) + g(t) W (k(t) ). W( l[I'(v( t))) ~ W(ψ v(t))) 

Using the defin ition of Q by (2. 19) , we have 

」LQ(u(t)〈 g(다 W(p(t )k(t)) + g(t)W(k (t). W( l[I'(v(t))) 

Intcgrating from 0 to t, wc get 

r g(s) TXn O /_' lJ_"""_ I r t 
Q (v(t)) - Q(v(O))<J 0τψ;è;Cs))) W(P(s ) k(s))ds + J 0 g(s)W(k(s)ds , (2. 23) 
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The desircd bound in (2. 18) foll ows dircctly f rom (2.21 ). (2.22) and (2.23). 

This completes the proof of t he theorcm. 

l\~o "， . 、\'c cstablish thc following morc gcncral integral incquality which may 

be convinient in some applications. 

THEORE~I 4. Let ( A1) . (A3). ( A , ) . ( As) and ( A6) be true. Let W (I. u ) be a 

þositizι continuous. monotonic 1Zondecreas,'ng fttnction in lt for fixed t , u> O. 

S"ppose jurther morc that the iκeqμality 

x씨(tωt)<pμ(“싸t 

) +h (“t)Yψ띠r끼( I q(“s)W(sι’ x(s))ds ). (2.24) 
、 o 

is satisjied jor all tE I. Then 

x(t) < [p(t) - h(t)ψ(r( t) J k(t)) . tε 10 (2. 25) 

wherc k(t) is dej ined by (2. 10) and r (t) is the ’uaximal solution of 

r (t) ~ g (t)W U . 11(1)) [p(t)+h(t )7[f ( r (t ))J. r (O) O. (2.26) 

cxisting OIt J 

PROO I'. Dcfinc 

”써씨(“t) ρκ(“따t (2. 27) 

II c인nce thc incquality (2. 24) rcduces tO 

x(t)얘(t)-H - 1 rφU>(S)H( X(S))따)J. 

Si ncc n( t) is positivc. monolonic , nonclccrcasing on 1. a nd making usc of 

t hcorcm B“ \'c ha \'c 

x(t )< n(t)k(t ) . 1r:= l o (2. 28) 

rorm (2. 27) and (2. 28) 、\"C havc 

x(t) < k(t ) [þ(t) c.. h(t)ψ(ν(I))J . 

whcre 

. (1) = 과(s)W(s . x(s))ds 

Consequently. it follows that 

v( O) = 0 

U’ (t) < q( t)W (I . k (t )) [p (t )+ h(t)ψ(v(l ))J . 

(2. 씌) 

(2. 30) 

.-\ suitable application of thcorem 1. 4. I given in [4J to (2.30) and (2.26) yiclds 
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v(O,r ( t ) (2. 31) 

whcrc r (O is the maximal solution of (2.26) such that r(O) = v(O) =O. 

Thc desired bound in (2.25) follows (2.29) and (2. 31). This complctcs thc proof 

of thc theorcm 

RDIARKS. (1) Similarly we can find uppcr bounds for thc incqualitics of the 

form 

x(t) ，n(t)+φ( / [(s) f{( x (s ))ds ). tE I. 
、 o 

(2) ~Iodificd thcorems can be obtaincd if \\"c change the defjnition of C( t ) to 

G(r) = I [1!H(! +φ(s))J ds. o <ro,r 
v r, 

0:ow “ c shall nccd thc following thcorcm to provc theorem 5. 

I' HEORE~I C(Pachpattc [6J) . 

Let (A ,) O/zd (A 2) be true. S"ppose [ ze rther lIlore tlzat the ineqllality 

x( l) , n(t)+ / [ (s)x (s)ds .,. / [ (s)( / g(r )x(r )drds. tE I 
J 0 J 0 、ιo

IlOlds. Til en 

x (써(씨 

I'HEORE、 I 5. Let ( A ,). ( A ,). (A5) and ( A , ) be true. S zeppose lIlore llzal Ihe 

inequality. 

r“…(tω1)，얘p(tω(1) .jμ4 j한(s).，(s)ds째싸)d싸d따s 지Mfπ짜쩌쩨(“ω써s샤)U:강g(σr)μ…Iηx(r“f써d 

+ψ(jαJ:파;;jt、ι“(ωs샤) W(x“(씨써 염2) 
is satis[ied [ or all IE J. Then 

rκ(tωt)κ)‘셔，[p“…ψ(C J [c(j;깐까꽉h“…(“s)W(p(μs)싸” 

+J~판h(“s)W(“k(s“s))끼)가Þ J. k(t)ι)， tεEJμo (2. 33) 

ltω씨‘U씨씨’셔씨here G(r) I“s de[ined by (2.3) aηd 

k(I) =J l+ / [ (s) cxp( / (f( r )+g(r))dr)ds J. (2.34) 
L ‘ o \J O ~ 
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PROOF. Define 

n(t) = P(t)+ψu깐(s)W(X(S))ds) 
Thcrcfore, using Theorcm C, thc incquality (2.32) can bc writtcn as 

x(l) <n(1싸 

1. c. 

X(I) <η(t)k(l ) . 

Equation (2.34) can bc rcduccd to 
n(t) =p(t)+ψ(v(t) 

whcrc 

v(t태h(s)W(x(s))ds 

Further more, since W is submultiplicative, 
W (x( t)) < W(n(t) )W(k(t)) 

Hence using (2.37), wc havc 

(? 35) 

(2. 36) 

(2.37) 

h(t) W (x(t)) < h(t)W(P(l)k(l)) + h(t) W(ψ(v(l)))W(k (t)). 

Thus 
h(t)W(x(t)) _ v’(1) 
강낌;i왔깅슨 = ,:, G(v(t)) 
τ(1Jf(v간))) - wπ(v(l))) ‘“ )W(p( t)k(t)) +It(l)W(k(l)). 

(1Jf(v(t))) 

fntegrating from Q to t , wc have 

G(v(t)) -G(v(Q)) 재h(s)W(k(t))ds 

, r' h(s)W(p(s)k(s)) ι 
' J 0 W(1Jf(v(S~“‘ 

Hence 

v(t) <G- 1따ωW(k(t))ds +G띠h(s)W(p(s)k(s))d써 

Thus (2. 37) can be written as 

n(l) <p(t)+ψ(G- 1 띠h(s)W(k(s))ds 

+ G( I h(s)W(P(s)k(s))ds)1 
ν o u 

(2. 38) 

The desired bound follows from (2.30) and (2.38). This completes the proof 
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of the theorern_ 

REMARK 3_ Sirnilary we can find upper bounds for thc incqualities of the 

forrn 
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