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ON INTEGRAL INEQUALlTIES OF GRONWALL- BELUfAN- REID TYPE 

By A. A. S. Zaghrout and 1. A. Aly 

Abstrnct : In this pa pcr wc wish to cstablish some ncw integral in cq ualit ies 

of lhc Gronwall-Bc llman- Reid type that havc a widc range of applications in 

the diffcrcntial and in tcgral equations. 

1. Introductiòn 

It is \\'cll recogniscd that thc intcgral in cqua li ties furnish a very general 

comparison principlc in studying many quali tat ivc as well as quantitative pro

pertics of solu t ions of differential eq uations. ‘rhe celebrated Gronwa ll inequali ty 

kno\\'n as Gronwall-Bellman- Reid inequaJity [2, 3, 8J providcs cxplicit bounds on 

solutions of a class of li near integral ineq ua lities. On thc basis of various 

motivations this incquality has been extcndcd and uscd in various contcxts. 

T he fir st nonJinear vcrsion of t his inequaJi ty is d uc to Bchari [3J which has 

becn f urthcr generali zcd in sc、 era l different dircct ions. An cxtcnsivc survey of 

thcsc gcncralizations is givcn reccnt ly by Bccsack [1], Dco ct aJ [5, 6, 7J , and 

chu [4J. Also applications of Gronwall- Reid incq ua li ty to t hc boundcdness and 

stability prob lems of vo ltcrra intcgraJ cquations and intcgro-diffcrent ia l cquations 

of morc gcneral typc wi ll be discusscd lattcr [12J. 

\v c shall makc usc thc following theorem by Pachpattc, 

THEOREM A (Pachpatte [ 1이 ) 

Lel x(I,[(1) and g(l) be real valued πonnegaUve continuoιs f'αnclions defined 

~n 1. and n(t) be positive. 71l onotonic. nondecreasing continuous function defened 

on [ = [0，∞)， for wllicll Ihe inequalily 

x씨(1ωI)<n씨(1)+ 

holds for eac“찌11 I E [ ,’ O< P< 1. Then 

x(t) < n(t)k, (1) ( 1. 2) 

Wh erc 

k ， (I)=CXp따'(S)dS)[l+ O-P) 지g(s)exp(I -0-P) 강(r)dr)ds]l -p (1 3) 
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for all IE J. 

2. Main rcsults 

The attractivc feature of the intcgral inequa1ities prcscnted in this paper is 

that. 、ve are taking full advantagc of thc monotonicity condition on a function 

,,(1) (defined later) to establish somc new integral inequa1ities. Ho“ e‘ er , if 
we drop the monotonicity condition on this function n(1) then it is not so casy 
to establish thc bounds for the integral inequalitics considercd in this paper 

An intcresting and uscful generalizations of Gronwall-Bellman-Rcid ineq uality 

is embodied in the follo wing thcorem. 

THEOR EM 1. Lel μ(1) ， v( I), w(t) and f (t) be real-valιed nonllegative continuous 

(or plecettise c01ztinμoιs) funclious defined on a real 1 inlerval J = [0, ∞). 

Sαþþose furlher foγ all IE J, Ihal 

,, (1) < "0+ I (v(s)κ (s)+w(s))ds + I v(s)( I f(r)ι (r)dr )ds (2. 1) 
- ‘J 0 ν o 、 o 

where ι。 i5 a nonnegatìve coηslanl . Then 

u(1)다0+ r'l1U(S )+V(S)rcxp( ('v(r)+f(r)dr싸0+ ('w(r) . cxp( - r (v(l ) 
" 0' ‘ 、“ o J 、 “ o 、 ‘ 0

+J(l)dl)dr) )] ds, 
for all IE J. 

PROOF. Def ine a f unction R (t ) such that 

R (I) = lIo+ I (v(s) ,,(s) + w(s))ds+ I v(s)( I f (r)“(r)d r )ds, 
니 o "0 、 o J 

Then 

Hence we have 

μ (I)<R(t) ， R(O) =μ0 

R(t) = v(1)α (l)+w(l)+v(l) I f(r)u(r)dr. 
ι o 

Using (2.1) and (2.3) wc have: 

R'(t) < w(t)+ v(싸 

If we put 

m(t) =R(I)+강(r)R(r)dr ， 

with 까(O)=R(O) =ιO' 

(2.2) 

(2. 3) 

• 
(2.4) 

(2.5) 
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Hence 

R’ (1) < W(t) + v(l )m(l), R(t) < ",(t) 
Thus wc can writc 

11ν(1) - (v (l) + f(t))m(t) < w(l) 

Integrating (2. 6) from 0 to t wc obtain 

’n(t) < exp fo (v(s) +κs싸띠따;놔xp( - J:패U띠……(rωr) +단f(써7 
Tl、'hcn ‘\\.‘"c havc 

R’ (1) < w(t) + v( l)cxp I (v(s)+ f (s))ds. 1 I exp\ - I (v(r)+ g(r))d시. 
“ o LJ 0 ‘ " 0 

(2.6) 

w(s)ds + ，‘~ . ~n 

Inlcgrating both sides of (2. 7) from 0 to t and substituling lhc values of R(I) 

in (2. J) we obtain the dcsired bound in (2.2). Thus completes the proof of the 

thcorem. 

W c shall prove a mαc generalization of Gronwall Bellman Reid inequality 

‘\' hich can be used in applications. 

THEOREM 2. Let 11(1). v(t). f (t) and g(t ) be real val1led conlin1l01ls f 1tt!ctions 

defined on 1. S때'þose f or all tE I . tlzat 

,,(1) < "0+ I v(s) [u(s)+ I v(r) ~ r (f(t)κ(1) + g(t) "Þ(t))d시drJ ds . (2. 8) 
‘ o “ o ωo 

where o<þ<J, “o i5 a 'tlonnegaUve constant. 

T Izen 

l“씨‘κ…(α“t 

{념“사6 p식+c“J-þ)지재g(tωt)e…e앉때x째P( - (J -þ시〕파따j(U”…(“k찌)+f(k잉))서dk샤뼈)얘삐dωttγ1(1 Þ)따dr서〕버d야s’ (2.9) 

for all tEI. 

PROOF. Define a function R(I) such that 

R(I )="o+ I v(s)1 1I (s)+ I v(r)니 (f(t )u(t) - g (l)“’(t)) dtldr Ids. 
“ o "0 ‘ o J 

Hcncc 

π(t) <R(t) ， R(O) ="0 
Dcffcrentiating R(t) with respect to t and using (2. 10) IVC havc 

R'(I) <v싸R(I)+파(r)U: (f(t)R(t) - g(t) RÞ(I) )dt )dr J. 

(2.JO) 
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Dcfine the function 111 ( 1) by 

’1l(1) = R(I) + 1 v(r)l l f!(I) R(t)+g(I)R(I) ] dt}dr , (2.11 ) 
“ o \JQ 

where m(O) = R(O) = " O 

Differcntiating (2.11) wilh rcspcct to t and using thc fact m(I)> R( t ) , “ c havc 

111’ (t j< v(t)m(t) + v(1) I (f(r)m(r) + g ( r ) lIl(r ))dr 
“。

< U(l) Im(t) + /t(f(7)m(7) + g(r)mP(7)df] . (2· l2) 
“ o 

Dcfine the funclion n(1) dy 

n(l) = 1/1(1) 수 ('f(r) 1I‘(r)+ g(r)nl(r)dr. (2.13) 
“ o 

whcrc n(O) = 1Il(0) R(O) = "0' ",(I) < n(l). 

Hcnce in vertuc of (2.13) ineq uatity (2. 12)can bc 、\-nttcn as 

",'(t) < v(t)n(l) . (2. 14) 

Diffcrcntiating (2. 15) and using (2. 14) wc gCl 

n'(I) - (v(1) + f ( t)) n(t) < g(l) nÞ(I). 。< Þ <J.

After simplc manipu lation wc have thc cstimate 

”“찌…(1ωI) <exp때4jt(U…(rωT서)+단f(ω(r))끼))ψdψT. [1，“4샤암6r-→Þ+냉j(Ul -냉pρ)c앙xp시샤(- (“l -þ따Uω…+단fπ(r끼7서)) 
h“(“s써1 l - p 

Inequali ty (2.14) can bc wrillen as 

m“’ 
I써u싸;-p식+ ('ηs;(“1 - þ)야)cx씨pμ(←- (1-ρ야) r (v(“ω1) +당fκf(1“ωtο1))써씨dω1)…h“(ωr)dr서케1「l l P잉Pds. ( 2.15) 

" 0 “ o 
In tcgral ing bolh sidcs of (2. 15) f rom 0 lO 1 and using (2. 8) we obtain thc 

dcsircd bound (2. 9). This com plctcs thc proof of lhe thcorcm. 

:\"0“ , 、\'e sha ll apply lheorem A , to cstablish thc following morc gcneral 

inlegral incqualitics. 

Before stating lhe thcorcms , II'C shall supposc the following 

(i) Let tu(ι) bc a positivc. continuous. monotonic nondecrcasing subadditivc 

and submultiplicative function for u> O, W(O) = O ; 

(i i) the f unction φ(1)>0 be nondecreasing in 1 and continuous on 1 , ø (O) = 0, 
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(ii i) The function 1/1(1) dcfined by 

’”(t) = u(t)+ ltg(7)uO(7)dr, m(0)=(0)=l (2· l6) 
"0 

(iv) Thc function G dcfincd by 

G(r) =끄 [1/W(φ(S))Jd5 ， 0 <η<r (2.17) 

and G- ' is thc inversc of G, and I is in lhc subintcrval [0, 이 of 1 such that 

G따(s) W(I.…whcrc k, is defincd as ( 1. 3). 

THFORF.\ I 3. Let x(I), f ( l), and "(1) be real valued þositive continllolls fllnc . 

tion defined on 1: W(tt ) , 111(1), and φ(t) as d앙ined above. Sttþþose 1μrther 

Ihat the ineqllality 

.<(1) <，…@따，(s)W 

+ø(핀(r)W(x (r))drJ ' -px!생S 

holds. Then 

r(t샤 (1) [I/I (t) I ø(G- ' [G따(s)W(’…W(k， (s))ds) 

+젠(s짜， (s))ds])J 

for all tE J and k, is defined by ( 1. 3). 

PROOF. Dcfinc 

n(I) = IIl(l) 十φ(J;h(S)W(X(S))dS)

Then incquality (2.18) rcstatcd as 

x(t)@(t) +j(s)X(s)ds+jg(s)η' -Þ(5썼 

(2. 18) 

(2. 19) 

(2.20) 

(2.21) 

Sincc n(t) is positivc, monotonic , nondccreasing on 1, and applying theorem A , 

\ve havc 

x(l) < n(t )k, (1). (2.22) 

Further, wc may assume, wilhout loss of gcncrality , that n(I)> IIl(t). Let T르I 

be any arbitrary numbcr. Now from (2.20) wc havc for aJl O< t<T , 



150 

Hcncc 

A. A. S. Zaghrout and l. A. AI) 

n(t)-1Il(I) =ø(파(S)W(X(S))dS) 

<øααt、싸h 

<ø에( I h(s)W(n(s)) W (k ,(s))ds) 
、 。 ，

<ø( I h(s)W( II(S) - 1Il(s) + m(s))W(k,( s))ds ) 
ν o ' 

< Ø(h(s) W(h(s) - 11I (S)) W(k j (s) )ds + 

+jhM(1…W(k,(s))ds) 

n(1) 一’…φα"(s)W(η(s) - ，.…W(k， (s))ds +
nT 、

+ I h(s)W(11I (s))W(k ， s))d샤 (2. 23) 
“ o ' 

using the submultiplicativity, subadditivity of W and monotonicity of φ. Denote 

thc cxprcssion in the paranthcscs in (2.23) by v(I), then 、.rc havc: 

n(I) - 11I(1) <φ(v(I)) ， (2.24 ) 
、\' hcre

J J 
ν(1) = I h(s)W(n(s)- 11I(s))W(k , (s))ds + I h(s)W(m(s))W(k,(s))ds. (2.25) 

“ o J o 
Hence 

U’ (1) < h(1) W(n(1) - m(l ))W (k , (1)) < "(1) W (ø(v( l)) W (k , (1)) , 

\\"hich implies 

mr~>I~." < "(t )W(k ,(I)), 1 [0, T ] , W(ø(v (t)) ~" ，' r " "'\ 

Using (2. 17) , this further reduccs to 

~. G( v(I) < " (t)) W(k ,(t)) 
dl ‘ 

Integrating both sides from 0 to T and using (2.23) wc obtain 

”(T)- ，，m〈@〔/rll(s)W(t(s)-”m………1κ@ω， (s))ω씨s샤씨))W(k“k히센딴째lι…찌(“ωs샤)) 
’ T 

+ I h(s)W(m(s))W(k,(s))ds). 
“ 0 

’l、he conclusion of the thcorcm follol\"s from (2.22) and (2. 28). 

(2.26) 

(2. 27) 

(2.28) 
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THEOREM 4. Lel x(l). f ( l). g (l). h(l) and q(l) be real valtted þosilive con 

linuotts fttnclion defined on 1. The fttnclions W (I. α). 111(1). and φ(1) are as 

defined before. Fttrlher suþþose Ihal Ihe ineqιalily 

x (l ) ι 、씨(I )+ h(l)φ ( I q(s)W(s. x(s))ds 내 I f (s)x(s)ds + I g(s)! ", (s) 
、。 “ O ‘ o ' 

s d 
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(2.29) 

Izolds. Tllc l! 

x ( l) < k , (I) [m(l) ← h (l)φ(r(I))I. (2.30) 

fOT all 1드 J . where k, is given by ( 1. 3) and r (l) is Ihe maximal solulion of 

r (1) = q(l )W(I. k, (1)) [111(1) + h(l)φ(r(I))]. r(O) = O (2.31) 

existing on J. 

l'ROOF. [)dinc 

n (l) ="，(써(1)φαq(s)W(s. x(s))ds) 

Thcn incquality (2.29) takcs thc form 

x(l) < n(1) + r'f (s) x(s)ds + r' g(s). η ， -p(s). xÞ(s)ds. 
‘, 0 υ o 

Since n 1 / is positivc. monotonic , nondccreasing on 1 , and applying thcorcm A , 

w(' ha‘( 

LCl U(f/ = Eq(s)W(SX(S))ds, 

Thcn 

x(1) < n( l) k, (t) 
v(O) O. 

(2.32) 

n(1) = 111(1) +lz(l)ø(v(t)) 

lIencc (2. 32) takes the form 

x(l) < k1 (1) [",(1) + Iz (1)φ(v(1)) 1. 

Conscquently it follows that 

v' (I) = q(I)W(I. x(l)) < q(I)W (I. k, (t) [1Il(I) + h(1)φ(ν(1)) 1 . 

A suitablc application of theorem (1. 4. 1) ([g ] . pagc 15) of lakshmikantham 

yiclds 

(2. 33) 

v(l)< r (l). (2.34) 

、，vhcrc ' (1) is thc maximal solution of (2.31) such that r(O) = v(O) = O. I-lencc 

from (2.33) wc havc 

x( t) < k, (1) ["'(1) +lz(1)φ(r(I)) 
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Thc desired bound (2. 30) follo \Vs from (2.33) and (2.34). This complctcs the 

proof the theorcm: 

RE~ f.\RK. We finally mention that the inlegral incqualities obtained in this 

papcr allo \V us to study the stabilitr, boundcdness and asymptotic be\-iour of 

thc solutions of a class of morc generaI diffcrential and intcgral cquations [J 2] 
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