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PREOPEN SETS AND RESOLVABLE SPACES 

By Maximilian Ganster 

Abstract: This paper presents solutions to somc rccent questiom‘ raised by 
Katetov about the collection of preopen sets in a topological space 

l. Introduction 

ln a rcccnt papcr Mashhour ct al [5J presented and studied a series of ques 

tions raiscd by Katetov about thc collcction of prcopen scts in a topological 
space. Thcsc questions are as [01l0ws 

K1 ‘ Find necessary and sufficient conditions under which cvery preopen set 

15 open. 

K2: Find conditions under which cvery densc.in .itsclf set is preopen. 

K3: Find conditions undcr which thc interscction of any two preopen sets is 

prcopen. 
K4: lf (X , .5';) is a topological spacc, lct Y* dcnotc thc topology on X 

obtaincd by taking thc collcction of a1l prcopcn scts of (X , .5') as a 

subbasc. Find conditions undcr which .5'• is discrete. 
Reilly and Vamanamurthy [7J continucd thc study of these questions and 

obtained a completc solution to K1 as 、，'cll as partial solutions to thc other 
qucstions. Thc purposc of thc prescnt papcr is to provide completc solutions to 

1<3 and K4, thus generalizing some results obtaincd in [7J. Furthermore, a 
solution to K2 is givcn. 

2. Prcliminaries 

For any subset A of a topological spacc (X , .7;' ) wc dcnote the c10surc of A 

rcsp. thc interior of A with respect to .y; by A rcsp. int A. Thc relati ve 

topology on a subset Y of (X, .3η is denotcd by Y, I Y. If A is a subset of 

YζX‘ the c10sure of A resp. thc interior of A with respect to Y I Y is denoted 

by XY resp lntyA 

DEPI:--/ [T!O:--/ 1. A subset S of (X, $ ) is called 
(i) an a-set , if Scint inτ콩， 
(ii ) a semi-open set, if ScTi표정， 
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(iii) a preopen set, if Sζint S. 

These notions werc introduccd by Njastad [6J , Lcvinc [이 , and Mashhour ct 
al [5J rcspcctivcly. \VC dcnotc thc family of all a -scts in ( X , .!T) by ‘;r" 
- ‘ jastad [6J has shown that ..9악 is a topology on X satisfying ‘7ζ.!T". Rcilly 

and Vamanamurthy [8J proved that a subsct of a spacc ( X ’ ‘;r) is an a-sct i f 
and only if it is scmi'open and prcopcn. Thc familics of all semi.open sets and 

of all preopen scts in (X ’ ‘;r) are denotcd by SO(X, Y) and PO(X. .!T) 

respectivcly. ln gcncra l one cannot cxpcct thc familics SO(X , .:r.) or PO (X , 

.!T) to bc topologics. I\ jastad [6J has proved that SO(X , .!T) is a topology if 

and on ly if ( X , ..9':) is cxtrcmally disconnected. Let us obscrvc that both SO 
(X ‘ ιT) and PO(X , .!T) arc c10scd under forming arbitrary unions. Hencc PO 

(X. .!T) is a topology if and only if thc interscction of any two prcopen scts 

15 preopcn 

Thc following simplc charactcri zation of prcopcn scls lurns Oul to bc 、 cry

uscful 

PROPOSITIOX 1. For any s1thsel S 01 a sþace (X , .;r) IIIe lollo",ing Qrc 

equ.ivalent 

(i) SE PO (X , Y,) . 
(i i) Tllere is a regtllar oþen sel Gc X stlch Ihal Sc G and S =G. 

(iii) S is tlte inlerseclioll 01 a regtllar opcn sel and a dense sel. 

(iv) S is ' he in/erseclion 0/ an OPCtt sc/ and a dense set. 

PROOF. (i) =>(ii): I.ctScPO(X’ ‘.7'), i. c. SC intS. l'ut G: = int S. Thcn G is 
rcgular opcn with Sc G and S =G. 

( ii) =>(i ii): Supposc (ii) holds. l'ut D: = S U( X - G). Thcn D is densc and 

S=Gll D 
(i ii)=> (iv) : Tri via l. 

(h')=>( i) : Supposc S = Gn D 、vith G opcn and D dcnsc. Thcn 5 = G, hcncc 

Sc Gc G =5 . Thus Sc intS 

Ob、 iously open sets and dcnsc sets in (X , .!T) arc prcopcn. Proposition 1 

immcdiulC]Y shows that thc intcrscction of an opcn set and a preopen sct is 

prcopen again. Morcover, since PO(X , .!T) = PO(X, ‘;r") (see Proposition 2 

bclo셔 thc in tersection of any a-sct and any preopen set is preopen. 
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The folloι ing result is due to Jankov ic [3] . 

PROPOSIT!O:-I 2. Lel (X , Y끼 be a lopological space. Tilen 
(i) (‘rO)O=yO 

(ii) SO(X , Y)=SO(X , yO) 
(iii) PO(X , y)=PO(X , yO) . 
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Our next result concerning thc cxistcncc of non -preopen sets can bc casi ly 

shown. The proof is hence omitted. 

PROPOS1TIO:-l 3. Lel (X , Y) be a lopological space, SεPO(X， ‘:T) and x 

bc a poil.1 of S- intS. Th en S U [x} 줄PO(X， ‘:T) . ln parlicιlar ， if G is 

reg“lar open in (X , .'T) m.d x a poinl of G-G then G U (x) Qê PO(X , Y ). 

3. Rcsolvable and irresolvable spaces 

A spacc (X , .3•) is callcd resolvable if t here is a subsct D of X such that 

D and X - D arc both dcnse in (X , .7). A subset A of X is resolvable if thc 

subspacc (A , Y:' 1 A) is rcsolvable. A space (X’ ‘:T) is callcd irrcsolvable if it 

is nol rcsolvablc. Rcsolvable spaces havc bccn studicd in a papcr 01 He“ iLL 12J 
in 1943. Clearly any rcsolvable space is densc.in 'i tscll and cach opcn subspacc 

01 a rcsolvable spacc is also resolvable. A spacc ( X ’ ‘:T) is said to be hcridi 

tari ly irrcsolvablc it docs not contain a nonempty rcsolvablc subset. Dcnsc 
in ilscll hcriditarily irrcsolvablc spaces havc been called SI-spaccs by II cwitt 

[2J 
Rccall that (X , .3’) is said to be submax imal if cach dcnsc subscl is 이)en . 

Rei ll y and Vamanam urthy ([7], Thcorem 4) have shown lhat a spacc ( X , Y) 

is submax imal if and only if PO (X , Y) =Y , th us answering qucstion Kl. 

An :vt l- space is a dcnsc.in.itsclf submaximal spacc. \Vc have the follo“ mg 
im plications 

su bmaximal=>heridi ta rily i rresolvablc=>irrcsol vablc 

M I =>s，잉ubmax저‘cimal 

SI=>heriditarily irresolvable. 

THEOREM 1 ([2]) . Every lopological space (X , Y) can be represenled as a 

disjoinl ttnion X = F UG where F is closed and resolvable and G is open and 

ileriditarily irr.solvable. (X , .3’) ‘s resolvaMe if and only lj G= ø and (X , 

Y) is heridilarily irrcsolvable if at!d only if F = Ø. 

:\'ote thal it is not necessary to restrict oursclves to the c1ass 01 dense.in. itself 
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spaces as Hewitt [2J did. In addition, one easily checks that the representation 

of ( X ‘'7) given by Thcorcm 1 is unique. It will henccforth be called thc 
Hewit t ' representat ion of (X, .'7) 

In 1969 El’kin [1J studied the c1ass of dcnsc.in.itsclf irresolvable spaces using 

ult rafilters. It is easily seen that Lcmma 1 in [1J is also valid if the hypothesis 

“dcnse.in .itscU" is droppcd. 1'hus wc ha、 c 

1'HEORE~'l 2 ( [1]). For a sþace (X , .'7) IIze f ollowing are equivalenl ‘ 

(i) (X , .'7) coηtains a1t open, dense and Iwriditarily irresolvable subsþace. 

(ii) Every oþen ullraf iller on X is a base for an ttltrafiller on X. 

(iii) Every nonemþly oþen set is irresolvable. 

(iv) For each dense subset D of (X , ‘'7) intD is dense 

(v) For every Ac X , '1 in tA = Ø then A is " owllere dense. 

As a conscq uencc of Thcorem 2 wc obtain a charactcrization of irresolvablc 

spaces which sccms to bc ncw. 

THEOREM 3. A sþace ( X , .'7) is irresolvable if aηd only if [intD ID= Xj 

’s a filterbase on X. 

PROOF. Suppose that ( X , .3η is resolvablc. Thcn thcrc exist disjoint dcnsc 

scts D. E c X such that X = D UE. Hcnce intD= Ø, a contradiction. 

1'0 provc the converse, let (X , .'7) be irresolvable and let X = F IJ C bc thc 
He\\'itt ' reprcsentation of (X , .'7). Then C is nonempty. lf Dj and D2 arc 

both dcnsc in (X , ‘'7) , then Dj n C and D2이 C arc dcnsc in C, hence noncmpty. 

ßy 1'heorem 2 (iv) c n int(Dj n D2) is dense in C. Sincc F is resolvable, in t F 

= Ej UEz with E,n Ez= ø and intFcE\ 이 7:'2 ' Lct D3 : =C n int (Dν이 D2) UEj' 

Thcn D3 is cJcarly densc in (X , .'7). Let us show that intD3c c n int(Dj n Dz)' 

Let x르intD3• If xE c n int(Dj n D2) wc are donc. [ r XE E j thcn therc is an 

이)en neighbourhood U of x such that Uc F and UC D3• Hencc u = u n Fc E l' 

thus U η (X -Ej) =tþ. Sincc EzcX - E, 、\'C ha 、 c U n Ez=Ø and thus U끼 intF = Ø， 

a contradiction. It follo ws that intD3C intD, r intDz proving that [inr D ID= X j 

is a filtcrbasc on X 

4. Results 

In this scction \\'e present solutions to the questions K2, K3 and K4 and 

study somc conesequences of the results obta ined. 

1'HEOREM 4. For a sþace (X , .'7) the fol lowing are eqnivalent 
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(i) (X , ‘:T) conlains an oþe/t, de /lse and heridilarily irresolvable s1lbspace. 

(ii) PO(X, .!T)ζSO(X， .!T) 

(iii) .!T"= PO(X , .!T) 

(iv) (X , .!T") is Stlbmaximal. 

PROOF. 

(i) :>Ci i): Let SE PO(X , ‘:T) . By Proposition 1, S=G n D whcre G is opcn 
and D is dcnsc. By Theorem 2 ( iv) , intD is dcnse. Hcncc 꾀E옹= int D Il G=G, 
conscqucntly ScGcG=꾀r응. Thus SεSO (X , .!T). 

Cii) :>(iii) : Obvious, sincc .!T"=SO(X, .!T)npO(X , .!T) bya rcsult of RciIIy 

and Vamanamurthy [8J . 

(iii) :> Ci v): Po I1ows from Proposition 2 (iii) and Thcorcm 4 in [7J . 
( iii):>(i) : Let DζX bc dense. Thcn DεPO(X， .!T)=‘;r"ζSO (X， .!T). 

Conscqucntly, D亡int D, hencc in tD is qcnsc. By Thcorcm 2 (X , .!T) contains 

an opcn , dense and heriditarily irrcsolvablc subspace. 

COROLLARY 1. JI (X , .!T) conlains an open, dense and heridilarily irresol

vable s1lbspace I"en PO(X , .!T) is a lopology. Jn lacl , PO(X, ..9’ ) =.!T". 

Thc foIIowing Icmma will bc usefu l in thc scq uel. Its proof is straightforward . 

LE~nIA 1. Lel H be an oþen s1lbsel 01 a space (X , ‘:T) and lel S::::.H. Then 

S든PO(X， .!T) ’f and only il SE PO(H , .!T 1 H) 

As already pointed out, in proving that PO(X , .!T) is a topology it sufficcs 
to show that the intcrsection of any two prcopcn sets is preopen. Our next 

rcsult gencralizcs this obscrvat ion. Its proof fo I1ows from Proposition 1. 

PROPOSITIO:-l 4. For a space (X , .!T) tlze colleclion PO(X , .!T) is a topology 

il and only il the inlerseclion 01 any 1,"0 dense sels is preopen. 

THEORE~I 5. For a space (X , .!T) lel X = F UG denole Ihe Hewill -represenlalion 

01 (X , .!T). Then tlze lollowi’‘g are eqt‘ivalent 

(i) PO(X , .!T) is a lopology on X. 

(ii) G is open and (xJ εPO(X， .!T) lor each xE inlF. 

PROOF. 

(i) :>Ci i): Since F is rcsolvable and cIosed F = Ej UE2 with Ej n E2 = ø and 
F = Ej = E ?," Let yεF， say y르E，. Since GUE1 and GUE2 U [yJ arc both dcnse, 

(G UE j ) n (GUE2 U (yJ)εGU (y) E PO(X, .!T). By Proposition 3 G-intG = !i'>, 
hencc δ 15 open 
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Lel x응intF. Sincc GU (r) and intF arc both preopcn , (GU (x)) n int F = (x) 

εPO(X， 7). 

( ii)~ (i) : If SI' S2E PO(X , ‘;T) thcn SI n c and S2 n ζ arc preopen , hence 

prcopcn in C by Lcmma 1. Sincc G is an open , dcnsc and hcriditaril y irrcsol. 

vablc subspacc of ζ (SI n c) n (sznc) is prcopen in C by Thcorcm 4, hcncc 

prcopcn by Lemma 1. ßy assumption , SI n s 2n intFE PO(X, Y) and thus 

SI n s z= (SI (ì sz nc ) U (SI n s 2n intF)E PO(X. Y). Hcncc PO(X , ‘;T) is a 

topology on X. 

Lcl us considcr somc applications of Thco1'cm 5 

COIWLI‘ AllY 2. For a resolvable sþace (X , Y) the following are eqnivalent ‘ 

(i) PO (X. Y) is a topology. 

(ii) E very subset of X is þreoþen. 

(iii) Every oþen set is closed. 

PR OOF 
( i)~( i i): If X = F UG denolcs the Hew ill ' represenlal ion of (X , Y) lhen by 

hypothcsis X = F = inlF. Hcncc (x) E PO(X, ‘;T) for cvc1'y xεX by Thcorcm 5. 

( ii)~(i ii): This is Theorem 5 in [7J. 

(i i) ~(i): Trivia l. 

LCl X = F UG dcnolc thc Hcwill ' representalion of (X. Y) . Supposc thcrc is 

somc pOIDL XεintF such thal (x) is c1osed. By Thcorcm 5. PO(X, Y) faiI s 

to bc a topology since F is densc. in ilscl f. In parlicular. wc havc 

COROLLARY 3. Let (X , Y) be a T l , sþace. Jf PO(X , Y) is a tOþology then 

PO (X. 7) =Ya. 

PROOF. Since (X . .9•) is a T l.space intF has to bc void. Hcncc G = X and 

PO(X. Y) =Ya by Thcorcm 4. 

:\otc, howcver , that if PO(X, Y) is a topology lhen PO(X, y) ""y a in 

gcncra l. Por an infinite indiscrele spacc (X, Y) wc havc ‘;Ta= ‘;T and 1'0 

(X ,Y ) =2". Morcovcr, Ict X bc an infinitc sct and pick a point þE X. Thcn 

‘;T = (ø. x , (þ) , X - (þ)) is a lopology on X. Onc casily checks that (X , ‘;T) 

is irrcsolvablc and PO(X , Y) =2". Howevcr , fo 1' each nonempty proper subsct 

S of X - (p) we havc inlS = Ø, hence S졸yQ 

COROLLARY 4. Let (X , Y) be connected. Jf PO(X , Y) is a tOþology then 

(X , Y ) is indiscrele or PO (X , Y) =Ya. 
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PROOF. Let X = F UC bc lhc Hewit t -rcprcscntation of (X , .!T). Sincc X = 

G U intF either G =ø 0 1' intF = Ø. If G =ø thcn (X , .!T) is rcsolvablc. By 

CO l'o llary 2, cvcry opcn sct is closed, hcncc ( X , .!T) has to bc indiscrete. lf 

intF - Ø thcn PO(X , .!T) = ‘;ra by Theo rcm 4 

Rccall that thc topology on X having PO(X , ‘!T) as a subbasc is denotcd by 

‘9• 

LDl!\IA 2. Lel X = F UC be IIIe Hewill -reþresenlalion 01 (X , .!T) and let x be 

a nonisolaled þoinl 01 C. Then {x} ff-.!T ‘ 
PROOF. Supposc lhat {X}E .!T*. By Propos ition 1 wc have {x} = u n D,n D2 

n .. . D" whcrc U is opcn and each set Di is dcnsc in (X , ..9’)lnt(Dl 기 ‘ 끼 D，) n c is dcnsc in C. Since xE V : = u n c is an opcn ncighbourhood 

of x wc ha、 c v n int ( D,n ... nDμ nCr' \Ó， . hence {x } = V n int ( D,n ... n D.) , a 

contradiction. 

TIIEOI~E J\I 6. Lel X = F UG denole Ihe H ewill reþresenlalion o[ (X. ‘!T) . Then 

Ihe lollowing are eqnivalenl 

(i ) ..TT is discrele. 

(ii) F is oþen and {x} is oþen lor each xE G. 

PROOF 

(i)킹 (ii ) : lf G= ø wc arc donc. so lct us a ssumc Cr' ø. By Lcmma 2. {x} is 

o pcn for cach xεG. hcncc Gc D for cach dcnsc sct Dc X. Lct xE F. Thcn 

{x} u n D, 이 n D. wilh U opcn and cach Di densc. S incc GC D, n ... n D. , we 

havc G이u =ø， hcncc Uc F. Thus x든intF， showing that F is opcn. 

( i i) ~( i ) : Jf xεG thcn clcarly {x} E .!T ‘ . Lct xE F. Sincc F is rcsolvable, 

F E , UE2 with E , n E2=ø and F = E , = E z- WC may assumc xEE" Then 

GU E , and GUE2U {x} are both dense in (X , .!T), hence (GUE ,Jn (GUE2U {x j) 

= GU {X}E.!T* . Conscqucnt ly (GU {x}) n F = {x}E.!T"' . 

COROLLARY 5, [1 a sþace ( X , ‘;r) is resolvaMe Ihen .:r용 is dt'screle. 

COROLLARY 6, Lel (X , .!T) be connecled. Then .!T* is discrete ,j and only 

if (X , .!T) is resolvable. 

THEOREM 7. For a sþace (X , .!T) Ihe lollowing are eq,tivalenl: 

(i) .!T* is discrele. 

(ii) For each xεX， eilher {x} is oþen 0' Ihere is a þreoþen sel S such Ihal 
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xE S and intS = Ø. 

PROOF. 

(i)::>(ii): Lct X = F UG bc thc Hewitt' rcprcsentation of (X , ‘5T ) and let xεX. 

If IxJ is not open thcn xεF by Theorcm 6. Sincc F is resolvable, F = E l U E2 
with El n E 2= ø and E] = E 2= F . \VC may assumc xεFl . Since F is open and 

GU E l is dcnsc S ‘ = E ,= (G U E1) (ì F is preopen. Clearly xE S and intS =9. 
(ii) ::> (i) : lf (x) is opcn thcn (찌 르Y*. Othcrwise pick a prcopen set S such 

that xεS and intS = Ø. Since X - S is dense, S n((X - S)U (xJ) = (xJ 드y7 • 

l'inall y let us considcr question K2. Rceall that a subset A of a spacc (X , 
‘5T) is callcd pcrfcct if it is closcd and dcnsc-in-itsclf. 

TH EORn[ 8. For a 5pace (X. Y) Ilze following are eqttivalenl 

(i) Every den5e-in-iI5elf 5tthsel is preopen 

(ii) Every þerfecl slthsel is ope/Z. 

PROOF. 

(i)::>(ii): Lct A c X be perfect. By hypothesis, A is prcopcn , hencc Ac in t A 

= intA. Thus A is opcn. 
(ii)::> (i) : Let AζX bc dense-in-itself. Thcn A is pcrfect. By hypothesis, A 

is open , hencc A c A = intA. Thus A is preopen 
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