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0::< SOME SEPARATION PROPERTIES 0 1\ BITOPOLOGICAL SPACES 

By Takayoshi Fukutakc 

1. lntroduction 

Many authors have studicd scvcral scparation properlies on a biLO]lological 

space (X: Y j • Y 2) 、vhich is thc sct X 、、 ith t“ o arbitrary topologies Y j 

and Y .,. In this papcr wc introducc somc new separation properties on a 

bi topological spacc and invcstigatc thc rclation among ncw scparation properties 

and othcrs. I\otations \\'ill bc explaincd whcn thcy arc used for thc first time. 

2. Pairwisc hausdorff spaces 

W. Dunham [1; De f. 2.1] introduccd and invest igated thc concept of weakly 

Hausdorff in topological spaces. In this scction πe introducc thc concept of 

\\'cakl y Hausdorff in bilopological spaccs and invest igatc thc transfer of pai rwise 

‘\'cakly Hausdorff conditions on a bitopological spacc ( X ; .9끼， ‘r 2) to pairwisc 

Hausdorff conditions on a bito]lological spacc ( X : Y j '. Yl). The f이lowing 

conccpt of pairwise Hausdorff conditions “ as introduccd by ./. D. Wcston [10] 

as “ consistent" and J. C. Kclly u5cd thc term “ pairwi5c Hausdorff" in [4 : Def. 

2. 5] 

DEFI:\ITION 2.1 (e. g. J. L. Reilly [8 ; Dc f. 4.1] ) . A bitopological space ( X; 

ζ Y 2) i5 said to bc pai n ‘ isc Hausdor ff if for cach pair of dislinct poin1s 

x and y in X therc arc a Y ,-open 5ct U and a Y 2-opcn sel V 5uch that 

xE U‘ yεV and u nV=ç. 

r. L. Reilly [8] showcd that pair\\'i5c Hau5dorff spaces can bc characterized 

in tcrms of nets. A point x in X i5 callcd a Y - limit point of a nct (X.; O'EZ) 

on X if for every Y -o]len set G containing x there cxists a 0'。εε such that 

X.드G for every 0'르0'0 wherc Y is a topology on X. Thc sct of all Y -limit 

points of the nct (x.; O'E낀 is denotcd by Y - lim x • . 

Herc we define thc concept of pairwise weakly Hausdorff spaces. F rom no\\' 

on Y -CI(A) denotes the c\osure of A rclative to a topology Y. Especially we 

dcnotes Y -CI(x) instcd of .r -CI( (xJ) . 
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DEFI:\'ITIO~ 2.2. (X; ‘r ,’ ‘r 2) is said to bc pair“ lSC 、‘ cakly Hausdorff if 

Y ,-Cl(.<) =Y~-Cl(y) 、.vhcncycr thcrc is a net 씨 (Jεε} on X with Yl-Jim 

x.3x and Y 2-1im X.3y. 

RDIARK 2.3. Thc abovc definition coincides 、이 th thc wcakly Hausdorfl 

condition in thc usual sensc introduccd by W. Dunham [1; Dc f. 2. 1J, \l"hen 

、\'c take .3끼= Y? That is, a topologieal space (x; Y) is said to bc \l"cakly 

Hausdorff if ‘r-Cl(x) = .3πCl(y) whcncvcr thcrc is a net (x.; (JE 1"} on X 

‘vith Y -Jim X.õ3.T, y 

.-'1 pair \l" isc \l"cakly l1ausdorff spacc, ho“ cl'cr, may faiJ to be pairwisc Haus' 
dorff as the following cxamplc sh。、、 s. 

EX.UII'LE 2. 4. tct X (a, b, c} and .3기 = .3←2= ’p ‘ 'a), (b, c}, X }. Thcn (X; 

..Tl “ ro) is pairwisc \\cakly lJausdorff, but it is not pairwise J1ausdorf f. 

1'0 statc our main lhcorcm in this scction, \vc rccall the concepts of g-c1oscd 

sets C\. Lcvinc [히 ) and gcneralizcd c10surc operator Cl- (\V . Dunham [3]) 

DEFlè\ITIO :--l 2.5. (1\, l.cvinc [5; De f. 2.1J , W. Dunham [3 ; Dcf. 3.2, 3. 이 ) . 

ln a topoJogicaJ spacc (X; Y) , a subsct A is said to bc g-c1oscd if ‘?ζCJ(A) 

cG whcnc\.cr Ac G and GεY. Lct !Ø = (A; AεX and .4 is g-c1oscdl . For 

any EcX, dcfinc CI ‘ (E) n A;EεAC=!ØJ and ..r~ = (E~ X; Cl' (E'l ~ g'} 

\l"hcrc E ‘ dcnotcs thc compJcmcnt of E. 

(2. 6) ( \V. Dunham (3; Th. 3. 5, 3.7 and 2. 2J). (i) CI is a Kuralowski 

oþeTator 011. X. i . c. ιr' is the loþo!ogy on X generaled by CI in Ihe IIslla! 

manner ‘ 

(ii) ..T,-Y 

(i ii) For each xεX， eitlzcr x is closed or (xJ' is g-c!osed 

\\'e first pro、 c the following rcsult concerning thc transfer of pairwise 

“ cakly Hausdorff condilions on (X; Y l’ ‘r~) to pai r“ isc Hausdorff conditions 
on (X; ‘키 Y :5). 

THEORE~I 2. 7, Jf (X; .3끼 Y~) is þairwise weak!y Hallsdorff, tlZCII (X: 
Y l'. .T:n is ρairwise Hallsdorff. 

PROOF. Lct (x. ; (Jεε} be a ncl on X such lhat .Tj -lim x.르x and Y:; - ]jm 

X. 3 y. By (2. 6) (iO , wc have Yl-Jim x.3 x and Yz-l im X.3 y. Thcn it follows 

by assumptions lhat l-Cl(x) =Y~-CJ(y). 
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Casc 1, Suppose 써 is JTj-cIoscd. Sincc 써 =JTj-CI (x) =JTz-CI(y)그 {y} ， 

、，ve hayc x = y. 

Casc 2. Supposc {y } is JT z-cIosed , W c assert that x = y in thc samc manncr 

as abovc. 
Casc 3. Supposc {x} is not .9기-cIoscd and {YI is not .9그 closcd. By usin!; 

(2. 6) (i ii) 、ve ha‘ c { 꺼 E JT t and {y} EJT~ . Sincc JTt -lim xu3X, [or x} ε 
‘Tì thcrc cxists a "j드E such that xq드 씨 (i. e. '<u = x) [or evcry "르 0"1 . Simi

larly thcrc cxists a 띤EJ: such that XuC= {y} (i. c. XU = y) for cvcry "르 0"2" From 

the fact that :E is a dircctcd set it [ollows that {X} n {Y} "'1> i. e. X= y. Hcncc 

3기 lim .t'q3 x and ‘T:; - lim xu3 y imply that X= y in any cases. Thcrcforc (X: 
JTi‘ JTi) is pairwisc Hausdor[[ by {8; Cor. 4.5}. 

RE:lIARK 2.8. By sctting .9기 =JTz in Th. 2. 7, wc havc thc theorem duc 10 

\\1. Dunham {3; 1'h. 4. 1O} , namely, if (X: .!T) is ,‘ cakly IIausdorff thcn (X : 

JT') is Ilausdorf f. 

DEFI :-.I ITIO'; 2. 9. ( X; .9기 JTz) is said 10 bc bi ' weakly lIausdorff if .72, CI 

(x) =.9끼-CI(y) 、vhcne\-er thcrc is a nct fX(1 ; f]르낀 on X with .9기 lim xq3x 

and JT 2-lim Xu크'y. 

PROPOSITlO:\ 2. 10. Lc! (X; JT j ’ ‘T) bc a bi-tueakly Hausdorff sþacc;씨C/l 

sa!isfies tlle follotuing condition , a subset lx } of X is JTí-oρe1l if and 0111)' 1/ 

!he se! {x} is JT{-oþell . Thcn (X: JT j , JT2 ) is þairtuise Hausdorff. 

PROOF. 1'hc proof is simi lar 10 OI1C of Th. 2.7 

In thc rcst of th is scclion we consiùer sc\-cra l propcrlics conccrning pa ‘ 1 ‘\"l SC 

Hausdorff spaccs. 

THEORE.\ I 2. 11. 1 f (X: .9기 JT) is pairtuise Hausdorff, !hen .9기-lim xq 
j작 lim xa IlOlds for each ’zc! {xu: " E J:} on X such !hat JTi-lim xur9 (i= 1, 2) . 

PROOF. Let .9기-lim xq글x. Then therc c"ists a yEJT 2-lim xu bccause JT 2 

-l im XU~ø. By [8: Cor. 4. 5J , wc havc x = y and so JTj-lim xucJT2-lim .Tu' 

Similarly \\'C ha\'c JT z-lim xuc.9끼-lim xu' Thus .9기-Jim xq = Y2- lim Xc 

RDIARK 2.12. Thc convcrsc of Th. 2.1 1. is not al\\'ays true by Example 2. 4. 

Evcn if (X; .9끼 JTz) is pairw isc lIausdorff, a net {xu: "εε} on X has not 

always thc same limit sct .9끼 -l im xu= JTz- lim Xu as thc following examplc 

sh。‘r5.
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Ex.\셔PL[ 2.13. Lct X bc thc set of all rcal numbcrs R and let Y , bc the 

discrete topology and Y 2 bc the usual topology. Thcn (X ; .3이 Y2) is pair

wisc Hausdorff. lIowcvcr ‘5T,-lim 1 n= r/J and Y 2-l im 1 η = :0' for a net {1 n ’ 

"εN 0n X=R , whcrc N is the 5Cl of all natural numbers. 

l'ROPOS1TIO,\ 2.14, Lel (X: Y l' Y 2) be a biloÞological sþace s1lcll tJzal 

3기-Y2 (e.g. ‘5T2 Yì) 
(i) If (X: Y" Y) is þairwisc Hausdorff, 1"011 (X: Y 2) i’ s Ha1tsdorff. 

(ii If (X: Y ,) is Ha1!sdorff, tJZC It (X; Y l' Yz) is þairwisc Hausdorff. 

l'ROOF. (i) Lct x and y bc in X such that x카y. By thc hypothesis thcrc 

cxist r;드‘5T， and VF.3마 such that .Kõ.U, yc=V and u n V =ç. Sincc Y1c ‘!T'2' 

、‘ c ha\'c (X: .3•?) is lTausdorff‘ 

(i i) is pro\'ed by the assum ption. 

’l ‘ hc con\'crsc of Prop. 2. B (i) (resp, (ii)) is not truc in general by thc 

follo\\'ing Examplc 2. 15 (rcsp. 2.16) , 

EX.\,lPL[ 2. 15. Lct X = R and Ict .3끼 bc lhe indiscretc topology and ‘5T 2 be 

lhc discrctc topology, Thcn (X: Y 2) is J1 ausdorff but (X; .3끼 Y) is not 

pair\\'ise IIausdorf f. 

EX.UIPLE 2. 16. J.ct X = R and let ‘5T, = {Ø , R} U [A : AC:R and A' is finite} 

and ./2 bc the discrcte topology. Thcn (X: .3끼 ’ ‘r 2) is pair\\'isc Hausdorff 

bul (X: Y ,) is not lIausdorff 

3. Bitopological spaces (X ; Y , Y a
) 

In this section ‘"c givc a propcrty of pain\’ isc lIausdorff bitopological spacc 

(X: ‘7 , Y") . 
O. \' jåstad [이 introduced a \\eak form of opcn scts callcd α-SClS. 

DEFI'\ITIO'\ 3. 1. (0. J\ jåstad ,6]) . Lcl A bc a subsct of a topological spacc 
(X: Y) . 1‘ hc subsct A is said lO bc α opcn if AcY-Int (Y-Cl (Y-Int(A))) 

\\'hcrc Y -Int(A) denotes intcr ior of A rclativc to Y . Wc denotc the family 

of all α-open sets b)' Y a
. 

It is known that y" is a topology on X and Ycy a ([6j) . Then (X : 

3 • , Y") is a bitopological space. 

1. L. Reilly and M. K. Vamanamurthy [9J provcd the following thcorcm. 
Recently, T. I\'oir i [7; Rcmark 4. 8] gave a simplc proof of ncccs5 it)' of thc 
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condition. 

(3.2) ( 1. L. Rcill y and M. K. Vamanamurthy [9: 1'h. 2)). (X; Y) is Halls

dorff if and only if ( X “ r a) is Hausdor_λf. 

DEF [ :-I [T10~ 3. 3. A bitopological space (X; .9기 Y 2) is said to bc bi- Haus

dorff if bOlh (X; ‘.rl ) and ( X; Y 2) arc l-Iausdorf f. 

(3. 4) 1n a bitoþological sþace ( X; Y 1' Y 2) , I"e 1100 concePls of þair lOise 

Hallsdorff and bi- Hollsdorff ore indeþendenl. 

Thc following example is bi- lIausdor(f, but it is not pairw isc lIausdorff. Let 

X bc all mfinitc sct and lct Y 1 = {AεX ; 1'0줄A or A' is finitc) and .9견= {Aζ 

X ‘ Yf)~.4 or AC is finite}. 、.\' hcrc Xo and yo arc fixed distinct points of X. 

Example 2.16 is not bi-I-[ausdorff but pair lV isc Hausdorff. 

’l‘o statc Prop. 3.7 bcl。、‘ ’ \\'c rccall thc concepts of T 1 '2-spaccs (C\'. Lcvine 

[5)) and palmise scmi- lIausdor(f spaccs (1:1.. Rcill y [8)). 

/)EF[~ITIO~ 3.5 ("', Lcvinc [5: Dc f. 5, 1)) . A topo logica l spacc ( X; Y) is 

S따 id lo bc a T1/2-spacc if cvcry g-closed set is closed. 

/)EI‘l~ rI‘IO~ 3. G (1.1.. Hcilly {8: Dcf. 4. G)) . A bitopological space ( X; ‘.rl’ 
Y ,,) is sa id to bc a pairwisc scmi- Ilausdorff spacc if for cach pair of distinct 

points x and y in X lhcrc cxist YI-opcn sct U and a Yz-opcn 5ct V di sjoint 
from U slIch that cithcr xE U, yεV Or xc V , yE U. 

PROPOSI TlON 3.7, (i) (X; Y , Y a) is pairwise Ha1lsdorff if and only 1/ 

(X: .T, Y a) is bi-Ho 1lsdorff 

(ii) Lel (X ; Y I' Y 2) be a biloÞological sþace which salisfies IlIal (X ; ‘.rl ) 

is a T 1 'l.- sþace aκd I"al {x) is Y 2-0þCII whenever {x ) is .9기 oþen or ‘.r,-cioscd, 

Tilen (X; Yf’ ‘.r2) is þair lOise semi-Hallsdorff ’'1 and only if (X; Y" Y 2) 
is pairwlse sCl1u"-Hausdorff. 

PROOF. (i) Sufficiency of thc condition follows from thc fact t hat ‘.rζYa. 

'1'0 prove ncccssity, lct (X; Y , ‘.ra
) be a pairwisc Hausdorff bitopological 

spacc. lt follo\\'s f rom Prop. 2. 14 (i) that ( X ; ya) is Ilausdorff. By (3. 2) , 
(X: Y) is llausdorff. Thus (X; Y , ‘.ra

) is bi-Hausdorf f. 

(ii) Suffic iency fo llolVs f rom thc fact 미at YiζYf for i = 1, 2. To provc 

ncccssity let x and y bc in X such that x o;Æ y. Sincc (X; Yf, Y 2) is pair wisc 

sem나!ausdorff. thcrc cxist a ‘감-opcn sct U and a Y:;-opcn sct V dis joint 

from U such that cithcr xE U, yE V or xεV， y든U. 
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Casc 1. Suppose.<εU and yEV. lt is kno\\"n that cithcr (x) is Y 1 .open or 

3η-cIosed by W. Dunham (2; Th_ 2.5)_ 

(1) Let (x) bc YI-opcn_ Wc have thc ‘7 Copcn sct G= (x) and the Y 2-opcn 

sct H =Y 2-!nt (Y2-cI (Y2-!nt (V ))) such that xc G, yεH and Gn H =ø. 

(2) Lct (x) bc ‘r j-cIosed. W c ha vc thc Y j-opcn sct (x) ν and the Y z-opcn 
sct (.<) which satisfy xE {xJ. yE [X)C and [x) n [X)C=ø. 

Casc 2. Supposc xE V and yE U_ Wc havc t\\'o opcn scts similar!y as ca5e 1. 

Thcn wc concI udc that (X; .5i기 Y 2) is pairwisc semi-Hausdorff. 

4. (,‘r i ; Y j , .5i’- .)-regular spaces 

ln this scction wc investigate somc relations bctwccn ncar]y regular spaccs 

and ncarly I!ausdorff spaces and study t he transfcr of ι7l ; j?l, jfk)-regularlty 
to (7r , 37 , r;( )-rcgular따 W c first dcfinc thc conccpts of (Y i; Y j ’ 

Y.) - rcgular spaccs which contain the dcfinition duc to ]. C. Kelly [4J . 

DEFl'<ITlON 4. 1. A bitopological space (X; Y 1’ ‘r 2) is said to bc (.5i끼 , 

‘r" Y .)- regular if for cach point .< in X and cach Y i -c1osed subset F such 

that x음F， thcrc cxist a .5i기 open set V and a Y.-opcn sct U such that FεV， 

xE U and U n v = ø where i , j and kE [1, 2). 

] . C. Kelly [4) says that Y i is regular with rcspcct to ‘r j if ( X; Y! ' Y) 

is (.!7기 ; ..r j ’ ‘r)-rcgular 

Thc fo llowing proposition conccrning μ7l ; ‘r j' ..r .)-rcgularity contains Prop_ 

5. 2 in [8J as a spccial case. 

PROPOSl’TlON 4.2. (c. f. 1. L. Reilly [8 ; Prop. 5. 2). Lel i , j and k be [ixed 

inlegers o[ [1, 2). 

(i) The following (1)-(3) a1'e equivalenl 10 each olhe1'_ 

(1) ( X; ..rl' ..r2) is (Yi ’ ‘'T j , .!7그)-1'egκla1'. 

(2) For each poinl x in X and ‘:T i-open set G s1lch that xE G there exists a 

..r .-open sel H s“이" Ihal xεHε..rrcl (H)CG. 

(3) Fo1' each poinl x in X and ..ri-c!osed sel K such Ihal x"'K Ihe1'e exisls 

a ..r.-open sel M sttch tlzal xE M and (..r r cI (M))nK = ø. 

(ii) Suppose ..r .=..r j in (i) Then each o[ above (1)-(3) is equivalenl 10 tlze 

[ollowilzg (4) . 

(4) Fo1' each poinl x in X aηd ..r (closed sel F sttch IIzal x중F there exisls a 

..r r open sel V sttclz Ihal F c V and x",..r rcl (V) 
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PROOF. (i) is cqual to Prop. 5.2 of [8J whcn Y.= ‘r i ' Thc proofs for 

othcr cases arC similar to onc of thc proposition. 
(ii) is provcd by assumption and dcfinitions 

Wc nole that (Y1 ; YZ' Yz)-rcguJar spaccs arc nol aJways (Y2 ; Y 1’ 
3기) -rcguJar. 

EXAMPLE 4. 3. Lcl X = R and let Y l ={ø. R}U{A; A C R and AC is finitc) 

and Y 2 bc usuaJ lopology on R. Thcn (R; Y 1• Y 2) is not (‘r 2 ’ 
Y l.Y1) 

rcg비ar but (.9끼 YZ' Y 2)-reguJar. 

:-Io\V wc givc a dcfinition of anothcr nca r1 y regular spacc 

DEFI l\ITJO:\' 4.4. A bitopoJogicaJ spacc (X; Y I' Y 2) is said 10 bc ιr， 

3기. Y.)-strongJy regular if for cach point x in X and .9끼 cJoscd set F such 

lhal x't F thcrc cxist a ‘7ιopcn 5et V and a ‘7ιopen sct U such that XE U. 

F c V and U n (.9기 cJ (V)) = ø whcre i. j and kE{I . 2). 

REMARK 4.5. T hc bitopoJogicaJ spacc (R; ‘r l' Yz) of ExampJe 2.13 '5 

(Yz: ‘r l . .9기)-strongJy. but it is nol (.9’l ’ ‘r 2’ ‘rz)-strongJy rcguJa r. 

\vc havc lhc fo lJowing proposition conccrning lhc nca rJ y reguJaritics. 

PROPOS1Tl0 :-1 4. 6. Lel i. j and kε (1. 2) . 

(i ) lf (X; Y I' Y 2) is (Y i ’ 
Y j ' Yj)-regular. IIIen YicYj' 

(ii) Jf (X ; Y " Y 2) is (Y i ; ‘r j ’ ‘ri)-regula r and Yiιrj Ihen il is 

(ιr i : Y j ’ ‘r j)- regular. 

(i i i) Jf (X; Y i ) ;s a T 3'sþace and ‘riζY j IIIen ( X ; ‘r 1• Yz) is (Y i ’ 

‘7l, 37l)-regular-

(iv) Jf ( X ; Y ,. Y 2) is (‘ r i ; Y j ' Y .)- sl rongly regular IIIen il is (.51기; 

f기..9’.)-regular. Tlle converse is Irue whenever Y . =Y j' 
(v) lf (X; Y l' Y 2) is (Y i ’ ‘r j ' Y.)-slrongly regrelar then ;1 ;s (.9끼， 

Y j' Y j) - regular. 

PROOF. (i) Lct G bc ‘r (open. For cach XεG lhcrc cxists a .9기 open sct 

H x such that XεHxcG by Prop. 4.2. This impJics G= U {H x; X드G} and thcrc 

forc G is Y j 이>cn. 

(i i) (iv) and (v) follow from dcfinitions. 
(iii) is proved by using Oi). 
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R E~ IARK 4. 7. Thc convcrSc of Prop. 4. 6(iv) and (v) arc not true gcncrally 

as the follow ing cxamplcs sho \V. Lct X = (a, b, c) and lct .9기 = (q\, (a) , X ) 

and Y 2= 녕， (b, c) , X ). Thcn thc bitopological spacc (X; Y l' Y 2) is not 

(Y ,: Y 2• Y ,)-strongly rcgular but (Y , ; Y 2, Y ,)-rcgular. The bito 

pological spacc (R: .9’ l ’ ‘:T 2) in Example 4. 3 is (‘:T , ; Yz ’ ‘:T 2)-rcgular, but 

it is not (.9기 ; .!T'2’ ‘:T ,) -strongly rcgular. Thc condition YζYj in Pr이). 

4. G(i i) can not be rcmo\'cd as thc follo \V ing cxample shows. 

EXA.\IPLE 4. 8. Lct X R and lct Y , = (q\, R) U (G; GζR and (-∞， x] ζC 

fO I" any x드G) and .:r 2 (q\, R ) U (G: GC R and [x , +∞)ζG for any XE G) . 

Thcn (R; Y" Yz) is a bitopological spacc which is (Y , ‘ Y z' .9’ ,)-rcgular 

but not (.9기 : Y 2' Y z) - rcgu lar by 1'rop. 4.6( i). 

(4. 9) (.7 i : Y j' Y.)-regttlarily is indeþendenl of þairwise Hattsdorff con. 

ditions and pairwisc scmi-Hausdorff condiUons 

(4. 10) (.'7기 ‘ Y j' Y k)-slrongly γegttlarily is indeþende’‘t of þairwisc Hatt s

dorff condit ions and pairwise semi-Hausdorff condilions 

ln fact , follo \V ing cxamplcs show (4. 9) and (4.10). Let X = (a, b, c) and 

3기 = ’9. aι , (b, c] , X ] and Y 2= (q\ , (a) , (b]. (a, b] , (b , c] , X ]. T hcn (X 

Y I' .72) is not pairwisc scmi-JJausdo rff but (Y ,‘ Y? , Y ,)-strongly 

rcgular. Thc bitopological spacc (X ; ‘:T" Y 2) in Examplc 2. 13 is not (‘:T,: 

3디 ..To)-rcgular but pa irwisc Hausdorff. Thc bitopological spacc (X ; ‘:T, ’ 

Yz) in Examplc 4. 3 is not pairwisc semi Hausdorff but (‘:T, ’ Yz ’ ‘:T 2)- stronglj 

’cgu lar. 

T IiEORDI 4. 11. Let i , ; E (1, 2) be fixed inlcgers. 

( i) lf 0 biloþological sþace (X; Y 1' Y 2) is (Yi ; Y j' Yj) - rcgttlar and 

tIlC loþological sþace (X: Y i) is a T 1I2-sþace, tIlCn (X ; Y j) is a Hatlsdorff 

sþace. 

(ii) Esþecially if we can lake Y j=Yf 씨 (i) , then (X; Y i, Yf) is þair. 

씨sc H ausdorff. 
(iii) Jf (X; Y" Yz) is (Y i ; Y j' Y ;l -regttlar and (X; Y i) is a T , 

sþace (rcsþ. T 1/ 2-sþace) t1lcn (X: Y 1' Y 2) is þairwise Hattsdorff (resþ. þair 

Wlse 5C;까 HattsdorfJ) . 

PROOF. (i) Suppose ( X , Y ;l is not Hausdorff. Thcn there cx ists a net (x.: 

aE I' ) on X such that .9기-lim x. contains distinct points x and y. It is known 
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that ei ther (y) is Y ,.-cJosed or ‘.r i-open by W. Dunham (2 ; Th. 2. 5) . 

Case 1. Suppose (y ) is .9끼 cJosed. Sincc X용 (y) there cxists a .9기 。pcn V 

such that (y ) ζV and x종ι.r rCJ(v)) by Prop. 4. 2(ii) . lt foJJows from the fact 

Y r Jim Xq 3 y that there exists 111ε1: such that x。εV whenever (J르 "1' "E1: 

SimiJarJy thcre cxists "2르1: such that x。ε(‘.rrCJ(V))C whcncver "르"2’ aEE. 
Take "。εE such that "1 든 (Jo and u'!，든 "0 thcn Xq,E V n (Yj-CJ(V) )C and this 
contradicts to thc fact that V 1 (Y ,-CJ(V ))" =91 

Casc 2. Suppose (y) is Yνopen- Put F = {y} c then F IS rt Closed and fF. 

W obtain a contradiction sim iJarl y as Case 1. 

Then it comcs to thc concJ usion that (X ; Y j ) is Hausdorff 

(ii) The proof foJJows from (i) , (3.2) and Prop. 3. 7(i). 

(i ii) Lct (X; Y 1, Y 2) bc (.9기 : Y j' Y ,.) -reguJar and (X ’ ‘.r,.) bc a 

T 1-space. Thcn for cach distinct pair X and y in X (y) is ‘.r i-cJosed and X~ 

(y ). Therefore there e"ist a J ,.-open set [j and a ‘.r ropcn sct V such that 

xεu ， [y' c V and unv=ø. Thcn (X ; ‘r i' Y 2) is pairwisc Hausdorf f. 

Similarly wc have the proof of the casc which ( X ; .9기 J2) is (.9끼 :.9끼， 

Y ,.) - reguJar and (X; Y ,.) is a T1 '2-spacc. 

TIIEOREòl 4.12. Let i , j and k드 (1, 2) be fixed integers. 

(i) [f (X; Y 1, Y 2) is (J ’“T j• ‘.r j) -,-egular and (Y j ; Y ,. Y j )

regular t""" (X; ‘r J) is a H ausdorff sþace 

(ii) [f (X ; Y 1, Y 2) is (Y ,: J j, Y.)-regular and (X; Y , ) is T 1 2 

sþace. then (X; Yt , Y i) is (J , ‘ Y!. Y/) • regular 

(i i i) [f (X; Y 1’ ‘.r 2) is (Y ,; Y j' Y ,)regular and satisfies l /i c /0//0 -

10'’l.g c01zditions 
(4.13) a s1thsel (x) of X is J i; -oþen for IIc(1, 2) whenever (x) is ;;--; -oþen. 

If,en (X; Jï ’ ‘7운) is (Yj’ Jj. Y k) -regular. 

PRoor. (i) Lct x and y bc two dislinct points of X. 

Case 1. Supposc {x} is Y r cJoscd. Sincc (X; Y i' Y 2) is (.9• j; .9기.Yμ

rcgular. r:here cxist a .3기 open 3ct U and a .9끼←opcn sct V such that U ’ 11' ~ çl ， 

y드U and 'x) c V. It foJJows from (.9끼 ; Y j ’ ‘
r j)-rcgularity, Prop. 4.6(i) 

and (2.6) (ii) that U and V are Jj-opcn. 

Casc 2. Supposc (y ) is Y r cJoscd. W c havc Y f-opcn selS U and V s“씨II 
that U ~ V=ø， xE U and yεV as simi larl y as abovc. 

Case 3. 5upposc {치 is not Jrclosed and (y) is not Yrclosed. Jt follows 
from (2. 6) (ii i) that {x} and iy} are Yj-opcn 
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From above discussion 、，ve concJude that ( X; .!Tt) is Hausdorff 

( ii) Since (X ; .!T,) is a T 1/2-space wc ha、 c .!T;=.!Tf (W. Dunham [3; Th. 

3.7]). Thcn our asscrt ion fo lJows from (.5끼 : .9기 • .!T .)-rcgular i t~- and (2.6) 

(iD. 
(i ii ) To provc the rcg비arity. Ict x f/:F. 、，，' hcrc F is .!Tt-cJoscd. 

At first supposc [x ) is .!T;-cJ05ed. Sincc x r1= F = .!T ;' -CI(F). there exis압 a 

‘7';-g-cJoscd sct A such that FcAζ7';-Cl(A)ζ [x ) C. Thcn it fo lJO\r s from 

(.9끼 ; .!Tj • .9• .)-rcgularity that t hcrc exist a .!Tεopcn sct U and a .!T ropen 

sct V such that u n v = ø. XE U a nd .!T(CI (A)εV. ßy (2. 6) (i i) . wc havc U드 

Fε and Verr 
Supposc [x) is not .!T;-cJoscd. Thcn [x ) is .!Tt-open . Let y be any jloint of 

F 

Casc L Supposc [y) is .!T ;-cJoscd. It [이IOW5 fro l11 (.9끼 ; ‘7' j • .y그)-regularity 

and (2. 잉 ( ii) that there cxist a .!Tt -opcn sct U and a .!T;-opcn set V such 
that U이v=ø. yεV and xE U. Thcn wc have yε(.!T;-Cl (x))C. 

Casc 2. Supposc [y) is not .!T;-closcd. Then we have [y ) E .!Tt. and hcnce 

[y) is .!T;-opcn by (4.13) . Since x ,,"y. y belongs to (.!T;-CI(x) )C 

ßy cascs 1 and 2 wc obtain F C (.!T;-Cl(x))C. On the other hand 씨 15 

.!T;:-open. by using (4. 13). Thcrefore (X; .!Tt . .!T f) is (.!T f; ..r f • .!Tt)
rcgula r. 

RE~IARK 4.14. Whcn .!T .=.9기 (j낯i) in Th. 4.12(iii). the condition (4. 13) 

is fo lJowcd f rom T 1 '2condition of ( X ; .!T;) 

l3y setting ‘Y끼 =.!T 2 in Th. 4. 12(iii) . 、，'c have thc follow ing 

COROLLARY 4. 15. (W. Dunham [3; Th. 4. l1}) . I f (X; .!T) is regular. 

then (X , 5r%) tS 7cg?tla7· 

REFERENCES 

[1] IV ‘ Dunham. W eakly H a“sdorlf spaces. Kyungpook .\1a th ‘ J‘ ’ 15(1975) 41-50 
[2] IV. Dunham. T2I1.sþaces, Kyungp∞k Math‘ J. , 17 (1977) 161- 169 
[3] W. Dunham, A lIeω closure oþerator lor 1lon.T1 /oþ%gies, Kyungpook ιlath. 

J. , 22(1982) 55-60. 
[4] J. C. Kelly , Bi/oþological sþaces. Proc. London ~lath. Soc. (3). 13 (1963) 71-89. 
[5] N. Levine. Gelleralized closed sets tOll /oþology , Rcndiconti del Circ J\ [ath Palermo. 

19(1970) 89-96. 



On some seþaratio1l þroþerties on bitoþological sþaces 125 

[6J O. Njås tad , 0시 some c/asses 01 nearly oþell sets, Pacific J. Math. , 15(1965) 961-

970 

[7] T . Koiri , 0 1Z a - CO l1ti l1 ltOUS lunctiolls , Casopis propestováni matcmatiky , r야 , 109 

(1984) 118-126. 

[8] 1. L. Reilly, On Bitoþological seþaratioJt þroperties. Nan ta Math . . 2(1972) 14-25 

[9J 1. L. Reilly and M. K 、lamanamurthy. 0 " (ksels l1z toþological spaces , Tamkang J 

.:\Iath. (to appear) 

[IOJ ] ‘ D. \Veston , 0 " the C01Jψadsoll 01 tOþologies. J. London Math. Soc. 32(1957) , 

:Y12• 354 

Department o[ Mathematics, 

F ukuoka Univcrsity of Education , 
729 Akama, M unakata, Fukuoka ‘ 

811- 41, Ja pan. 


