Kyungpook Math. J.
Volume 27, Number 2
December, 1987

CURVATURE CONDITIONS ON COMPLEX HYPERSURFACES
INVOLVING THEIR KAEHLER FORM

By J. Leysen, M. Petrovic-Torgasev and L. Verstraelen

1. Intreduction

In this paper we study complex hypersurfaces M" of a complex space form
") of constant holomorphic sectional curvature ¢ with complex dimension
n>2, which satisfy curvature conditions of the from E:F=¢F, where E< (R,
Z,C,B) and F=(R,Z,C,B,Q,G} and where R,Z,C, B,Q and G are respectively
the Riemann-Christoffel curvature tensor, the concircular tensor, the Weyl
conformal curvature tensor, the Bochner curvature tensor, the Ricci tensor and
the Einstein curvature tensor, and ¢ is the Kaehler form of M.

Curvature conditions of the form E:F=0 where the first tensor acts on the
sccond as a derivation, were studied for complex hypersurfaces of complex
space forms by P.J. Ryan [Rya], J. Deprez, P. Verheyen and L. Verstraelen
[DeVV] and ]J. Deprez, F. Dillen, M. Petrovic-Torgasev and L. Verstraelen
[DDPV], and for Bochner-Kachler manifolds by H. Takagi and Y. Watanabe
[TaWa], J. Deprez, K. Sekigawa and L. Verstraclen [DeSV] and also by two
of the present authors [PTV].

For Bochner-Kaehler manifolds we studied previously conditions of the type
E-F=¢F [LPV].

We recall the following results.

THEOREM A. ([Yano], [DeVV], [MPT]). Let M" be a complex hypersurface
of a complex space form M" 0 of complex dimension n>2. Then the following
statements are equivalent:

(Z) M is flat;

({i) M is conformally flat;

(ii1) M is Ricci-flat;

(iv) ¢=0 and M is a hyperplane in L

THEOREM B. ([Kon], [YaSa], [DeVV]). Let M" be a complex hypersurface
of a complex space form M”H(r:), (n<<2). Then M" is Bochner-flat if and only
if M" is totally geodesic.
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THEOREM C. ([Cher]). A complex hypersurface M" of a complex space form
M"Ye) of complex dimemsion n>2 is Einstein if and only if M" is totally
geodesic or locally a complex hypersphere in lhe complex projective space
cP" (.

All results concerning the conditions E,-F,=¢F,, where E-F,&(R,Z,C, B
arc given in the following two theorems.

THEOREM 1. Let M" be a complex hypersurface of a complex space form
M (e) of complex dimension n>2. Then the following conditions are equivalent:

(i) R-R=0R;

(1) C-R=0¢R;

(iii) Z-R=0¢R;

(iv) B:R=¢R;

() R-C=¢C;

(vi) C:-C=0C;

(vii) Z-C=¢C;

(viii) B-C=¢C;

(ix) R-Z=0Z;

(x) C-Z=0Z;

(xi) Z:Z=0pZ;

(x£i) B Z=0pZ;

(xiit) M" is a hyperplane in the complex Euclidean space C"" e

THEOREM 2. Let M" be a complex hypersurface of a complex space form
M 1(_a:) of complex dimension n>2. Then the following conditions are equivalent:

(i) R-B=0B:;

(i) Z-B=pB;

(iii) C-B=¢B;

(fv) B:B=¢B;

() M" is totally geodesic in M" " '(c).

Next, we consider the consider the conditions E,-D,=¢D, where E,= (R, Z,
C,B| and D,=(Q,G}. All corresponding results are given in the following two

theorems.

THEOREM 3. Let M" be a complex hypersurface of a complex space form
Mm" 'l(c) of complex dimension n>2. Then the following conditions are equivalent:

() R-Q=0¢Q;
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(i) Z-Q=0Q:

@) C-Q=0Q;

(fv) B-Q=0¢Q;

(v) M" is a hyperplane in C" .

THEOREM 4. Let M" be a complex hypersurface of a complex space form
") of complex dimension n>2. Then the Sfollowing conditions are equivalent:

(i) R-G=0¢G;

(it) Z-G=0G;

(iti) C-G=0pG;

(iv) B-G=0¢G;

(v) M" is Einstein hypersurface, i.e. totally geodesic in M"Y or a com-
plex hypersphere in CP" ',

2, Basie formulas

2.1, Let " '(¢) be a complex space form of complex dimension z-1 and
of holomorphic sectional curvature ¢, with metric g, complex structure J and
Levi Civita connection V. Then the curvature tensor & of .ﬂ"‘l(c) has the
following form:

R(X,Y)= g_(x AY +JXAJY +2g(X, T,

for each X, YCT[,}W. p=M, and where XAY is the endomorphism of M
defined by
(XAYIU=gWU, Y)X-gWU, X)Y.

It is known that a complete simply connected complex space form M" '(¢c) is
holomorphically isometric with CP"''(¢), €™ ' or D"'!(¢), according to ¢
being positive, zero or negative. CP"' L(e) is the complex projective space with
the Study-Fubini metric of holomorphic sectional curvature c, C**! the complex
Fuclidean space, D""'(c) the unit ball in €"'! with the Bergman metric of
holomorphic sectional curvature c.

Let M" be a complex hypersurface of #"*'(¢), (#>2). We denote the in-
duced metric, complex structure and connection respectively by g, J and F.
Then, in a tangent space T,M, at each point pM we can choose an orthonor-
mal frame e, e, -, e, ¢.=Je, e, =Je, -, e,=Je, £ JE such that the
Vectors e;, -, e,, €., *, e,. are tangent to M” and §, J§ are normal to
M", and such that the second fundamental tensor A=A, in the direction §
satisfies.
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{Ae,- =4.8;

H
Aet-t = Z,'e,'--
with 2,=R”, and i€(1, -, n).

Note that if M”" is locally isometric with the complex hypersphere Q" in CP"*!
(), then A’=—Z1.

The Ricci curvature tensor Q of M is defined by

o) Q=-#tDel 42
and the scalar curvature ¢ is given by
@) e=n(nt-De-2Tr(A) =n(n+1)e—4 52 2
The Einstein tensor G of M is defined by
3) 6. 1y=Qx.v)- &L 1)

ie. G=Q— %, where I(X,¥)=g(X,Y) is thé identity operator.
The Riemann-Christoffel curvature tensor R of M is given by
@ RX,Y)=R(X,Y)+AXNAY +JAX \JAY.
The concircular curvature tensor Z of M is defined by
e - T
) Z(X, Y)=R(X, ) =1 (XAY).

The Weyl conformal curvature tensor C of M is defined by

~ [— — 1__
()] CX, Y)=R(X, Y) =1 QXANY+XAQY)
Fem=D@E=D XA\
and the Bochner curvature tensor B of M is defined by

D B(X, )=R(X, Y) —2—(;_!_7)((.2}{ AY +XAQY +QJXAJY

+JXAQJY -2g(QJX,Y)]-2g(JX,Y)Q])
tIm Ty XAY HTXATY +22X, T,

for all vectors X and Y tangent to M at the same point.
These curvature tensors satisfy the following relations:
RX, Y)=R(JX, JY),
RX, YDJ=JR(X, Y),
Q/=JQ.
GJ=]G,
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Then, with respect to an orthonormal basis (e, -

Z(JX, J=-JZX, V)],
CUX, J)=—-JCX, Y)],
B(JX, JY)=B(X, 1),
B(X, Y)J=JB(X, Y).

’ enl eltr

s, &5) of the

tangent space TM" as chosen above, we have the following formulas:

®)
where u;=

€))

where g =i~ T

(10)

where yg;=

an
where 7=
12)

whee

(13)

where

and

{Qef:#iei-
Qe;. = ie;e,
- ”;—10—22?;
{Ge':gig,'-
Ge,. =g

T
=

{R(e‘;, E?I-):Uijcei/\ej"“ei*/\éjw), (z;.é])’
Rcet‘. ejwc) :u{j(e:'/\ej" /\31) "%5}-!]-
—Z—-FZ,ZJ and E’,]:%—l—talj;
[Z(e,'-\‘-’j)_(Uf-j‘fo)ei/\ej‘*:‘u,'je;a/\ej-- GE#D,
Z(e;, ej.):(ﬁij—ra)e,-/\ej,-—ii.je,-./‘\ej——%ﬁﬁf,

men—1)

{c(g!., e)=(y;;ta;de; Nei+uy; e,

e - c
Ce;, ej‘)—(u,-jfal.j)e,-/\ej,—v 2. /\ej—76,.j],

3 bt 2

o
(3

— —-—1 . . 2
%= =D @n—1) 2D HiTH:

!B(e,-, e)=B;;(e;\e;+e; e,

e; e, G#D,

Ble, e;)=P,;(e;\ej—e; e+, +—2oQ)],

1

e e By Flatd B
Bii=Yii~ 3wtz “T Y ImIDmT

SRl T N ! !
k== o T smrDmE Tzt

for all 7, j= {1, -, n).

T
dn+1)(n+2)°
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2.2, If E,, Fyare two curvature tensors of the 4th order of the spacc M.
then the operation E,-F, is defined by

(14) (Ey(X, Y)-FPWU, MW=E(X, YO)(F,U, VW)

—-F,U, V)(E X, YVW)-F/(E (X, YU, VW
—-F,U, E(X, Y )VOW,
for tangent vectors X,Y,U,V,W on M.

If D, is a symmetric 2nd order curvature tensor on M and if D is the endo-
morphism in T,(M) defined by D,(X, Y)=g(DX, Y)=g(X, DY), then the
operation E;-D, is defined by

(15) (Ey(X, Y)-DYU=E(X, Y)(DU)—-D(E,(X, YIU),
for all tangent vectors X,Y,U on M.

If ¢ is the Kachler form of M, then ¢D, and ¢E, are defined by

(16) (D) (X, YIU=(p(X, Y)-D)U=p(X, Y)DU,
and .

(A7) (eEPX, Y)WU, MW=(pX, Y)EQWU, VMW=p(X, YIE,U, VOW.
By the condition E,-F;=¢F, we mean that (E X, Y)-FpU, V)W—(o(X,
Y)-FpW, VW=0, for all X,Y,U,V,WET (M) and for all p&M. The con-
dition E,-D,=pD, has a similar meaning.

We know that each of the tensors R,Z,C, B of the space M" (#>2) can be
expressed in the form given by the following formulas
Eye;, e))=a;je;/\e;+b;e;./\e;.,

s .
E(e;, e;)=a";e,/\e;.—b 0. Nej+c ],

(18)

and satisfies

(19.a) E,(Je; Je)=E(e, e),-)
or
(19.b) Ey(Je;, ]ej)z —JE (e, ej)f.
Besides, any of the tensors Q and G can be expressed as
(20) Dz"’i = d:'el"

Doe;.=de,..
Tensors E,, F, D, appearing in the sequel will not be necessarilly some of

the tensors R, Z,C, B, but they all are assumed to satisfy the conditions (18)—
(20).

3. Proofs of theorems

PROOF OF THEOREM 1. To prove Theorem 1 we first prove the following
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three lemmas.

LEMMA 5. Let M" be a complex hypersurface of a complex space M”" '(¢),
n>2). If Ed. F 4 are Ath order covariant curvature tensors satisfying conditions
(18) and (19), then EyF,=¢F, if and only if F,=0.

PROOF. Denoting
Sizrtm=(Eqle; €3)-F (e, epey—o(e;, 2)F (e epey,
where 7 is an index ¢ or an lndexz* we have mutually distinct indices #, j
that S; =¢; i¢;.=0, and hence

fiYii*f

(2D ¢’;;=0, (Vi).

Similarly, for mutually distinct indices 7, j, we have that

S,piei=(—a,;—b.;+c.)e..=0, (¥i), which by relation (21) becomes
(22) a;;+b;,=0, (VD).

Next, since S;;.;;;=0, it follows for different indices 7 and ;j that
(23) a;;=0.

Next, for distinct indices 7 and j, S,;.,;;.=0 implies that
(24) b; ;=0

Also, we have that S,,.;;.;=0 implies for different 7 and j that
(25) 8=t5;=0,

Finally, from S, ;;=0, it follows for different 7 and j that
(26) bl.jf—cuao.

Relations (21)—(26) show that F,=0 on M".

LEMMA 6. Let M" be a complex hypersurface of a complex space form M" L
(¢), (n>2). If E,is a 4th order covariant curvature tensor which satisfies (18)
and (19), and B is the Bochner curvature lensor, then E-B=o¢B if and only if
B=0;

PROOF. Dcnuting
=(E(¢;, e) *B) (e, epe;;—(e;, e;)Bley, epeg,

ijkjin i i
we have for dllf‘;’ercnt mdlces 7 and j that S .., =(k,+wp)e;.=0, and thus:
@n k;+wp,;=0.
Similarly, for mutually distinct indices ¢ and j, from S.;;;=0, it follows that
(28 B8;;=0.
and moreover S;,....,=0 implies that

sirifte

(29) ﬁl} 0‘
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Finally, from S =(2B;;—k;,—wp)e;.=0, it follows for different indices 7
and j that
(30) 2B, ;— k;~wp;=0.

From relations (27)—(30) we obtain that B=0.

TR T 2

LEMMA 7. Let M" be a complex hypersurface of a complex space form e
(e), (n>2). If .-E‘4 is a Ath order covariant curvature lensor which salisfies
(18) and (19) and B is the Bochner curvature temsor, then B-E,=¢E, if and
only if E,;=0.

PROOF. Denoting

(Ey(e;, €;)-B) (e epez—o(e;, e; )B(eﬁ. epe;,

we have for :i'rlff?f";rcnt mdlces 7 and j that‘S” viivf c €jv=0, and hence
3D c;;=0.

Also, from S;;.;;.;=(—a;;—b;;+¢;)e;,=0, using relation (31) we have
(32) a;;+b.,=0.

Next, for distinct indices # and 7, from §;;.,;;=0, it follows that
(33) a@;;=0.

Similarly, for mutually distinct indices # and 7, we have from §;..;;;.=0, that
(34) By =0,

Next, for S;;.;;,;=0, we have for different indices / and j that
(35) a,-j=c:.j:0.

Finally, from S;.;;.;=0, it follows for different indices ¢/ and j, that
(36) b,,jzc,-j =0.

From relations (31)—(36) we have that E,=0 on M".

The proof of Theorem 1 follows at once from Lemma 5 and Lemma 7, using
[MPT] (Theorem 3.1 and Theorem 3.2) together with the fact that Z=0
characterizes the Riemannian manifolds of constant sectional curvature, which
for complex hypersurfaces implies that the hypersurface must be flat.

PROOF OF THEOREM 2. The proofs concerning the cases (i), (ii) and (iii)
follow immediately from Lemma 6.
So, it remains to prove that (iv)=(v).
Denoting by
S‘jilm (B(e;, e) B) (e, e;)e_ ole; e; )B(eﬁ. e])em.
we have for different 1nd1ces 7 and 7 that S, = (k;+wu I)ej._o, and hence
@7 k;+awp;=0.

fivif* ]
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Similarly, for mutually distinct indices # and j, we have that S,,.;.,=(25;,—k;
—wyp)e;,=0, which implies that

(33) 28,;—k;—wp,;=0.
Also, from 8;,.;;;=0, using relations (37) and (38), we have for different
indices ¢ and j that

(39) 5!.1.:0.

Finally, from S, =0, using relations (37) and (38), we have that for distinct

firi i
indices 7 and j

(40) Bi;=0.
Relations (37)—(40) show that B=0 on M".

To prove Theorems 3 and 4, we first prove the following two lemmas.

LEMMA 8. Let M" be a complex hypersurface of a complex space form Y
(¢), n>2). If E,is a Ath order covariant curvature tensor satisfying condi-
tions (18) and (19), and D, is a 2nd order curvature tensor satisfing conditions
(20), then E,-D,=@D, if and only if D,=0.

PROOF. Assume that S=E;-D,—¢D,=0. Then for mutually distinct indices 7
and 7 we have that S;ij=d;=0, and hence

(a1 d;=0, (V).
This completes the proof.

LEMMA 9. Let M" be a complex hypersurface of a complex space form Y e
(e), (r>2). If D, is a 2nd order curvalure lensor satisfying conditions (20)
and B is the Bochner curvature tensor, then B-D,=opD, if and only if D,=0.

PROOF. Assume that S=B-D,—¢D,=0. Then for mutually distinct indices 7
and j we have that S,-,-.j=djej:O, which implies that d;=0, and thus D,=0.

Now, we are able to prove Theorems 3 and 4.

PROOF OF THEOREM 3. It is clear that by Theorem 3.1 from [MPT] that
condition (v) implies all other statements.

Conversely, by Lemmas 8 and 9 and the same result from [MPT], it follows
that M" is a hyperplane in O™, This completes the proof of this theorem.

PROOF OF THEOREM 4. If M is Einstein, then clearly all conditions (i)—(iv)
are satisfied.
The converse statement is immediate by Lemmas 8 and 9.
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