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CURVATURE CONDITIONS ON COMPLEX HYPERSURFACES 
INVOLVING THEIR KAEHLER FORM: 

By J. Lcyscn , M. Petrovic-Torgascv and L. Vcrstraclen 

1. Introduction 

ln this paper wc study complcx hypcrsurfaccs M" of a complcx spacc form 

JVn+1(c) of constant holomorphic sectional curvaturc c with complex dimension 
n:>2, which satisfy curvature conditions of thc from E.F=ψF， whcrc Eε (R , 
Z ,C, B} and FE (R , Z ,C, B ,Q ,G} and where R ,Z , C, B ,Q and G arc rcspectively 

the Ricmann-ChristoffcJ curvaturc tcnsor, thc concircular tensor, the 끼Tcy l 

conformal cur vaturc tensor, thc Bochner cu rvature tensor, the Ricci tensor and 
the Einstein curvaturc tensor, and ψ is thc Kachlcr form of M 

Curvaturc conditions of the form E.F=O where thc f irst tcnsor acts on the 

sccond as a derivation, werc studied for complex hypcrsurfaccs of complex 

spacc forms by P. J. Ryan [Ryaj , ]. Dcprez, P. Vcrheyen and L. 、rcrstraelcn 
[DcVVj and J. Dcprcz, F. Dillen , M. Pctrovic- Torgascv and L. Verstraelen 

[DDPVj , and for Bochncr- Kach lcr man ifolds by H. Takagi and Y. 끼Tatanabe 

[TaWaj , J. Dcprcz, K. Sck igawa and L. Vcrstraclcn [DcSVj and also by two 

of thc prescnt authors [PTVj. 

For Bochncr- Kach lcr manifolds wc st udied prcviously conditions of thc type 
E.F= rpF [LPVj. 

We recall the f ollowing results. 

THEOREM A. ([YanoJ. [DcVVj, [MPT]). Let M n be a cOlllþlex hyþersurface 

of a comþlex sþace fon“ JV" ,1 (c) of comþlex dillleηsion n:>2. Then the fo l/ozuing 

statements are equivalent : 

(i) M is flat; 

(ii) M is conforlllally flat; 

(iii) M is Ricci-flat ; 
(iv) c= O and M is a hyþerþlaηe in c" • l 

THEOREM B. ([KonJ. [YaSaJ. [DcVV]) . Let M " be a co까.þlex hyÞersurface 
of a comþlex sþace form 찌"+ I(C) ， (n< 2). Then M" is Bochner.flat if and 0κly 
if M" is totally geodesic. 
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TIIEORE~I C. ([Chcr)) . A co…plex hypersttrface M" o[ a comPlex sþace for1ll 

찌" ~ '(c) of c01llþlex dimension n> 2 is Einstein ’f and only if M" is totally 

geodesic or locally a cOlllþlex hyþersþhere in the co’'I/þlex projective space 

Cp" ' (c) . 

t\J1 rcsults conccrn ing thc cond itions E， .F， =ψF，. whcrc E •. F，드 (R.Z.C.B) 

arc gi\'cn in the [0110‘ving two thcorcms. 

'J ‘HEÙRE~I 1. Let M" be a comþlex hyþersttrface oJ a complex sþace Jor’” 
찌 .. ,(c) oJ COI/ψlex di ll1ension n> 2. Then the [ollowing conditions are eq“ivalent 

(i) R.R ~ r，>R 

(i i) C.R =Ç!R: 

(iii) Z. R=ψR: 

(iv) B. R rpR ; 

( v) R.C Ç!C; 

(vi) C.C = r,>C; 

(vii) Z.C =ψC; 

(viii) B.C =ψC; 

(ix) R ， Z ~ Ç!Z: 

( x ) C.Z Ç!Z ‘ 

(xi ) Z , Z Ç!Z: 

(xii) B , Z =Ç!Z; 

(xiii) .\1" is a hyþerplane in the comþlex Euc/ idean sþace C" , 
’ l‘ IIEORDI 2. Let M" be a cO ll1 plex hypersllrJace o[ a comþlex sþace [or ll1 

iI1" ' (c) o[ comþlex dimension n> 2. Then the Jollowing conditions are equivalent: 

(i) R . B=Ç!B 
(ii) Z.B=ψB; 

(ii i) C.B =ψB; 

(iv) B. B=ψB ‘ 

(v) .\1" is totally geodesic iη iI1" '(c). 

:\ext. wc considcr the consider thc conditions E， .D2=ψD2 whcrc E,E{R.Z. 

C. B) and D2E (Q. G) . AII corrcsponding resuJts arc givcn in thc following two 

theorems. 

THEOREM 3. Lel M" be a comþlex hyþersur[ace oJ a comþlex sþace form 

iI1 " ~ ' (c) oJ comþlex dimension n> 2. Then Ihefollowing condilions are equival .. “ 
(i) R.Q =ψQ; 
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(ii) Z .Q = rpQ 

(i i i ) C'Q =ψQ; 

(iv) B.Q =ψQ; 

(v) M " is a hyperplane iη c" 1 

THEORE.\1 4. Let M" be a cOlllplex hypersurface of a comp/ex space form 

M,, - I (c) of complex di71lension n> 2. Tlle'‘ t1ze fo//owing conditions are equivalent 

(i) R.G =ψG; 

(i i ) Z .G =ψG; 

(i i i) C.G =ψG; 

(iv) B.G =ψG; 

(v) M" is Einstein hypersrerface. i. e. tota//y geodesic in M" I(C) or a COIll ' 

þlex hypersplzere in Cp ,, +I. 

2. Bnsic formulns 

2. 1. Lct ii1 ’‘ ~ I(C) bc a complcx spacc form of comp lcx dimension n - 1 and 

of hoJomorphic scct ionaJ curvaturc c. with mctric g. com pJcx structurc J and 
Levi Civita conncction V. Then the curvaturc tcnsor R of 1ft'• I(C) has Ihc 

following form: 

R (X. Y) =송(X /W+JX ^JY +2g(X. J Y)j) . 

for cach X. Y~TpM. þE M. and whcrc X ^ Y is thc cndomorphism of ηw 
dcfincd by 

(X ^ Y)U = g (U. Y) X - gCU. X ) Y . 

lt is known that a com pJcte simpJy conncctcd compJex spacc form μ" I ( c ) is 

hoJomorphically isomctric with cp" I(C). c" 1 or D" ‘ I(C). according to c ", 1 ~， ..... n 

bcing positivc. zcrO or ncgativc. Cp. ~ I (C) is thc compJ cx proicctivc spacc ‘vith 

thc Stud y-Fllbini mctric of holomorphic sectionaJ Cllrvaturc C. C" +I thc compJcx 
‘ -t 1 r _" • ,_ '. I _, " ,., 11 ' 1 Euclidcan spacc. D ’ (C) the unit baJJ in C" " with thc Bcrgman mctric of 

holomorphic scc tional curvature c. 

Lct M " bc a compJcx hypcrsurfacc of .i;t"“ (c). (n> 2). We denotc thc in 

duccd metric. com plcx structurc and conncction rcspccti veJy by g. J and 17. 

Thcn. in a tangcnt spacc T / J. at each point PE M wc can choose an orthonor' 

mal f ramc el• ez• eγ el. = Jel . e2.=J e2• e". = J e". t. J E. such that thc 
Vcctors e1• e",. el ‘ e". are tangcnt to M" and E. J E are normal to 
M ". and such that thc second fundamcntal tensor A = A, in the direclion t 
satisfi cs 
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{Ae， =λiei' 
Ae""t = - }'iei~ ' 

with J. ‘εR+ ， and i드 [1, ... 씨 . 
:\ote that if M n is locally isomctric with the complcx hypcrspherc Q" in Cp" +l 

( c) , then A2=송I 
The Ricci curvalure lensor Q of M is dcfincd by 

(1 ) Q=프뭔EL-2A2 

and the scalar cur、，raturc r Îs givcn by 

" ” ι 

(2) r =η (n + l )c- 2Tr(Aη = n(1t+ l )c-4 딛 자· 

’l ‘ he Einslein lensor G of M is defined by 

(3) G(X，Y) = Q (X，Y) -핏삶끄， 

i. e. G=Q 옮 where I (X , y) = g (X , y) is thc identity operato r 

The Riemann-Chrisloffel C1trval’‘re tensor R of M is gi ven by 

(4) R( X ,Y) = R(X , Y H AX ^ AY+JAX ^ J AY. 

Thc concircular curvalure (ensor Z of M is defincd by 

(5) Z (X , Y) = R( X , Y) -n::->;프-. -， ( X ^ Y). 2n(2n- 1) 

The Weyl conforlllal curvalure leκsor C of M is defincd by 

(6) C(X , Y) = R( X. Y)-..."，온τ(QX^Y+X^Qy) 
2(n- 1l 

」τT τ-(X^y) .
2(n- 1) (2n- 1) 

and the Boclmer CI‘rvature lensor B of M is dcfincd by 
l 

( ï ) B( X , Y) =R(X. y) or_. , 0' (QX ^ Y + X ^ QY +QJX^,Y 2(n + 2) 

+ JX ̂ QJY - 2g(QJX, Y) J -2g (JX , Y)QJ) 

+τ「감rπ，(X ̂ Y + JX ̂ JY +2g(X, J Y)J), 

for all vcctors X and Y tangent to M at thc samc point. 

Thesc curvature tcnsors satisfy thc following relations 

R(X , Y) = R (JX , JY) , 

R(X , Y) J = JR(X , Y), 

QJ= JQ , 

GJ= JG , 
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Z (JX , JY) =- JZ (X , Y) J , 
C(JX , J Y) =- JC (X , Y) J , 
B (JX , JY) = B(X. Y). 

B(X , Y) J = JB (X , Y) . 

Then , with respcct to an orthonormal basis le1, en, e1‘
"', e". J of the 

tangent space TM n as chosen above, we have the following formulas 

(8) {QCl =μjei 
Qe， .=μ;e‘.， 

whcrc μ =프감c- 2져‘ 

(9) {Ge,= % 
Geρ = g，.e ，. ’ 

wherc g(=μt 숲; 

(10) 
{R(e1 eI) = utj(el써ei~^ej.) “ 
R(e’μ’ e꺼싼씬j'시.) = v까써;j (e’끼A찌e꺼"‘끼A씨ej)←-융δ이’ijJ. 

v씨J;선t 

{~“어싼tμ찌c까)=(v꺼’ij-r애o)e씬I끼μAμ써e 
Z (e’ e j.) = (ü;r ,QJe; ^ ej 녁jei ， ^ ej -융δ;jJ， 

whcrc 

D 1 ( 

whcre Tn r 
u 2n(2n - 1) ’ 

(1 2) 
{C(Ct e1) =셰α;j)e;^ej+v;je; . ^ ej .. (i", j ) 

C(ei. ej .) = CDjj+ aij)e ,. ^e j'- 깐jej . ^ e j 융å" J ， 

야
 

• “ ” 

(13) 

Ct' .. ,'= T τ÷τ，(μ ，+μj) ; 2(n - 1) (2κ - 1) 2(n - L) 

{B(er Cl) = glj(el Aej+eν Aej ') 

B(e; , e j') =β;/e;^ej . - e;. ^e) +δ (k,+ _ l • Q)J , 
π +2 

“ here 

= v • .1. .... , (μ +μ )+τT.:""'""i'""f느~ . 
2 (η +2) 

= V; .-τr쓴꺼，(μ， +μj) +-;;-τ~응~ 2(n + 2l 

and 
C 
) 2 = 

lt 

k 

J 

ζπ듀:꺼r+-L-μ 2(n +1) (n+2) n +2 

for all i, j E {1, 
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2. 2. If E" F, arc two curvature tensors of thc 4th ordcr of thc Spatl H. 

thcn t hc operation E,.F, is dcfjned by 

(1 4) (E‘’(X. Y).F, )(U, V)W = E. (X , Y) (F ,(U. V )W) 

- F ,(U, V)(E, (X, Y)W)-F,(E4(X, Y)U. V) W 

- F.(U , E.(X, Y)V)W, 

for tangent vcctors X , Y , U, V , W on M. 

Jf D2 is a symmctric 2nd order curvaturc tcnsor on M and if D is t hc endo. 

morphism in T p(M) dcfincd by D2(X, Y) = g (DX , Y) = g(X , DY) , t hcn thc 

operation E,.D2 is dcfinα1 by 

(1 5) (E, (X, Y) .D2)U = E.(X , Y)(DU)-D(E, (X, Y) U) , 

for all tangent vcctors X. Y , U on M 

I f ψ is thc Kach!cr form of M. then ψD2 and ψE4 arc dcfincd by 

(1 6) (ψD2)(X ， Y)U =(ç(X , Y) .D2)U rp( X , Y) DU , 

and 
(1 7) (ψE，)(X ， Y) (U , V)W =(ç(X , Y) .E씨 (U ， V)W=ψ(X， Y) E4(U, V) W. 

By thc condition E,.F.=çF" \l"C mcan that (E,(X , Y) .F4) (U, V)W -(ç(X. 

Y) .F ,) (U, V ) W = O, for all X， Y ， U.v.W드Tþ(M) and for all ÞεM. 1'hc con­

dition E " D2=φD2 has a similar mcaning. 
\V c know that cach of thc tcnsors R, Z , C, B of thc spacc M" (n> 2) can bc 

cxprcsscd in thc form givcn by the following formu las 

(18) fE , (c" Cj) =a，μcj+b， je，， ^cj ’ 
lE.<c" cj' ) =a’IjC, Ac j' - b',}.e,. ^ c, + c’, / . 

and satisfies 

(1 9. a) 

or 

(19. b) 

ßcsidcs. 

(20) 

E, (j e" ] cj)=E ,(c" C,) 

E.(jc" ]cj) = - ]E/c" cj) ] . 

any of thc tcnsors Q and G can be cxprcsscd as 

{D%l dlCj 
D~，. d,cj • • 

1'cnsors E., F" D2 appearing in thc scquc! \\'ill not bc necessarilly somc of 

the tensors R , Z , C, B , but they all arc assumcd to satisfy thc conditions (1 8)­

(20) . 

3. Proofs of thcorcms 

PROOF OF THEORE~I 1. 1'0 pro\'e 1'hcorem I wc first provc thc following 
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thrcc lcmmas. 

LEMMA 5. Lel M" be a comρlex hyþerszer face of a cOlllþlex sþace 서u . '(c) 

(n> 2). Jf E4' F. are 41h order covar;anl czervalιre lensors sa#sfying conditions 

(18) and (19) . Ihen E •. F. =ψF. ;f and only ;f F.=O. 

PROOF. Denoting 

Sjì‘1 .. = (E. (e;. ej).F.)(e‘’ e/)e꾀-ψ(e;. a)F.cel' el)e",’ 
’‘ whcrc ì is an indcx t" or an indcx r"", wc havc mutually distinct indices t'. j 

that S ",, ';;'j=C;iej' =O, and hencc 
(21) C'ii =O. (Vi ). 

Similarly. for mutually distinct indices i. j , wc havc that 

Sii' ,'j'i=(-aii-bii +c,, )ei'=O. (V i). which by rclation (21) becomcs 

(22) a;i +b;i =O. (V i). 

:-Icxt. sin ce S ....... ,,=O. it follows for diffcrcnt indices i and j t hat • i JJ 

(23) aij=O. 

\""cxt. for distinct indiccs i and j , S ,:’”’. 0 implics thal 

(24) bij =O 

\Iso , wc havc that Sil'jj'‘ =0 imp1ics for diffcrcnt i and j thal 

(25) a .... = c .... = 0. ’) -I J 

Finally. from S'iij' = O. it follo\\'s for diffcrcnt; and j that 

(26) b .... = c ... =O. tJ - 1 ) 

Rclations (21)-(26) sho \V that F. = O on M ". 

LE~l~lA 6. Lel M" be a cOlllplex hyþersurface of a comþlex space forlll M" " 

(c) . (n> 2). Jf E, is a 41h order couarianl c“rualure lensor whic /z sal;sfies (18) 

and (19). and 8 ;s tlze 80chner curualttre lellsor. Ihen E. ’ B=φB if and only ;f 

B = O. 

PROOF. Dcnoting 

sij‘l ’. = (E ,(ei• ej) .B)(e‘. el)e’,, - (ei• ej)B(eε • el)e;;i' 

“’c havc for differcnt indiccs i and j thal S"""j=(k， +ωμj)ej' =0. and lhus : 

('2:1) k, + ωμJ =O. 

Similarly. for muwall y distinct indices ; and j. from S'i ’ ijj=O. it fo llo\\'s lhat 

(28) β = 0. 
, - lJ 

and morCQvcr S;;'ij ’ i =0 implics that 

(29) β =0. 
~'J 



96 J. LeYS81l, M . Petrovic-Torga sev and L. Verstraelen 

f' i떼Iy ， from S" ’ii~i= (2ßi;-ki 띠μ，)e， . = O， it follows for d비l“ffere하n따lt in떼1 
and j thal 

(30) 2ß'i-k，-ωμ，. = 0 

f' rom rclations (27)-(30) wc obtain that B = O. 

LDl~lA 7. Let M" be a cOlllþlex hyþersttrface of a cOlllþlex sþace form M" +l 

(C) , (n> 2) . If E, is a 4th order couariant C1lruature tensor which satisfies 

(18) and ( 19) and B is the Boclmer curvat1lre tensor, then B.E，=ψE， if and 

on/y if E 4=0. 

PROOF. Dcnot ing 

Sìj ‘ /",= (E , (e,. eì)' B) (e,. e/)e꺼-9(e; ， eì)B(e‘’ e/)e꾀’ 

we havc for diffcrcnt indiccs z" and j that 5zï "i; ’ j= <iejO = 0, and hcncc 
’ (31) cii =0. 

AIso , from 5ii ti;> ,. = (-ã:i-Ó:.,. +ë;")e,..=0, using relation (31) wc havc 
(32) aii + bii = 0. 

Ncxt , for dist inct indiccs i and j , from Sii"jj=O, it follows that 

(33) a'j=O. 

Simi la r1y, for mutually distinct indiccs i and j , wc havc from Sii' ij,' =O, that 

~~ ~=Q 

l\ext, for Sii ‘ 'J ’,=0, we havc for diffcrent indiccs i and j that 
(35) a; ;=c;;=O. ’ l ’ l 

f' inally , from S'i ‘ 'J ’ j=O, it follo ws for differcnl indices i and j , that 

(36) b'j= c'j= O. 
From relations (31) -(36) \\'e have that E,= O on M". 

The proof of Theorcm 1 follo‘vs at oncc from Lcmma 5 and Lcmma 7, usin g 

[M PTJ (Theorcm 3.1 and Thcorem 3. 2) logcthcr with thc fact that Z = 0 

charactcrizes thc Riemannian manifoIds of constant scctional curvaturc, which 

fo r complex hypersurfaces implics that thc hypcrsurfacc must bc f1at 

PROOI' 0 1' THEOREM 2. The proofs conccrn ing thc cascs (i) , ( ii) and (ii i) 

follow immcdiatcly from Lcmma 6. 

So, it remains to provc that (iv):>(v) 
Denoting by 

S;ìH'" = (B (e; , eì) .B) (e" el)e꺼-ψ(e;， eì) B (e‘, el)e",’ 

、ve havc for different indices i and j that Sii ’ ii-j= -(차 +ωμj)ej . =α and hcncc 

~n ~+ωμj= O. 
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Similarly, for mutually distinct indices i and j , wc have that Sii'iη = (2ßii -κ 
ωμ，)ei • =0, which implies that 

(38) 2ß，， - ki -ωμi = O. 

Also. from S" 'ijj=O, using rclations (37) and (38) , we havc for differcnt 

indices i and j that 

(39) βi; = O. 

Finally, from Sii';;' i=O. using relations (37) and (38) , we ha、 e that for distinct 

indices i and j 

(4이 ßij=O. 

Relations (37)-(40) show that B = O on M". 

To provc Theorems 3 and 4, wc first provc thc follo\\'ing two lemmas 

LnD[A 8. Lel M" be a cOlllþlex hyþersurface of a cOlllþlex sþace forlll 깨" +1 
(C) , (η>2) . If E. is a 41h order covarianl curvalure lensor salisfying condi 

lions (18) and (19) , and D" is a 2nd order cμrvalU7e tensor sa#sfing conditions 

(20) , I"en E4 . D2=ψD2 i/ and only if D2= 0. 

PROOF. Assumc that S = E • . D2- q;D2= 0. Thcn for mutually distinct indices i 

and j we have that Sii' ;== d ;ei=O, and hcncc " -,-, 
(41) dj =O, (Vj) 

This complctcs the proo f. 

LDI~IA 9. Lel M ’t be a complex hypefSttffacc of a complex space jnO7lll JiY” l 

(c) , (n> 2). If D2 is a 2nd order wrvalure lensor salisfying condilions (20) 

and B t"s the Boclmer Clervature tensor, then B.D2=ψD2 if and only if Dz=O. 

PROOF. Assume that S =B ， D2-ψD2=0. Then for mutually distinct indiccs i 

and j 、\'e havc that Si i'j= djej = O. which implies that d j= O, and thus D2=0. 

x。、‘ • wc arc able to prove Theorems 3 and 4 

PROOF OF THEORDl 3. It is clear that by Theorem 3.1 from [MPTJ that 
condition (v) implics all other statemcnts. 

Converscly, by Lemmas 8 and 9 and the same rcsult from [MPTJ. it follows 

that JIf" is a hypcrplanc in Cn+l. This completes the proof of this theorem. 

PROOF OF THEOREM 4. If M is Einstein , thcn clearly all conditions (i)-(iv) 
are satisfied. 

Thc converse statemcnt is immediatc by Lemmas 8 and 9 
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